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[1] A new framework for diagnosing mixing in cumulus
convection is proposed, where the vertical evolution of the
cloud mass flux distribution as a function of given parcel
properties is viewed as a mapping process. Matrices that
characterize this mapping process are constructed using a
Lagrangian particle dispersion model embedded in a Large
Eddy Simulation. Extending previous use of LES-diagnosed
bulk entrainment and detrainment rates to test bulk plume
models, the construction of these mapping matrices from
LES provides a reference, against which multiple-parcel
models can be compared. The framework is further applied
to diagnose the response of shallow cumuli to a small temperature perturbation. Citation: Nie, J., and Z. Kuang (2012),

such turbulent mixing is characterized by the bulk entrainment/detrainment rates, and Siebesma and Cuijpers [1995]
pioneered an analysis of LES results to evaluate entrainment/detrainment rates used in bulk plume models. Here,
we propose a diagnostic framework that extends the analysis
of Siebesma and Cuijpers [1995] to multi-parcel models.
After introducing our framework, we will apply it to a shallow convection case and compare the results to those from
two multi-parcel models. We will then apply it to probe the
response of shallow convection to a large-scale temperature
anomaly [Kuang, 2010; Tulich and Mapes, 2010; Nie and
Kuang, 2012].

Beyond bulk entrainment and detrainment rates: A new framework
for diagnosing mixing in cumulus convection, Geophys. Res. Lett.,
39, L21803, doi:10.1029/2012GL053992.

2. The Mapping Diagnostic Framework

1. Introduction
[2] Despite the success of bulk entraining/detraining plume
models [e.g., Siebesma and Cuijpers, 1995; Bretherton et al.,
2004] in reproducing the domain averaged heating and
moistening rates of shallow cumulus convection, there have
been increasing efforts on multiple-parcel/plume models [e.g.,
Emanuel, 1991; Neggers et al., 2002; Cheinet, 2004; Nie and
Kuang, 2012]. The multiple-parcel/plume models (simply
called multi-parcel models hereafter) can potentially account
for in-cloud turbulent fluxes. More importantly, they naturally
predict the variability of cloudy updrafts. Representing the
heterogeneity within the updrafts can be important for microphysics and chemistry, which involve highly non-linear reactions or microphysical processes. Thus, the multi-parcel
models are more versatile and can be a useful extension of the
bulk plume models.
[3] A key aspect of the multi-parcel models is the representation of turbulent mixing among cloudy updrafts and
between cloudy updrafts and their environment. Detailed
numerical simulations such as Large Eddy Simulations
(LES) can potentially be used to constrain such representations, provided that the LES results are diagnosed properly
in the framework of a given conceptual model or parameterization scheme. In the framework of a bulk plume model,
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[4] We shall assume that transports by cloudy updrafts
and the corresponding environmental subsidence dominate
the total convective transports, which is reasonable for
shallow cumulus convection [Siebesma and Cuijpers, 1995].
We define cloudy updrafts as grids with liquid water content
greater than 0.01 g kg1 and vertical velocity w greater than
1 m s1. Conclusions here are not sensitive to this definition.
The cloudy updraft mass flux can be binned on a given
parcel property f (such as total water qt or liquid water
potential temperature ql) as a distribution function m(f).
With the assumption that the environment is homogenous,
the total convective flux of f is
Z

F ðfÞ ¼

mðfÞðf  fenv Þdf;

