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General remarks on the geometry of gauge fields

We know that gauge fields do not have to be globally well defined. For
example, in the presence of a Dirac monopole, one cannot write down a
globally well defined U(1) gauge field. If one tries to do this, the gauge field
will become singular along a line starting from the origin of the monopole
and extends to infinity, known as the “Dirac string”. This is related to the
nontrivial topology of the spacetime, since the origin of the monopole is not
included. What one can do is to take two coordinate patches U+ and U−,
which do not contain the negative z-axis and positive z-axis, respectively.
On U+, the gauge field can be written in a particular gauge as

~A = Q

(
− y

r(r + z)
,

x

r(r + z)
, 0

)

On U−, we can write the gauge field as

~A′ = Q

(
y

r(r − z)
,− x

r(r − z)
, 0

)

They do not agree on the overlap U+ ∩ U−. This is not a problem, as long
as they are related by a gauge transformation, in this case

~A′ − ~A = −2Q ~∇ tan−1(y/x)

So in spacetimes of nontrivial topology, we only expect the gauge field A and
matter field ψ to be defined on patches of the spacetimes, and on the overlap
of different patches they are related by gauge transformations.

In the non-Abelian case, let us consider a gauge field A = AaT a with
gauge group G, and matter field ψ = (ψ1, · · · , ψn) in an n-dimensional rep-
resentation R. R is a group homomorphism from G to GL(n,R), namely it
specifies the group action of G on an n-dimensional vector space V . Now
at each point in the space, we can think of the field ψ as living in a copy
of vector space V , on which the gauge transformations act. We can pick a
coordinate patch Uα in spacetime, and the matter field on Uα is ψ(α) (in a
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particular gauge). On a different patch Uβ, we have matter field ψ(β). On the
overlap Uα ∩ Uβ, ψ(α) and ψ(β) are in general not necessarily the same - we
made different choices of gauge on different patches. So we can only demand
them to be related by gauge transformation

ψ(α) = g(αβ)ψ(β) on Uα ∩ Uβ.

We see that although at each point x, ψ takes value in a representation space
Vx, there are no natural identification between Vx and Vy for different points
x and y. Rather we should think of each Vx as a “fiber” growing upon the
point x, and this structure of the spacetime manifold together with the fibers
is known as a vector bundle E. Such ψ is called a section of the vector bundle
E. For example, in GR vectors live in the tangent bundle.

Just like the Levi-Civita connection in GR, the gauge field A is a connec-
tion on the vector bundle E. On Uα we can write the gauge field as

A(α) = Aµ(α)dxµ

On the overlap Uα∩Uβ, the gauge fields are related by gauge transformation

Aµ(α) = g(αβ)Aµ(β)g
−1
(αβ) + g(αβ)∂µg

−1
(αβ).

Then we have covariant derivative

Dµ = ∂µ + Aµ

and field strength (curvature)

Fµν = [Dµ, Dν ] = ∂µAν − ∂νAµ + [Aµ, Aν ]

Written in forms, this is
F = dA + A ∧ A

where F = 1
2
Fµνdxµ ∧ dxν .

Connection between gravity and gauge theory

Classical general relativity can be formulated in terms of vierbein (tetrad)
ea

i and spin connection ωi
a
b, where we use i, j, · · · for spacetime indices and

a, b, · · · for local Lorentzian frame indices. The metric is determined from
the vierbein by

gij = ηabe
a
i e

b
j, gij = ηabei

ae
j
b.

2



The spin connection is defined as

ωi
a
b = ea

j∇ie
j
b = −ej

b∇ie
a
j .

It is determined from the Levi-Civita connection. We will think of ea
i , ωi

a
b as

gauge fields, with a, b, · · · being internal indices, acted by the Lorentz group
SO(d− 1, 1). It will become clear why this is a sensible thing to do.

