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Linear Combinations of Multiple Diagnostic Markers

John Q. Su and Jun S. Lwu*

The receiver operating characteristic {ROC) curve is a simple and meaningful measure to assess the usefulness of diagnostic markers.
To use the infarmation carried by multiple markers, we note that Fisher's linear discriminant function provides a linear combination
of markers to maximize the sensitivity over the entire specificity range uniformly under the multivatiate normal distribution model
with propottional covariance matrices. With no restriction on covariance matnces, we also provide a solutien of the best linear
comhination of markers in the sense that the area under the ROC curve of this combination is maximized among all possible linear
combinations. We illustrate both situations discussed in the article with a cancer clinical trial data,

KEY WORDS: Linear discriminant function; Receiver operating characteristic curve; Sensitivity, Specificity.

1. INTRODUCTION

In medical applications, many different diagnostic markers
are used to detect physiologic abnormailities or irregularities.
A marker's usefulness is generally assessed based on its “sen-
sitivity" and “specificity,” defined as follows. Suppose that
a diagnostic marker is used on a control group {disease con-
dition negative) of # people and a disease group (disease
condition positive) of # people; then obtain #z values, &;, i
= 1,..., m, from each person in the conirol group and »
values, ¥, j = 1, ..., n, from each person in the disease
group. To use the outcomes abtained from these m + »n
subjects, we imagine that X’s and ¥’s are iid samples from
two different distributions with cumulative distrbution
functions F(-) and G(-). Then for a cutoff value ¢, the
marker’s specificity is defined as F(¢), and the corresponding
sensitivity is defined as 1| — G(¢). The diagnostic marker is
called “positive” when its value exceeds some given cutoff
value ¢. As ¢ takes on all possible values, the diagnostic
marker generates a laocus of { F(¢}, 1 — G(c¢}}; the curve is
termed a receiver operating characteristic curve (ROC) by
some investigators (Swets and Pickett 1982). Bamber (1975)
noted that the area under this curve is equal to P(Y > X).

In cases where two or more diagnostic markers are in-
volved, various methods for evaluating and comparing the
performance of diagnostic markers have been proposed.
Hanley and McNeil (1982, 1983), McClish (1987), and
DeLong, DelLong, and Clarke-Pearson (1988) have presented
comparisons of markers based on the difference of areas un-
der ROC curves. Greenhouse and Mantel (1950) and Linnet
(1987) considered the comparison of iwo sensitivities at a
single fixed level of specificity. Wieand, Gail, James, and
James (1989) proposed a class of statistics for such compar-
isons based on a weighed average of sensitivities, so that one
can compare the sensitivities of these diagnostic markers over
restricied ranges of specificity, or over the entire area under
ROC curves, or at a fixed common specificity.

But different markers are usually sensitive to different as-
pects of disease in the real situation. It is important to use
two or more good diagnostic markers simultaneously so that
one may obtain a new diagnostic marker with higher sen-
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sitivity, Of particular interest to us are the linear combina-
tions of two or more markers, where the problem becomes
one of linear discriminant analysis or classification. The the-
ory of linear discriminant analysis has been studied exten-
sively. Fisher (1936) considered the classical linear discrim-
inant problem by choosing the coefficients so that the ratio
of the difference of means of the linear combination in the
two groups to its vanance 15 maximized. Welch (1939) sug-
gested a procedure to minimize the total probability of mis-
classification, and Van Mises (1945) suggested minimizing
the maximum probability of misclassification in the two
groups. Various authors have suggested minimizing the total
cost of misclassification based on the fact that misclassifi-
cations have different cost in the different groups. When the
covariance matrices for two multivariate normal distribu-
tions are proportional, it is a classical resuit that the best
linear discriminant uniquely exists. In this article we note
that such best linear discriminant also results in the best
ROC curve that dominates all the other linear combinations.

Anderson and Bahadur (1962) studied the procedures for
classifying two multivariate normal distributions with un-
equal covariance matrices using linear combinations and
provided a compiete class of admissible rules. Among all
these admissible rules, they considered a minimax-type dis-
criminant procedure, a procedure for minimizing one prob-
ability of misclassification for a specified probability of the
other, and a procedure with prior probabilities. In this article
we provide the optimal linear combination among all ad-
missible rules of Anderson and Bahadur under the criterion
that the area under the corresponding ROC curve of the
combination is maximized; hence the ROC criterion. The
reason for using ROC criterion is that one may wish to use
the best diagnostic marker or combination of markers that
behaves well under at least a few particular specificities, if
not under the entire range or restricted range of specificity.