ð1Þ

where fenv is the environmental f. Instead of assuming an
uniform f in cloudy updrafts as in bulk plume models, the
mass flux distribution m(f) provides a characterization of
the in-cloud variations of f. The environment is assumed to
be homogeneous here to simplify the analysis. The mapping
framework is sufficiently general, if needed, to account for
heterogeneity in the environment as well.
[5] We shall view the evolution of m(f) with height as a
mapping process. From a level n to level n + 1, the
function that maps mn(f) onto mn+1(f′) (Prime indicates
the higher level.) describes the result of turbulent mixing
of cloudy updrafts and the environment from the perspective of property f.
[6] Next we introduce how to construct the mapping
function in a discretized form using the LPDM (Lagrangian
particle dispersion model) [Weil et al., 2004]. Figure 1 is a
diagram of the process, where each box represents a cloudy
updraft grid and each arrow represents a trajectory of a
Lagrangian particle that links two grids at different heights.
Starting from a grid, there are N Lagrangian particles (in the
diagram, 3 particles are plotted as an illustration.) that are
advected by LES winds and are dispersed with time. It is
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Figure 1. A diagram of the mapping process. See text for
details.
assumed that each particle represents 1/N of the grid’s mass.
For a cloudy updraft, for example, grid “1”, a subset of the
particles may leave the cloud and enter the environment,
which represents the detrained mass flux. We bin these
particles on f to define a diagonal matrix D(f,f) that
describes the fractional detrainment rate per unit mass flux
as a function of f. For the particles that rise to level n + 1
inside a cloud, due to turbulent mixing, the trajectories are
dispersed to different grids, for example, grids with f1′ and
f′2. Each of these trajectories connects some portion of the
mass flux with certain f at level n and some portion of the
mass flux with certain f′ at level n + 1. These trajectories are
binned into the mapping matrix A(f′, f) and normalized by
the non-detrained mass flux. For a grid at level n + 1, not all
of its particles can be tracked back to cloudy updrafts at
level n. Some are entrained from the environment. Similar
to D, a diagonal entrainment rate matrix E(f′, f′) is defined
as the ratio of the entrained mass flux to the non-entrained
mass flux.
[7] Since we are interested in the local mixing processes
as cloudy updrafts move from one level to another, we track
each particle only within the time interval between t0  t
and t0 + t, where t0 is the time the particle crosses from
level n to level n + 1. For a vertical spacing of 50 m used
in this study (section 3), we use a t of 50 s, which is the
time that the slowest updrafts (from our definition of
w > = 1 ms1) take to traverse this vertical spacing. If a
parcel leaves and re-enters cloudy updrafts between t0  t
and t0 + t, its departure and reentrance are not considered
as detrainment and entrainment events. The results here
are not sensitive for t ∈ [40 s, 100 s].
[8] We do the tracking for all particles in cloudy updrafts
so that the mapping from mn(f) to mn+1(f′) reads
mnþ1 ðf′Þ ¼ ðI þ Eðf′; f′ÞÞAðf′; fÞðI  Dðf; fÞÞmn ðfÞ;

ð2Þ

where I is the identity matrix. In equation (2), the mapping
process is naturally separated into three components with
clear physical meaning; the detrainment rate matrix D(f,f),
the entrainment rate matrix E(f′, f′) and matrix A(f′, f) that
maps the non-detrained mass flux to the non-entrained mass
flux. Equation (2) can be applied recursively over multiple
levels. Knowing the mass flux distribution on one level (e.g.,
cloud base) and the mapping matrices upward from that
level, the mass flux distributions on all levels above can be
determined and so can the flux F(f). We note that Kuang
and Bretherton [2006] also binned mass flux in terms of
moist static energy and examined how its distribution varies
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with height in the framework of Arakawa and Schubert
[1974]. Our analysis here, through the use of a LPDM, significantly extends that study in that bins at different heights
are connected by actual LES flow trajectories, instead of a
hypothesized entraining plume model.
[9] The more conventional concepts of bulk entrainment
and detrainment rates can be viewed as the mapping functions with only one bin for the cloudy updrafts and one bin
for the environment, i.e., the top-hat approximation. In the
context of such a bulk plume model, entrainment and
detrainment rates obtained from tracking the movement of
air masses across the cloud-environment interface (as in,
e.g., the work of Romps [2010] and Dawe and Austin
[2011a, 2011b] and with the Lagrangian particles as done
here and contemporaneously by Yeo and Romps [2012])
cannot describe the exchange of thermodynamic properties
and tracers between the two bins. This is simply because bins
in the bulk plume model are too coarse and miss the significant heterogeneity within a bin: air entrained from the environment or detrained from the cloud does not have the mean
properties of its originating bin. Here, we use bins that are fine
enough so that heterogeneity within each bin is insignificant
in terms of f and variables that covary with f. In this paper,
we use only one bin for the environment, but the mapping
framework allows for multiple bins for the environment as
well. Entrainment and detrainment rates obtained from
tracking the movement of air masses (done here through the
LPDM) can now describe the exchanges of f (and other
properties that are sufficiently uniform within each bin),
because they are given as functions of f. Therefore, the
mapping functions provide a more complete description of the
mixing process and are a useful extension to the bulk
entrainment/detrainment rates of the bulk plume model.
[10] To better understand and parameterize convection, it
is valuable to examine how convection responds to changes
in its large-scale environment. We shall focus on the
response to small perturbations, for which the changes of
mass flux distribution can be separated into four terms by
applying the chain rule on equation (2);
dmnþ1 ¼ ðI þ E ÞAðI  DÞdmn  ðI þ EÞAdDmn
þ ðI þ EÞdAðI  DÞmn þ dEAðI  DÞmn