The Riemann tensor can be written as

Rij
a
b = Rij

k
le

a
ke

b
l

= ∂iωj
a
b − ∂jωi

a
b + ωi

a
cωj

c
b − ωj

a
cωi

c
b

= ∂iωj
a
b − ∂jωi

a
b + [ωi, ωj]

a
b

We see that this is nothing but the field strength (curvature) associated to
the Lie algebra so(d−1, 1)-valued gauge field ωi. We can assemble them into
forms

ωa
b = ωi

a
bdxi, Ra

b =
1

2
Rij

a
bdxi ∧ dxj.

Then
R = dω + ω ∧ ω, where (ω ∧ ω)a

b = ωa
c ∧ ωc

b.

The Einstein-Hilbert action is 3+1 dimensions can be written as

S =
1

4

∫

M
εijklεabcd(e

a
i e

b
jRkl

cd)

Let’s check that it is equivalent to the ordinary form

S =
1

4

∫
εijklεabcde

a
i e

b
je

c
med

nRkl
mn

=
1

4

∫
εijklεijmn(det e)Rkl

mn

=
1

4

∫
2(δk

mδl
n − δk

nδl
m)(det e)Rkl

mn

=
∫ √−gR.

We can also rewrite the action in terms of forms

S =
1

2

∫
εabcde

a ∧ eb ∧Rcd
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It is natural to expect ea
i and ωi

a
b to be gauge fields associated to local

translation (diffeomorphism) and local Lorentz transformation, respectively.
They combine to give a gauge field associated to local Poincare invariance,
so the gauge group is the Poincare group ISO(d− 1, 1).

If this is the case, under infinitesimal translation ξa and local Lorentz
rotation va

b, the vierbein and spin connection should transform as

δea
i = Diξ

a + va
be

b
i = ∂iξ

a + ωi
a
bξ

b + va
be

b
i ,

δωi
a
b = Div

a
b = ∂iv

a
b + [ωi, v]ab.

as ISO(d− 1, 1) gauge fields. Actually this is not quite the same as general
coordinate transformation, but they are equivalent when the fields are on-
shell. Namely they are the same up to terms that vanish when the equations
of motion are imposed.

The equations of motion are obtained by

varying ω ⇒ Die
a
j −Dje

a
i = 0, torsion free;

and
varying e ⇒ ej

aRij
a
b = 0, vacuum Einstein equation.

The trouble of actually treating 4D gravity as a gauge theory is that, the
Einstein-Hilbert action is not the usual action of gauge theories.

Surprises in 2+1 dimensions

In 2+1 dimensions, the Einstein-Hilbert action can be written as

S =
1

2

∫
εijkεabce

a
i Rjk

bc

=
1

2

∫
εijkεabce

a
i (∂jωk

bc − ∂kωj
bc + [ωi, ωj]

bc)

This action has the form
∫

AdA + A3. There is a well known gauge theory
in 2+1 dimensions of this type, the Chern-Simons theory.

Consider a gauge field A locally as a Lie algebra valued 1-form on 3-
manifold M . The Chern-Simons action is

S =
1

2

∫

M
Tr(A ∧ dA +

2

3
A ∧ A ∧ A)
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There can be an overall factor k in front of the action, playing the role of
a coupling constant, which we have omitted for notational simplicity. The
“Tr” can be any invariant nondegenrate bilinear form on the Lie algebra. For
example, if we expand the gauge field on generators as A = AaT a, then the
first term in the action is

∫
TrA ∧ dA = Tr(T aT b)

∫
Aa ∧ dAb = dab

∫
Aa ∧ dAb

where dab is a nondegenerate bilinear form.
In general the gauge field is only locally defined. So how do we know that

the Chern-Simons action is well-defined? In fact it isn’t, namely the action is
not invariant under “large” (topologically nontrivial) gauge transformations.
Nevertheless the action is well defined up to some fixed period, and if we
choose the coupling constant appropriately so that this period is 2π, then
the phase factor eiS in the path integral is well defined. This also gives a
quantization of the coupling constant. We will not explore the full quantum
theory at this moment.