Section 2 discusses the best linear combination when the
two covariance matrices of normal and disease groups are
proportional to each other and draws connections with the
classical linear discriminant. Section 3 is devoted to the non-
proportional cases, in which an optimal linear combination
procedure is proposed under ROC criterion. Section 4 con-
siders the uncertainty of the estimated combination coeffi-
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cients from observations. Section 5 presents an analysis of
a real example, and Section 6 provides further remarks.

2. DOMINATING ROC CURVE FOR THE CASE OF
PROPORTIONAL COVARIANCE MATRICES

In this section it is shown that Fisher’s best linear discrim-
inant maximizes sensitivity uniformly over the entire range
of specificity when the two distributions are assumed normal
with proportional covariance matrices. A simple argument
1s given for the two-marker case, which can be generalized
to the multiple-marker situation.

Let X;,i =1, ..., m be the marker values of m patients
in the control group, where X; = (X, X;2) T and X, k= (,
2 is the kth marker value of the ith patient in this group; et
Y;,j=1,..., nbe the marker vaiues of n patients in the
disease group. Suppose that X and Y are both normally dis-
tributed bivariate random variables, We consider the situ-
ation where the two covariance matrices are equal or,
more generally, proportional to each other. That is, X
~ N(gty, Z)and Y ~ N{u,, ¢2Z), so that the two covariance
matrices differ by an unknown scaling factor «?. Because it
is generally difficult to deal with multidimensional data, we
are interested 1n reducing dimensionality by constructing an
effective linear combination of different markers, which im-
plies that we look for certain “good” linear coefficients
{«, 8) 5o that for any marker values X or Y, one-dimensional
random. varables, U/ = («, 8)X and I = (e, 8)Y, are con-
structed.

In. medical practice, proportionality among covariance
matrices seems to be a sensible assumption when the pop-
ulations of non-disease and disease groups have similar per-
formances in different aspects, but with shifted means and
different scales of variance. In the first part of this section,
we show that Fisher's (1936) linear discriminant coefhicient
dominates all the other possible linear combinations in the
sense that it provides the highest sensitivity uniformly at any
given specificity. Similar nice properties for the best linear
discriminant have also been given by Andersen and Bahadur
{1962) and Lachenbruch ([973), among others.

Lemma 21, IfZ =Tand p, = (0, 07, gy = (g, 0)7,
where u is a positive constant, then the coefficients for the
best linear combination that prowvides the largest area under
the RQC curve is {aq, 84) cc (1, 0); that is, proportional to
the mean vector gy, — py.

The following ihearem can be abtained from Lemma 2.1
with linear transformations and the properties of the normal
distribution.

Theorewe 2.1. The best linear combination coeffi-
cient is just Fisher’s discriminant coefficient: (e, 8q)
o (gy — #x) 27!, Furthermore, such a combination results
in a ROC curve domunating all the others.

Based on these coefficients, we can obtain the specificity
and the sensitivity of the best linear combination and then
generate the ROC curve for the best linear combination. Let
the coefticients for the best linear combination be a
= (ag, Bo)"; we note that U = aTX ~ N(aTu,, a"Z,a)
and V' =a"¥Y ~ N(aTu,, a"a). Let the specificity be F,(c),
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where F,(-) is the cumulative distribution function of U/,
and let the sensitivity be H,(¢) = | — Ga(c), where G.(+)
is the cumulative distribution function of V. Then for any
given pqg, there is a constant ¢ such that

¢~ aTux]
Fu¢c) =P ———— = s, 1
and the cutoff point ¢ can be expressed as
c=aTp + & (po)VaTZ.a. (2)

The corresponding sensitivity can be obtained as

a"(pg, — 1)+ &' (po) VaTE,a) 3)
VaT=Z,a ’

This result for the situation of proportional covariance
matrices can be generalized to higher dimensions with no
difficulty. In general, X ~ N(uy, Zy)and ¥ ~ N(p,, Z,);
both can be p dimensional. Then Theorem 2.1 is still true;
the best projection vector is a o¢ (g, — py )" 2", and the
ROC curve is generated exactly the same way by using (1),
(2), and (3) as we have just shown.

