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The notes give an elementary introduction to Calabi-Yau compactification, coni-
fold transition and other relevant topics.

Elementary facts of Calabi-Yau manifolds

Definition: A (d-dimensional) Calabi-Yau manifold is a compact Kahler manifold
which has SU(d) holonomy.

Sometimes we also refer to Kahler manifolds with Ricci-flat metric, which
ensures that the holonomy lies in SU(d) and vice versa. This is because the
U(1) part of the connection, i.e. the trace, give rise precisely to the Ricci ten-
sor: Rij̄ = −∂j̄Γk

ik. Clearly the Ricci-flat condition requires vanishing first Chern
class. The Calabi conjecture, proved by Yau, says if X is a Kahler manifold with
c1(X) = 0 and Kahler form J , then there is a unique Ricci-flat metric on X whose
Kahler form J ′ ∼ J in H2(X). The following fact is very useful:

Proposition: A compact, Kahler manifold M of SU(d) holonomy has Hodge
numbers hp,0 = h0,p = 0 (0 < p < d), h0,d = hd,0 = 1. In other words, holo-
morphic p-form exists on M only for p = d, and is unique up to the cohomology
class.

Now we consider Calabi-Yau manifolds as projective varieties in Pn. Let J be
the Kahler form normalized as the generator of H1(Pn), i.e. its integral over any
P1 is 1. Also use J to denote its pullback on X. We want to compute the total
Chern class c(X).

Let εn+1 be the (n+1)-plane trivial bundle over Pn induced from Cn+1−{0},
H be the canonical line bundle over Pn, H⊥ the orthogonal component of H in
εn+1. The tangent bundle TPn is naturally isomorphic to Hom(H, H⊥).

TPn ⊕ ε1 ∼= Hom(H,H⊥)⊕Hom(H,H)
∼= Hom(H, εn+1) ∼= Hn+1

c(H) = 1 + J , therefore c(Pn) = (1 + J)n+1. Now let X be defined by k
homogeneous polynomials of degree d1, · · · , dk, TPn|X = TX ⊕ NX. In the
case k = 1, X represents the homology cycle d · [Pn−1]. It can be shown that
c1(NX) = c1([X]) = [d · J ] where [X] is the associated line bundle whose transi-
tion functions are given by the ratio of local defining meromorphic functions. In
general the Chern class of the normal bundle NX is

c(NX) =
k∏

i=1

(1 + diJ)
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The Chern class of X is therefore given by

c(X) =
c(Pn)
c(NX)

=
(1 + J)n+1

∏
(1 + diJ)

For the first Chern class to vanish we need
∑

di = n + 1, the Calabi-Yau manifold
X constructed this way is usually denoted by Y(n;d1,···,dk). All Calabi-Yau 3-folds
arising in this form are Y(4;5), Y(5;2,4), Y(5;3,3), Y(6;3,2,2), Y(7;2,2,2,2), all of which are
simply connected. There is another known example of Calabi-Yau 3-fold described
as the following. The torus T of modulous τ = eπi/3 has Z3 symmetry of rotation
with 3 fixed points. (T × T × T )/Z3 has vanishing Chern class with 27 conifold
singularities. The singularities can be resolved by gluing in some suitable line
bundle over P2 with vanishing first Chern class, the resulting manifold has SU(3)
holonomy.

To compute the Euler characteristic of Calabi-Yau 3-fold Y defined by poly-
nomials of degree d1, · · · , dk in Pk+3, first we know that the top Chern class is the
same as the Euler class of the underlying real manifold, i.e. χ(Y ) = c3([Y ]). The
integral of J3 over any P3 is 1. A generic k-plane intersects Y at d =

∏k
i=1 di

points, therefore the homology class [Y ] = d [P3],
∫
Y J3 = d. For example,

χ(Y(4;5)) = −200.
All Y(N ;d1,···,dk) have exactly 1 harmonic 2-form: the Kahler form, therefore

h1,1 = b2 = 2. From h3,0 = h0,3 = 0, we can compute h2,1 = h1,2 = χ/2.