ð3Þ

The first term is associated with dmn, the inputs at level n,
keeping the mapping matrices unchanged. We shall call it
the inherited term. The second to the fourth terms are
changes of the mass flux distribution due to changes in the
detrainment rate D, the mapping matrix A, and the entrainment rate E, respectively.
[11] The coordinate f need not be a single variable.
Mapping functions for joint mass flux distributions in terms
of multiple variables (e.g., qt and w) can in principle be
constructed as well. The vertical distance over which the
mapping matrices are constructed can be coarser than the
LES vertical resolution based on the problem of interest.
While we focus on shallow convection in this paper, the
analysis framework is also applicable to deep convection.

3. Experiments Design
[12] In this and next sections, we will apply the mapping
framework to a case of shallow convection and its response
to a small temperature perturbation. The case that we use is
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Figure 2. (a) The control run mapping matrices from 975 m to 1025 m using qt as the coordinate. The lowest panel shows
the distribution m(qt) at the 975 m level. The diagonal matrices D and E/(I + E) are plot as function of qt.The color map
shows the matrix sqrt(A) (unitless) with the 1-to-1 line (black solid) superimposed. (b) Same as Figure 2a but for the differences in the mapping matrices between the perturbed runs and the control runs. The color map shows dA.The error bars show
the estimated uncertainties using the jackknife method. Mapping matrices of the control runs for (c) the Neggers Model and
(d) the stochastic parcel model.
the undisturbed Barbados Oceanographic and Meteorological Experiment (BOMEX) [Holland and Rasmusson, 1973].
The forcing and other settings are the same as the intercomparison study of BOMEX described in Siebesma et al.
[2003].
[13] The numerical simulation is done with the System for
Atmospheric Modeling (SAM) model in a domain of 6 km
(x)  6 km (y)  3 km (z). The LPDM is similar to that in
Weil et al. [2004] and Heus et al. [2008] except that subgrid
diffusion is not included. Heus et al. [2008] showed that
including subgrid diffusion has little impact on the particles
in the cloud layer. Properties of a particle inside an LES grid
are set to the grid values with no interpolation. Using linear
interpolation, as in Weil et al. [2004] and Heus et al. [2008],
has little effects on the results presented here. The two
choices (no interpolation and linear interpolation) are consistent with first- and second-order advection, respectively,
and are expected to bracket the actual order of SAM’s

advection. To better resolve the mixing process, we use a
resolution of 25 m in all directions, and release 2 Lagrangian
particles in each grid. The LES output is coarsened to a
resolution of 100 m  100 m  50 m, so there are 64 particles in a coarsened grid, sufficient to generate robust statistics. To test the robustness of the results with respect to
resolution and the number of particles, we performed the
same analysis on simulations with a resolution of 100 m 
100 m  50 m with 64 or 27 particles released in each grid,
and the results are similar to those reported here.
[14] The model is run for 6 hours and the first 3 hours
are discarded as spinup. Between hours 3 to 6, restarts
are saved every 5 minutes. The model is run for half an
hour with the embedded LPDM turned on using these
restarts with and
a temperature perturbation
h without