For the case of nonproportional covariance mairices, An-
derson and Bahadur (1962) provided a compleie class of
admissible rules for classifying two multivariate normal dis-
tributions using linear combinations. In other words, there
generally does not exist a dominating combination that is
uniformly better than any others. Therefore, we cannot hope
for a dominating ROC curve that would produce the highest
sensitivity at every specificity uniformly, unless some special
assumptions on the covariance matrices are made. Among
all these admissible rules, Anderson and Bahadur (1962) also
considered various other criteria to give *“best” linear dis-
criminant procedure. For example, they presented the
Bayesian selution for a given prior distribution of population
proportions and considered the admissible procedure that
minimizes one probability of misclassification for a specified
prabability of the other. The latter procedure can be used in
our case, minimizing the sensitivity for a specified specificity.
But this procedure depends on the specified probability of
misclassification. In the next section we derive the best ad-
missible linear combination under the RQC criterion despite
nonproportionality.

3. ROC CRITERION AND THE BEST LINEAR
COMBINATION WITH NO RESTRICTION
ON COVARIANCE MATRICES

Numerous indices have been used to summarize the in-
formation contained 1n the ROC curve. The most popular
single quantitative index of diagnostic accuracy, the ROC
criterion, is defined as the area under the ROC curve. In one
marker situation, the larger the area, the more information
the marker provides. Generalizing this criterion, we call a
linear combination coefficient vector a the best under ROC
criterion if the area under the ROC curve generated by a™X
and aTY is the largest among ail linear combinations. [n this
section we generalize the result of Section 2 to the case of p
markers with nonproportional covariance matrices to pro-

Hicy=1— @(
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vide the unique solution to the best linear combination under
the ROC criterion. Before going on io the higher-dimensional
case, the following lemma for one-dimensional cumulative
distribution functions is useful.

Lemma 3.1, Let F(-) and () be two one-dimensional
cumulative distribution functions representing the marker
distributions for control group and disease group. The area
under the ROC curve can be expressed as 4 = E[F(Y)],
where ¥ ~ G(-).

The lemma follows easily from Bamber’s (1975) result
that 4 = P(¥Y > X} and from a conditional expectation ar-
gument.

Generally, let X, a p-dimensional random variable, be a
vector of values of p different markers obtained from a ran-
domly picked patient in the non-disease group, and let Y,
another p-dimensional random variable, be a similar vector
of a randomly picked patient in the disease group. Then X
~ N(uy, ) and ¥ ~ N(p,, Z,), where g, and p, are
p > 1 vectors and Z, and Z, are p X p positive definite ma-
trices. Consider the linear combination, I/ = "X and V
=a'¥,wherea = (a,,...,a,)".

Lemma 3.2 IfZ,=Tand u, =0, 4, = u, where 0 and
g are p X | vectors, and 2, = =, which is a positive definite
matrix, then the coefficients for the best linear combination
are ag o (I + 2) 'u.

Using Lemma 3.2 and a linear transformation. of the ran-
dom variables, we obtain the following theorem.

Theorem 3.1.
bination are

The coefficients for the best linear com-

ag o0 TP+ ZMZEIN)TIEM w = (3 + 2) 7 u,

where = py — pty.

Using the coefficient vector ag obtained in the theorem,
one can treat alX and al ¥ as one-dimensional random
variables and construct the ROC curve of the linear com-
bination in the same way by using (1), (2), and (3) in Section
2. The area under the corresponding ROC curve based on
such construction is provided in the following corollary.

Corollary 3.1. Under the normality assumption on dis-
tributions of both control and disease groups, the area under
the ROC curve of the optimal linear combination is

A= S(V(eT(Z, + 2,)7n),
where p = p, — u,.

4, ESTIMATED MEANS AND COVARIANCE
MATRICES

In most cases we do not know the true means and co-
variance mairix of any practical distribution; we can only
estimate them from the sample at hand. In clinical practice
we can assume that X, . . ., X ~ Ny, 2y} are iid samples
from the control population and Y1, ..., ¥, ~ N{u,, Zy)
are iid sampies from the disease population, where g, and
ity are p-dimensional vectors and Z, and Z, are p X p ma-
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trices. Let

N

S=2(X - X)X —X)'+ 2 (¥ -¥Ny,-¥)

=1

L

be the regular pooled sum of squares. The following result
holds.

Theorem 4.1. 1f it is known that =, = £, = X, then T
=(m+ n—p— 3)S!is an unbiased estimate of ! and
dg = T(¥ — X) is an unhased estimate of the hest linear

combination vector ag = =~ 'g, where ¢ = g, — p,. Fur-
thermore,
. 4 def R T .
Eldq — 20ll2 = E[(dq — a0) Z(do — a4)]
R
m+nun—p-—13
+n +n-—3
min

where the order of error of the approximation is
O((m + n)~"). The latter formula can be used to assess the
uncertainty of the estimation.