Definition: A 2-dimensional compact, Kahler manifold X satisfying

c1(X) = 0, h1,0 = 0

is called a K3 surface.
It turns out that all K3 surfaces are diffeomorphic. For example, a smooth

hypersurface in P3 defined by a quartic polynomial is a K3 surface, with total
Chern class c(X) = (1 + J)4/(1 + 4J) = 1 + 6J2. Hence χ(X) = 24, h1,1 = 20.

Unbroken supersymmetry of N = 1 supergravity on M4 ×K

The low energy effective theory of superstrings is D = 10, N = 1 supergravity
coupled to super Yang-Mills fields. The supergravity multiplet contains the metric,
spin 3

2 gravitino, 2-form potential, spin 1
2 fermion and a scalar field:

GMN , ψM , BMN , λ, φ

and the super-Yang-Mills multiplet

F a
MN , χa
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We consider the compactification on M4 × K, where K is compact and M4 is
maximally symmetric. The supersymmetry transformation is written as

δψµ = ∇µε +
1
32

√
2e2φ(γµγ5 ⊗H)ε

δψm = ∇mε +
1
32

√
2e2φ(γmH − 12Hm)ε

δλ =
√

2γm∇mφ · ε +
1
8
e2φHε

δχa = −1
4
eφFmnγmnε (1)

where Greek and Latin indices refer to M4 and K respectively, H = Hpqrγ
pqr,Hm =

Hmqrγ
qr, ε is a 16-component SO(9, 1) Marjorana-Weyl spinor. The spin connec-

tion ∇m = ∂m + 1
2ωab

mγab, where ωm is a spin(6) gauge field. The 3-form field
strength

H = dB − ωY M + ωL

where ωY M and ωL are the Chern-Simons 3-form of the gauge field and spin
connection respectively. Let tr denote the trace in the vector representation of
SO(3, 1), Tr the trace in the adjoint representation of the gauge group,

dH = trR ∧R− 1
30

TrF ∧ F

If there is unbroken supersymmetry, Qα|0〉 = 0 for some supercharge Qα. This
implies for example, 〈0|{Qα, χβ}|0〉 = 0, i.e. classically the supersymmetric varia-
tion of fermions must vanish, otherwise the supersymmetry will be spontaneously
broken. We are looking for conditions such that nonzero ε exists for (1) to vanish.

For simplicity (though not necessary), we are going to assume that M4 is
Minkowski space, Hpqr = 0, then (1) give constraints

∇mφ = ∇mε = 0,

Rmnpqγ
pqε = 0, F a

mnγmnε = 0 (2)

where the Riemann tensor is related to the spin connection by [∇m,∇n]ε =
1
4Rmnpqγ

pqε. ε is in the 16, decomposes as (2,4)⊕ (2̄, 4̄) under SO(3, 1)×SO(6),
we can write

ε(y) =
4∑

Λ=1

ξΛ ⊗ ηΛ(y)

where ξΛ are constant real spinors of SO(3, 1), ηΛ are real spinors of SO(6). It is
easy to see that there are at least 2 independent η satisfying our conditions, with ε
replaced by η. ∇mη = 0 implies that η†η is a constant, normalized to be 1. Define

Jn
m = −iη†γn

mη

3



By Fierz rearrangement (e.g. ηη† = 1
6(1−η†γmnηγmn)(1+γ) for chiral η), we find

J2 = −1 and Jp
mJq

ngpq = gmn. Therefore J defines an almost complex structure
on K and gmn is hermitian with respect to J . J is covariantly constant, therefore
it is a complex structure and K is Kahler with respect to J , and the holonomy is
contained in U(3) ⊂ O(6). Consider the U(1) part of the connection

Γ = Γq
mpJ

p
q dxm

Rmnpqγ
pqε = 0 implies that dΓ = 0, i.e. the U(1) part of the holonomy vanishes,

or K has vanishing first Chern class. The spin connection ω is a gauge field of
spin(6) ∼= SU(4). The covariantly constant real spinor η transforms as 4 ⊕ 4̄,
requires that ω only takes value in the little group SU(3) of η. Under SU(3) ⊂
SU(4), 4⊕ 4̄ → 3⊕ 3̄⊕1⊕1, therefore a 6 dimensional manifold of SU(3) holonomy
always has 2 covariantly constant spinors η and iγη.