 i
1 z1025 m 2
(shown in Figure 3f )
dT ¼ 0:25 K exp  2 100 m
introduced. The results in the next section are averaged
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Figure 3. (a–c) The color contours are the local sources terms in equation (3). (d The color contours are the total dm computed from equation (3). In Figures 3a–3d, the color contours are in units of kg m2 s1 per g kg1 (i.e., normalized by the
bin interval). (e) The dFqt corresponding to mass flux changes shown in Figures 3a–3d, together with dFqt from the LES. In
Figure 3e the dD, dA and dE terms are multiplied by a factor of 3 for better illustration. (f ) Introduced temperature
perturbation.
over 150 ensemble members and they are statistically
robust.
[15] We shall use qt, which is conserved in shallow nonprecipitating convection, as the coordinate. While ql is also
conserved, the introduced temperature perturbation changes
the environmental ql in the perturbed runs, which causes
additional complications when ql is used as the coordinate.

4. Results
[16] The control run mapping matrices from the 975 m
height to the 1025 m height (chosen to be close to the center

of the introduced perturbation) is shown in Figure 2a. The
lowest panel is the mass flux distribution at 975 m (mn in
equation (2)). The detrainment matrix D shows that about
10% to 30% of the mass flux is detrained over this 50 m layer
(about 2–6 per km, comparable to the values from Siebesma
and Cuijpers [1995]). The detrainment rate is greater at lower
qt, indicating that updrafts with lower qt detrain more
strongly. The color map shows the matrix A (we plot sqrt(A)
instead of A for a better illustration), where each column
indicates how one unit of non-detrained mass flux on level n
with a certain value of qt is distributed on level n + 1
(in terms of qt). Without any mixing, nonzero values of A will
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lie on the 1-to-1 line, and the values will deviate from unity
only because of vertical acceleration or deceleration. Mixing
with environmental air decreases updrafts’ qt. As a result, the
peak values of A are slightly below the 1-to-1 line. Besides
mixing with the environment, in-cloud mixing among the
cloudy updrafts homogenizes their properties, shrinking
the range of qt. The regions that are above the 1-to-1 line
are the results of in-cloud mixing. The entrainment rate E
has the same trend as D, with values decreasing as qt
increases, as grids with large amounts of entrained air
have lower qt. Note that in Figure 2, we plot E/(I + E)
which is the ratio of entrained air mass to the total mass
after the entrainment, which, like values in D, is always
less than 1. For the other layers not shown here, the
general dependence of D and E on qt is similar.
[17] The mapping matrices set a reference against which
multi-parcel models can be compared. The mapping matrices A, D, E of a bulk plume models are all single numbers
(or a single point in Figure 2a). The mapping matrices of two
types of multi-parcel models are shown here for comparison
with the LES results. One is the model developed in Neggers
et al. [2002] (Figure 2c), where there is only detrainment for
updrafts with the lowest qt, and the entrainment rate
increases as qt decreases. The mapping matrix A is a single
line slightly below the 1-to-1 line. This line is further away
from the 1-to-1 line at low qt values. This feature results
from the assumption in the Neggers et al. model that
entrainment rate is inversely proportional to w, which is well
correlated with qt. Another model is the stochastic parcel
model [Nie and Kuang, 2012; Romps and Kuang, 2010]
(Figure 2d). For the mapping matrix A, there is a strong peak
on the 1-to-1 line, representing unmixed parcels. There is
also a broad triangular region below, which is due to stochastic entrainment. The detrainment rate is non-zero over
all qt values and decrease as qt increases. As is apparent from
Figure 2, the mapping matrices from the muliti-parcel
models differ substantially from those deduced from the
LES. A prominent difference is that because in-cloud mixing
is not included in the multi-parcel models, their mapping
matrices A are all zero above the 1-to-1 line. This discrepancy is also pointed out when Nie and Kuang [2012] used
their model to reproduce the updraft statistics using the
tracer encoding method of Romps and Kuang [2010].
Addition of this missing component should be considered