The general case of unequal covariance matrices is similar
to a multidimensional Behrens-Fisher problem. It is weill
known that the problem has no close-form distributional
solution in general. In this case the two covariance ma-
trices are estimated via the sample sums of squares, S,
=3 (X -X)T(X, - X)and S, = T (¥, - NYT(Y, - Y).
From these derivations we have

Sy ~ Wishart(m — 1, p, Z,),
8, ~ Wishart(n — 1, p, Z,)}.

Sy/(m — 1) and S,/(# — 1} are maximum likelihood esti-
mators (MLE’s) of Z, and Z, with mean squared errors
(MSE's) of order 1/# and 1/#x. Using the é method, we see
immediately that

S
m—1
is a consistent estimate of (Z, + Z,)~'p with MSE of order
L/min(n, m).

5 Vg
+mﬂ)w )

5. EXAMPLE

For illustration, we apply the preceding method to the
data obtained from a clinical trial. The North Central Cancer
Treatment Group {NCCTG) and Mayo Clinic recently com-
pleted a trial designed to determine whether or not four
monoclonal antibodies—carcinoembryonic antigen (CEA),
CA 19-9, CA 125, and CA 72-4—were prognostic for re-
currence of colorectal cancer. All the patients entered into
this study had nonmetastatic colorectal cancer and had un-
dergone surgery that removed the primary lesion, so that the
patienis were assumed to be disease-free following the sur-
gery. All patients in the study were followed for recurrence.
This follow-up included regular physical examinations.
During the physical examination blood was drawn and an-
alyzed, so that a numerical score was obtained for each of
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the monoclonal antibodies. A detailed description of the
medical aspects of the study were presented by Ritts and
Wicand (1992). For simplicity, suppose that one considers
only the two monoclonal antibodies CA 19-9 and CA 72-4.
Suppose that one is only interested in those numerical values
of these two antibodies measured right before recurrence for
patients with recurrence and those values measured at the
last follow-up for patients without recurrence.

In this example the distributions of both markers are
skewed to the right, mainly because most of the marker value
range in an interval from 0 to a positive number. Bui some
patients with tumor recurrence have marker values ihai ex-
tend far beyond the normal range. To improve the normality,
we take a logarithm transformation of the marker values.
Let X;, i =1,..., 91 be the logarithm of antibody values
of 91 patients without recurrence, where X; = (X, X,1)7
and X;; and X, are values of CA 19-9 and CA 72-4. Let Y ;
=(Yy, ¥i)",i=1,..., 110 be the iogarithm of antibody
values of 110 patients with recurrence. From the Q-Q plots,
we find that the distributions of transformed marker values
for the patients without recurrence are very close to normal,
but there are still outliers in the recurrence group. One ex-
planation of this is that the marker values for the patients
could jump far beyond normal range at the time close to
tumor recurrence.

Based on the behavior of the majority data, we assume
that X ~ N(py, Z,)and ¥ ~ N{pu,, Z,). The standard nor-
mal estimation gives &, = (249, .81)7, i, = (3.77, 1L.51)7,

and
.69
1.42)°

On the other hand, if the covariance matrices are assumed
to be proportional to each other—that is, X ~ N (g,, =) and
Y ~ N(g,, 6?Z)—then maximum likelihood estimates of
the unknowns are

5 H(.GS ,03) $ _(3.97
A3 a8y’ Y 69

o8 1.0

08

Sensitivity

0.2

0.0

T i T T T T

.0 0.2 0.4 0.6 0.8 1.0
1 - Specificity

Figure 1. ROC Curves With Normality: Best Linear Combination Under
CA 18-9;

Proportional  Assumption.
—-— -, CAT72-4.

, combination; .-+ \
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1.0
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Sensitivity

0.4

0.2
-1

0.0

T T T T T T

2.0 02 04 0.6 [+X:] 1.0
1 - Specificity

Figure 2. ROC Curves With Normalfity: Best Linear Combination Under

the AROC criterion. , combination; «- .. , CA 18-§; —-— -,
CA 72-4.
. (61 07 21 _ 65
= , = 6.89,
07 .21

Although the estimates differ fairly significantly, the preced-
ing two procedures give very similar results on the combi-
nation coefficients. For the linear combinaiion, I/ = (a, $)X
and V = (&, 8)Y, the method in Section 2 gives the best
coeficients as follows under the proportionality assumption,
{a, B) o¢ (1.00, L.55), and the general method in Section 3
results { ¢, 8) o¢ (1.00, 1.50). Both pairs of coefficients give
an ROC curve dominating the corresponding twao single-
variable ROC curves of CA 19-9 and CA 72-4, as demon-
strated in Figures 1 and 2. The sensitivity of the combined
marker improves significantly on the high specificity end.
The area under the ROC curve corresponding to the com-
bined marker, with both coefficients, is .76, compared to the
area .72 when CA 19-9 is used alone, and the area .71 when
CA 72-2 is used alone.