Also from Rmnpqγ
pqη = 0, contracting with γn and use the relation γnγpq =

γnpq − gnpγq + gnqγp, we find
Rmn = 0

In sum, K is a Ricci-flat Kahler manifold with vanishing first Chern class, with its
holonomy contained in SU(3). H = 0 implies

1
30

TrF ∧ F = trR ∧R

The simplest solution is to embed the spin connection in the gauge group spin(32)/Z2

or E8 × E8, and set the gauge field equal to the spin connection. E8 has maxi-
mal subgroup SU(3) × E6, under which the adjoint of E8 decomposes as (8, 1) ⊕
(1, 78) ⊕ (3, 27) ⊕ (3, 27). The quadratic Casimir of SU(3) in this representation
is 3 + 27 × 1

2 + 27 × 1
2 = 30, hence trR ∧ R = 1

30TrF ∧ F is satified when we set
A = ω.

String theory viewpoint

The action of supersymmetric sigma model with curved target space can be written
as

S =
∫

dσdτ

(
1
2
gij∂αXi∂αXj +

1
2
igijψ̄

iραDαψj − 1
6
Rijklψ̄

iψjψ̄kψl
)

(3)

where Dαψi = ∂αψi+Γi
jk∂αXjψk is the pullback of the affine connection in the tar-

get space. In the usual flat background the spacetime supersymmetry is manifest
in the Green-Schwarz formulation

S =
∫

dτdσ

(
1
2
∂αXi∂αXi +

1
2
iS̄γ−ρα∂αS

)
(4)

where S transforms as spacetime spinor. If the target space has holonomy SU(3),
under SU(3) ⊂ SO(8) both the vector and spinor decomposes as 1⊕1⊕3⊕3, there
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is no difference between Sα and ψi. The generalization (4) to curved background
is analogous to (3):

S =
∫

dσdτ

(
1
2
gij∂αXi∂αXj +

1
2
iS̄γ−ραDαS − 1

6
RijklS̄γijS S̄γklS

)

where Dα = ∂α + ∂αXiωi is the pullback of the spin connection. The spacetime
supersymmetries include the ε supersymmetry

δXi = (p+)1/2ε̄γiS

δS = i(p+)−1/2γ−γMρ · ∂XMε

which holds for Calabi-Yau target space as above, and the δ supersymmetry

δXi = 0
δSa = δa

where δa is an SO(8) real spinor. The invariance under δ symmetry demand
Dαδα = 0, i.e. δa is covariantly constant. This also agrees with the constraints
from low energy supergravity. Furthermore, the world sheet β function vanishes
on a Calabi-Yau background, which is another essential consistency condition for
a string theory.

Massless spectrum of type II on Calabi-Yau

Type II theory compactified on Calabi-Yau have d = 4, N = 2 supersymmetry.
The relevant massless representation of the supersymmetry algebra are

hypermultiplet (−1
2 , 02, 1

2) + (−1
2 , 02, 1

2)
vector multiplet (−1,−1

2

2
, 0) + (0, 1

2

2
, 1)

supergravity multiplet (−2,−3
2

2
,−1) + (1, 3

2

2
, 2)

For type IIA the bosonic fields in the low energy effective theory are NS-NS fields
gMN , bMN , φ, and R-R fields F2, F4, where the fluctuations of the latter are given
by CM , CMNP . gµν and cµ form the bosonic part of the supergravity multiplet.
h3,0 = 1 for Calabi-Yau 3-folds, the zero modes of cijk, cīj̄k̄, φ and bµν ∼ a (axion)
form the bosonic part of 1 hypermultiplet. gµi, bµi are (1, 0) forms on K, since
for Calabi-Yau manifolds h1,0 = 0, they have no zero modes. The metric being
hermitian requires the variation of gij be made up by deformation of the complex
structure. One can write