One way to define the action properly is the following. We can imagine
M being the boundary of a 4-manifold Y , M = ∂Y , and extend the gauge
field onto Y (this is always possible for oriented 3-manifolds). Then using

dTr(A ∧ dA +
2

3
A ∧ A ∧ A) = TrF ∧ F, F = dA + A ∧ A,

and Stokes theorem, we can rewrite the action as an integral on the 4-
manifold Y ,

S =
1

2

∫

Y
TrF ∧ F

Now the trace over F∧F is clearly gauge invariant and well-defined. However
we can have different choices of N . One can show that the difference of the
action for different choices of N differ by integer multiplets of 4π2 (with
proper normalization of Tr).

What about gauge symmetry? The transformation associated to an in-
finitesimal gauge parameter ξ (a Lie algebra valued function) is

A → A + Dξ = A + dξ + [A, ξ]

The variation of the Lagrangian is

δTr(A ∧ dA +
2

3
A ∧ A ∧ A) = Tr(δA ∧ dA + A ∧ dδA + 2δA ∧ A ∧ A)

5



where we have used the cylic property of the trace. Now by integration by
part, this becomes simply

2Tr(δA ∧ F ) = 2Tr(dξ + Aξ − ξA) ∧ F

→ −2Trξ(dF − F ∧ A + A ∧ F )

= 0

where we used the Bianchi identity in the last step. This shows that the
Chern-Simons action is indeed invariant under infinitesimal gauge transfor-
mations.

We have seen that the natural gauge group that arises in the vierbein
formulation of 2+1 dimensional gravity is the Poincare group ISO(2, 1). The
Poincare algebra has generators translation P a and rotation Ja = 1

2
εabcJbc.

They satisfy

[Ja, Jb] = εabcJ
c,

[Ja, Pb] = εabcP
c,

[Pa, Pb] = 0.

The “trace” is defined by

TrJaPb = δab, TrJaJb = TrPaPb = 0.

Note that such invariant nondegenerate bilinear form on ISO(d−1, 1) exists
for d = 3 but not for d = 4. Now we expand the gauge field A on the
ISO(2, 1) generators as

Ai = ea
i Pa + ωa

i Ja, ωa
i =

1

2
εabcωibc.

The punch line is that, as one would guess, the Chern-Simons action repro-
duces the Einstein-Hilbert action in 2+1 dimensions. ea

i and ωiab appearing
in the gauge field are nothing but the vierbein and the spin connection, as
our notation has already indicated. The gauge transformations in Chern-
Simons theory are the same as the general coordinate transformations on the
vierbein and spin connection up to terms that vanish on shell.

Now let’s check this by explicitly evaluating the action. The field strength
is

Fij = [Di, Dj]

6



= ∂iAj − ∂jAi + [Ai, Aj]

= Pa

(
∂ie

a
j − ∂je

a
i + εabc(ωibejc − ωjbeic)

)

+Ja

(
∂iω

a
j − ∂jω

a
i + εabcωibωjc

)
.

We will still use the trick that the Chern-Simons action is the same as the
integral of 1

2
TrF ∧ F on a 4-manifold Y with ∂Y = M . Now

∫

Y
TrF ∧ F =

1

4

∫

Y
εijklTrFijFkl

=
1

2

∫

Y
εijkl

(
∂ie

a
j − ∂je

a
i + εabc(ωibejc − ωjbeic)

) (
∂kωla − ∂lωka + εadeω

d
kω

e
l

)

=
∫

Y
εijkl∂i

[
ea

j (∂kωla − ∂lωka + εadeω
d
kω

e
l )

]

=
∫

M
εijkeia(∂jω

a
k − ∂kω

a
j + εabcωjbωkc).

It is clear that the ISO(2, 1) Chern-Simons action is the same as the Einstein-
Hilbert action in vierbein formalism.
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