for future models.
[18] The difference of the matrices between the control
runs and the perturbed runs, averaged over the 150 pairs of
ensemble members, are shown in Figure 2b. The error bars
for dD and dE are standard deviation estimated by a jackknife method that leaves out one pair of runs at a time. As
expected, with the temperature perturbation, more mass flux
is detrained (generally positive dD). The reason for the variations of dD with qt is not clear and left to future study. For
dA, the pattern is a general upward shift to higher qt at level
n + 1 because the warm anomaly tends to preferentially
eliminate mixtures with low qt (less active) [Nie and Kuang,
2012]. The positive dE shows more entrainment of environmental air in response to the positive temperature
perturbation. A possible explanation of the enhanced
entrainment is that the warm anomaly acts as a buoyancy
barrier and slows down the updrafts, so that there is more
time for entrainment per unit distance [Neggers et al.,
2002], although more work is needed to test this idea.
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We note that this dependence, if existent, is not strong
enough to explain the in-cloud heterogeneity in the way
hypothesized in Neggers et al. [2002], and in-cloud heterogeneity is mostly caused by stochastic entrainment, as
shown in Romps and Kuang [2010].
[19] The contribution of each component can be estimated
using equation (3) for all levels. The dD, dA and dE terms in
equation (3) are local (in z) sources to the dmn + 1. The
inherited term, although dominating the equation, is simply
the accumulated impacts from levels below. The local source
terms are shown in Figures 3a–3c, together with the control
run mass flux distribution (background black contour) and
control environmental qt (the far left black dashed line). The
dD term is strongly negative, and contributes to the decrease
of mass flux. The dE term is positive, but to a lesser extent.
The dA term shows a shift from the left to the right of the
ridge of the control mass flux distribution. It leads to a
stronger reduction in mass flux at lower qt and the increase
of updraft mean qt in the perturbed cases. We apply equation
(3) recursively starting from a level slightly above cloud
base (675 m height) upward with the local source terms
added in each layer. The total dm computed from the chain
rule (equation (3)), shown in Figure 3d, is very close to the
dm directly sampled from LES, a validation of the chain rule
separation. In Figure 3e, effects of these terms are summarized in terms of dFqt (using equation (1)). It shows that the
local source terms are mostly confined in the perturbed
layer. Although dm is still large above the perturbed layer,
it is mostly accumulated over the perturbed layers below.

5. Summary and Discussions
[20] A new framework for diagnosing mixing in cumulus
convection is proposed, where the vertical evolution of the
cloud mass flux distribution as a function of given parcel
properties is viewed as a mapping process. By analyzing the
trajectories of LPDM embedded in an LES, the matrices that
characterize this mapping process are constructed. The
framework is applied to the shallow cumulus convection
case of BOMEX. The mapping matrices of two multi-parcel
models are compared with those from the LES, showing
major discrepancies. Changes in the mapping matrices in
response to a small temperature perturbation in the cloud
layer are used to better understand such responses, yielding
conclusions similar to those reached in Nie and Kuang
[2012] using a different analysis. We believe that these
mapping functions provide a more complete description of
the mixing process that helps to better connect LES with
convective parameterization, and are a useful extension to
the bulk entrainment/detrainment rates of the bulk plume
model.
[21] Although only the cloudy updrafts are considered
here, the downdraft mass flux can be treated as a downward
mapping in the same way. It may be necessary to account for
the effects from, for example, precipitation driven downdrafts in deep convection and the subsidence shell in shallow
convection [Heus and Jonker, 2007; Jonker et al., 2008].
Accounting for both the updrafts and downdrafts and the
potential exchange between them in the mapping framework
will be explored in future work.
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