hij = ωik̄l̄ε
k̄l̄
j

and show that the zero modes of hij correspond precisely to the harmonic (1, 2)
forms ωik̄l̄. Each (2, 1) harmonic form gives rise to the zero modes of gij , gīj̄ , cijk̄, cīj̄k,
contained in h2,1 hypermultiplets, correspond to the moduli of complex structures
on K. Each (1, 1) harmonic form gives rise to zero modes of scalars gij̄ , bij̄ and a
vector cµij̄ , contained in h1,1 vector multiplets, correspond to the Kahler moduli.
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For type IIB the R-R fluctuations are c, cMN , cMNPQ. The supergravity multi-
plet contains gµν and cµijk. One hypermultiplet contains φ, bµν ∼ a, c, cµν ∼ a′.
Each harmonic (1, 1) form gives gij̄ , bij̄ , cij̄ and axion cµνij̄ , which are the bosonic
part of a hypermultiplet, instead of vector multiplet as in IIA. Finally each (2, 1)
harmonic form gives gij , gī,j̄ and a vector cµijk̄, which are the bosonic part of a
vector multiplet.

The massless content of type II compactified on CY 3-fold is summarized as
IIA: b2 vector multiplets, h2,1 + 1 hypermultiplets
IIB: h2,1 vector multiplets, b2 + 1 hypermultiplets

They are related by mirror symmetry, which exchanges the complex structure with
Kahler moduli.

Extremal black p-branes

Type IIB compactified on Calabi-Yau 3-fold X will contain black holes which
becomes massless near conifold singularities. The starting point of the story is to
look for extended charged black hole solution to the low energy supergravity of
10D superstrings. Consider the following action

S =
∫

d10x
√−g

[
e−2φ[R + 4(∇φ)2]− 2e2αφ

(D − 2)!
F 2

]
(5)

where F is a (D − 2)-form field strength satisfying dF = 0. We look for black
(10−D)-brane solutions, i.e. require the symmetry of Euclidean group in (10−D)
dimensions. By a redefinition of the metric

ds2 = eAdŝ2 + eBdxidxi

this yields a D-dimensional effective action

S =
∫

dDx
√
−ĝ

[
R̂− 1

2
(∇ρ)2 − 1

2
(∇σ)2 − 2eβρ

(D − 2)!
F 2

]

The equations of motion are

d ∗ eβρF = 0, ∇2σ = 0, ∇2ρ = 2β
(D−2)!e

βρF 2,

R̂µν = 1
2∇µρ∇νρ + 1

2∇µσ∇νσ + 2eβρ

(D−3)!Fµα1···αD−3F
α1···αD−3
ν − ĝµν

2(D−3)eβφ

(D−2)(D−2)!F
2

Spherically symmetric solutions that are asymptotically flat takes the form

dŝ2 = −λ(r̂)2dt2 + λ(r̂)−2dr̂2 + R(r̂)2dΩ2
D−2

In addition we require the scalar fields σ, ρ vanish asymptotically and the field
strength

F = QεD−2
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where Q is the charge of the black hole and εD−2 the standard volume form of
SD−2. Solutions of the metric are

ds2 = −
[
1− ( r+

r

)D−3
]

[
1− ( r−

r

)D−3
]γx−1 dt2 +

[
1− ( r−

r

)D−3
]γr

[
1− ( r+

r

)D−3
] dr2

+r2

[
1−

(
r−
r

)D−3
]γr+1

dΩ2
D−2 +

[
1−

(
r−
r

)D−3
]γx

dxidxi

where

γr = δ(α− 1)− D − 5
D − 3

,

γx = δ(α + 1),
γφ = −δ(4α + 7−D),
δ = (2α2 + (7−D)α + 2)−1

The event horizon is at r = r+ where a curvature singularity occurs at r = r−.
They are related with the charge and mass of the black hole by

Q =

[
γ(D − 3)3(r+r−)D−3

2β2

]1/2

M = [1− (D − 3)γ]rD−3
− + rD−3

+

The expression is so horrible that I don’t even bother to write down explicitly β
and γ, which can be found in the paper of Horowitz & Strominger.

