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Topological Yang-Mills Theory

The simplest topological action for non-Abelian gauge field A is
1
S= [ WFAF = [z TeF,,F,
T 1 ), %% rF,, F,

where M is an oriented 4-manifold. This action is manifestly independent
of the metric g,,. If we can make sense of it as a full quantum theory,
the observables - correlation functions of gauge invariant operators, will be
independent of the metric and give topological invariants of the “spacetime”
manifold M.

Naively the path integral with this action is ill defined, due to the enor-
mous number of gauge symmetries. In addition to the “ordinary” gauge
symmetry, the action is invariant under general coordinate transformation.
A general infinitesimal gauge transformation is parameterized by Lie algebra
valued functions €,(z) and e(z),

d0A,(x) = Due(z) +eu(z)
= 0.+ [A, €]l +e,.
Let’s first analyze the ghost fields we need for gauge fixing. To fix the gauge
parameter €, and € we need fermionic ghosts 1,,c. We will often use the
1-form ¢ = 1, dz*.
One further observes that there is a redundancy in the parameterization
of the gauge transformation above,

en—ept+ DN, e—e—A

This redundancy gives a gauge symmetry on the ghosts v,,c. To fix this
gauge symmetry we need to introduce ghost of the ghost, a bosonic field ¢.
The numbers of the degrees of freedom for the fields are listed below.
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They are assembled conveniently in the following table
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where the ghost number increases towards left, and the degree of forms in-
creases as one moves upward.

The BRST operator s should act on the gauge field A by the gauge
transformation with gauge parameters ¢,,¢ replaced by ghosts v,,c. For

example,
0A,=D,c+¢, — sA=—-Dc+

It must also be nilpotent
s =0.

We will use [, ] to denote the graded (anti)commutator. An operator O
is even (odd) if its degree as a form plus ghost number is even (odd). For
example, (A, c) are odd, and (F, 1, ¢) are even. Equivalently, we can think

of [, ] as commutator only on the Lie algebra. As an example,
c=c"T" 1[c c* = (ec)* = 3'fabccbcc
- ) 2 ) — - 9 .

The BRST transformations are determined by the conditions stated above,

sSA = —Dc+1,

sc = —;[c, cl + ¢,
Sw = _D¢ - [07 ¢],
qu = _[Ca ¢]a

(sF' = Do —lc, F)

Note that s anticommutes with d. Let us check the nilpotency for s acting
on A.

s?A = —s(Dc) + sy
= d(sc) — [sA,c] + [A, sc| + sy

= Ldle,d +dd— [~Det b d + (A —2le.d + 6] — Do — [, 4]
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Now if we assemble the fields into

A=A+c, F=F+9+0,



The BRST equations can be rewritten in the compact form

(d+s)A+ ;[A,A] =F,
(d+s)F+[A F]=0.

We see that A is some sort of generalized gauge field multiplet, and F is the
corresponding field strength. The nilpotency condition (d+ s)? = 0 is simply
the Bianchi identity for F.

Using the Bianchi identity, it is easy to see that

(d+ s)TrFF = 0.

where, as always, we have omitted the wedge product A. We can derive from
above a string of relations

S'Oi:doi,h ZZO,,4

where each O; is a degree ¢ form defined as follows

Oy = 5 Tré0,
O, = T“Mba
1
0, = Tr(— 50 — 6F),
Oy = —2TriF,
Oy =TrFF.

Now we can introduce the gauge fixing terms. We will fix the following
functions 1
o,A",  FM £ 56’“’””Fp(,, D",

by introducing multiplers b, b,,, 7. For example,
SGF D) /d%b(@uA“)

corresponds to the Lorentz gauge. To make the gauge-fixing part of the
action BRST invariant, we will take b = s¢ for some “anti-ghost” ¢, and
similarly for b,, and 7. The name “anti-ghost” comes from the fact that
they have negative ghost number.

These are summarized in the following table
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where the numbers in the parenthesis denotes the ghost numbers. The BRST
transformations on the anti-ghosts are
sc = b, sb =0,
SXuw = b, sbu, =0,
so=n,  sn=0.
Our field content can be summarized as
A F
c c (0 X
b ) b

-

where the ghost number increases toward left.
We can now write down the path integral

7 = / dA dcdedb di, X, db,, dp dé dij e

where

S = /MTrFAF+SGF
A convenient choice of the gauge fixing term is
Lo = sV
= s-Tr {XW(FW + F1) + ;wa*‘” + @D, " + 0, A" + ;Eb
= Tr {b;w(FW + FW) + ;b;wb’w - XW(DW”] + ;EWPUD[pwtf])
—Xule, F* £ F*] + 1D, " + @l ¥*] + 6D, D"
+b0), A" + ;bQ — 0y D"c — c@ﬂb“}

This is a rather complicated expression. Nevertheless we can see the “ordi-
nary” gauge fixing term bd, A" + 1b? (integrating out b), and the ghost term
—c0,D¥c as in ordinary non-Abelian gauge theories.

The action is quadratic in b,, and b. We can integrate them out and
write

7 — / dA de de di, dx,, do db dije™>
where
S = /M &2 Ty {F“”FW (DM + ;GWMD[,)W)
—Xuwle, F* £ )+ 0D, 0" + o[, o]
+dD, D¢ — ;(a#A#)2 9, D" — aa,ﬂpﬂ}
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The original “gauge invariant” part of the action [TrF A F' is cancelled by
terms that appears when we integrate out b,,. S’ is our final gauge fixed
action of topological Yang-Mills theory! Started with the topological action
JTrF A F, after a series of gauge fixing we obtain the ordinary Yang-Mills
plus ghosts interactions.

Why is this theory “topological”? Recall that the action takes the form

S:/ﬂFAF+$V

The only dependence on the metric g,, comes from )V, where we had to
invoke the metric to fix the gauge. We are interested in correlators of BRST
invariant operators, namely those satisfying

s-O0=0 (or [Q,0] =0)
These operators can be constructed from the local operator O;, which satisfy
S Oz = d(’)i_l

as we have already seen. ; is an i-form, we can integrate it on an i-
dimensional closed submanifold >; of M. Then

S'/ OZ:/dOZ_le
3 ¥

We have correlation functions

/(’) /dgo] fTrF/\F—i—sV)/ o...

The variation with respect to the metric is
) / oV
O...\ = /dgpe*SS. /(f)
5 gW< O [dele™(s - 5 gw)

— /[dgp /@...+...

= 0,

where we used the fact
/[dgp] e ¥s-0=0, VO,

which follows from the BRST invariance of the action S and the path integral
measure [dy]. In fact one can show that there is no perturbative anomaly
in the measure. For further details the reader is referred to L. Baulieu and
.M. Singer, Topological Yang-Mills Symmetry, Nucl.Phys.Proc.Suppl.5B,
12 (1988). Also check out Witten'’s lecture on cohomological field theories.