1.0

06
1

Sensitivity
0.4

0.2

T L] T T T T

00 0.2 0.4 [¢X4] [¢X:) 1.0
1 - Specificity
Figure 3. Empirical ROC Curves: Best L inear Combination Under Pro-

portional Agsumption. , combination; « - - - - , CA19-9, — . — -,
CA 72-4.
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Figures 1 and 2 show ihai the iwo curves using two dif-
ferent estimated combination coefficients are very close to
each other, clearly indicating that ihe best linear combination
works very well and would be the marker of choice in our
case.

6. REMARKS

1. The means and covariances for most populations in
practice are unknown. With observations and assumed
models, a maximum likelihood estimate procedure is ade-
quate. In our example with assumed proportionality, a simple
Fortran program of maximizing the likelihood is needed nu-
merically to evaluate the common matrix 2 and the ratio
&2 . The uncertainty involved in such estimation procedures,
which we do not intend to address here, should not be ne-
glected and may be estimated by standard 4 methods.

2. The best combination coefficients, estimated under
normality, also work quite reasonably with actual nonnormal
distributions, where the ROC curves are estimated empiri-
cally. Figures 3 and 4 illustrate the resulting ROC curves of
two combined markers using those coefficients, as well as
the individual ROC curves of CA 19.9 and CA 72.4. Indeed,
with normaliiy assumption, we choose the best combination
of the two distributions based on their first two moments.
Such a procedure will be beneficial if the underlying true
distributions are not too skewed, and the Box—Cox trans-
formation can be used to improve normality, When the nor-
mality assumption of X and Y fails, there will be in general
some degradations in the performance of cur method, similar
to that of a linear discriminant analysis. However, when the
distributions are still proportional ellipsoidal (e.g., multidi-
mensional ¢ distributions with proportional structural ma-
trices), the conclusions of Section 2 still hold, but the solution
in Section 3 is less clear. Some of these features, together
with a nonparametric method, are currently under investi-
gation.

3. If the two covariance matrices are not proportional to
each other, then the ROC curves of individual markers may
cross over each other, and the ROC curve of the new marker

=

08
1

Sensitivity
0.6

0.4

0.2

0.0

T T T T T T

0.0 0.2 0.4 06 0.8 1.0
1 - Specificity
Figure 4. Empirical ROC Curves: Best Linear Combination Under

the ROC Criterion. , combination; CA 19-9; —-— -,
CA 72-4.

Joumnal of the Ametican Statistical Association, December 1993

resulting from the best linear combination of all markers
under ROC criterion in Section 3 may cross with them as
well. This phenomenon has been predicted by Anderson and
Bahadur (1962}, who showed that there is no linear com-
bination superior to the others over the entire range. If one
would like to find a linear combination which is superior at
a single given specificity, the procedure of Anderson and
Bahadur (1962) can be easily applied.

4. As one referee points out, using logistic regression to
identify tests that best predict presence or ahsence of disease
is also common. On one hand the logistic regression is gen-
erally less efficient than the normal discriminant analysis
when the normal assumption is met (Efton 1975, Ruiz-
Velasco 1991) and thus is less efficient than the method we
propased. As was exposed by Cox and Snell {1989}, however,
the logistic regression presupposes a stable statistical relation
such that once a vector of explanatory variables, x, is given,
then the probability that this individual belongs to one of
the two groups is determined. The distribution of x is, there-
fore, irrelevant. This feature renders the logistic regression
more robust than normal discrimination and also explains
that its lower efficiency is due to its less use of information,
or assumption {(distributional information of x is not used).
Because our methaod is a variation of normal discrimination,
the same comparisons hold between logistic regression and
our method.

APPENDIX: PROOFS

Proaf of Lemma 2.1, Ttis obvious that I/ ~ N(0, «® + #*) and
Vo~ N(ag, e*{a® + @%). Let the specificity be F(c), where F(+)
is the cumulative distribution function of U, and let the sensitivity
be Hi(c¢) = 1 — G{¢), where G(-) is the cumulative distribution
function of /. Then for any given py, there is a constant ¢ such

that F(c) = ®(e/Va? + 8%) = py. Thus

€ — &
H)=1— ¥ —F——=
© (cha’ + ﬁz)
-1
l_¢(¢' (po)  ap )
5 Va2 + gt
It is clear that H(c¢) is maximized when « > 0 and § = Q.

Proaf of Theorem 2.1. It is noticed that shifting the two distri-
butions by a common mean does not affect the solution of cur best
coefficient of linear combination. Because X is a positive definite
matrix, we can find a positive definite matrix =42 such that £~
= (27! Hence Xo = XX - u,) ~ N0, D), and Y,
=EYUY — p )~ N2 u, — ), 621). Now we understand
from Lemma 2.1 that the vector of best projection is proportional
to the mean vector 2~} u, — p,) for X and Y, which is

{EF”Z(F}' - #x)}l'z—lﬂ = (F-y - J-‘-x)TE_[
for the anginal X and Y.

Proof of Lemma 3.2, For any coefficient vector a of a linear
combination, the new pair of random variables are normally dis-
tributed as U ~ N{0,aTa)and V' ~ N{aTy,a"Ta). Assuming that
the distribution function of Uf is F(-), by Lemma {3.1) the area
under the ROC curve for such linear combination is A = E[F(17)]
= E[®aZ + $)], where

n

aTy

T
Z ~ N, 1), 22 nd Bla) - £,

ofa) =

2
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Differentiating with respect to a, a nice result can be obtained:

o _ @ da
B2 E[f(eZ + 8)] 4a + E[Z ¢(aZ + 8)] da
oL [ B8 ([ e b
TV T P 2(|+a’)} 3 1+alda
VI + a2 a2 ]

_¥lto” _ a(_ 8
Y Cxp[ 2(1+a’)]aa(1+a3)’

where ¢(-) is the density function of the standard normal distri-
bution. Thus

o-2(e2)

- 3 =
da dal\l + a
So maximizing the area A is equivalent to maximizing
g W’

1+a? a"(/+3Z)a’

It 1s known that this normalized quadratic form can be maximized
by a ¢ ([ + 2} 'e (Seber 1977, p. 388)

Proof of Theorern 3.1, Again we observe that a common shifting
for the two distributions will not affect the solution to the best
coefficient of linear combination. Because Z, is positive defi-
nite, we can legitimately write down its “square root,” Z;'/%.
Thus Xo = Z3(X — a,) is distributed as N0, I), and Y,
= Z7M3(Y ~— p,) is distributed as N(ge, Ig), where ug
=2V, — ) = 237 pand 3, = TV 2L We apply
Lemma 3.2 to see that the best combination vector for X, and Yy
is proportional to (I + 2,2 Z,2;1/2) 1212 4, and thus the con-
clusion aof the thearem follows.

Proof of Corollary 3.1.  From previous arguments,
A = E(#(aZ + 8))
= E(Pr(Z' < aZ + §|2))

: 8
= — = = [
Pr{Z'— aZ = f) ‘i’(m] \

where o = V(a"Z,a)/¢aTZ,a), 8 = aTw/Va"Sa, and Z, Z!
~ N{Q, 1). The last equality follows from the fact that Z' and Z
are independently distributed as N0, 1). Furthermore, be-
cause the best linear coefficient vector from Theorem 3.1 is a
w (2, + Z,)" 'u, the conclusion follows from the fact that

2"y =aTZa+a"3a =pu(Z, + 2,) k.

Proaf of Theorem 4.1 It follows from the exposition of Kshit-
sagar (1972) that S ~ Wishart(p, m + 1 — 2, Zyand E(S ') = {m
+n—p—3)"Z7", Thus the first result easily follows, The un-
biasedness of 4, follows immediately if we notice that ¥ — X is

independent of §, The latter equation follows from a fact about
the Wishart distribution (Kshirsagar 1972, pp. 72, 116):

E(S7'S8™1)

n mAtn—3 3
(m+n—p-—2im+un—p—Nmt+tn—p—4)
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By the independence between ¥ — X and S,
Eldo —aolz = (m+n—p—3)
XE(Y-X)' S 28 (V- X)) —u'Z "
- mt+n—73
mt+n—p-—3
XE(V - X)) 2 HY - X))~ pf2 '
7

— TE_I
m+n—p—3u #

+_ﬂ£_3,._ 1+L
m+u—p—3in m )P

Hence the theorem is proved.

[Received June 1992, Revised fanuary 1993}
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