A particular interesting case is in type IIB theory, black 3-brane charged under
the self-dual 5-form F . The extended black hole carries both electric and magnetic
charge. The equation of motion is

Rµν = Fµα1···α4Fnuα1···α4

The solution is

ds2 = −(1− r4
+/r4)(1− r4

−/r4)−1/2dt2 +
dr2

(1− r4
+/r4)(1− r4−/r4)

+r2dΩ2
5 + (1− r4

−/r4)1/2dxidxi

F = Q(ε5 + ∗ε5), φ = φ0

The charge is related with the inner and outer horizon by

Q = 2r2
+r2

−

Due to Hawking radiation they will decay at the quantum level till the extremal
limit r+ = r−, and the metric becomes

ds2 = −(1− r4
+/r4)1/2dt2 +

dr2

(1− r4
+/r4)2

+ r2dΩ2
5 + (1− r4

+/r4)1/2dxidxi

7



It is shown that the solution preserves half supersymmetries. The mass per 3-
volume

∫
d6y T00 saturates the BPS bound. Roughly speaking,

M = Q · V3

Non-extremal black holes would have M/Q value greater than the BPS bound,
which corresponds precisely to r+ > r−, the curvature singularity is protected by
the event horizon.

Monopoles in N = 2 SYM

Recall that N = 2, d = 4 super-Yang-Mills theory is characterized by a holomor-
phic function F(A). Expressed in N = 1 superspace, the Lagrangian is

1
4π

Im

[∫
d4θ

∂F(A)
∂AI

ĀI +
∫

d2θ
1
2

∂2F(A)
∂AI∂AJ

W I
αWαJ

]

where A is the N = 1 chiral multiplet, together with Wα form the N = 2 vector
multiplet. The Kahler potential is

K = Im
(

∂F(A)
∂AI

ĀI
)

Classically F takes the form

F0(A) =
2πi

g2
A2

In the effective action F(A) receives one-loop correction and instanton corrections

F = F0 +
i

2π
A2 ln

A2

Λ2
+

∞∑

k=1

Fk

(
Λ
A

)4k

A2

which is exactly solved by Seiberg and Witten using electromagnetic duality. Let
ZI denote the AI moduli (vacuum expectation value) , FI = ∂F/∂ZI . Dyonic
BPS objects with electric charge nI and magnetic charge mI have mass

M = |nIZ
I + mIFI |

Resolving conifold singularities

The extremal black 3-branes are very similar to the situation above. On Calabi-Yau
space X one can choose a basis of holomology 3-cycles AI , B

J , I, J = 1, · · · , b3/2
satisfying

AI ∩BJ = −BJ ∩AI = δJ
I , AI ∩AJ = BI ∩BJ = 0
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The intersection form is preserved under Sp(b3,Z). Up to an overall scale there is
a unique holomorphic 3-form Ω on X, define

FI =
∫

AI

Ω, ZJ =
∫

BJ
Ω

We can think of ZI ’s (or FI ’s) as projective coordinates on the moduli space M of
complex structures on X. {FI , Z

J} form a section of the projectivized Sp(b3,Z)
bundle over M. The metric on the projective variety M from the Fubini-Study
metric is given by gIJ̄ = ∂I∂J̄K, with the Kahler potential being

K = − ln
(
iFI Z̄

I − iZI F̄I

)

The extremal 3-branes can wrap around nontrivial homology 3-cycles in X, which
appear as black holes in 4 dimensions. The R-R charges are given by

∫

AI×S2
F = nIg5,

∫

BJ×S2
F = mJg5

where S2 is in the noncompact direction surrounding the black hole. We can write
F = (1 + ∗)GIα

I , with αI being the harmonic 3-form dual to AI , then nI is the
charge under U(1) field strength GI . Up to an overall constant the Kahler and
Sp(b3,Z) invariant BPS mass is

M = g5e
K/2|mIFI − nIZ

I |
When X has conifold singularities one of the homology cycle degenerates, i.e. say,
Z1 = 0. The 3-brane with n1 = 1 and all other charges zero would have mass
M = g5e

K/2|Z1|, vanishes at the conifold. This agrees with the fact that the mass
is proportional to the volume of the 3-brane, which approaches zero as B1 shrinks
to zero size.

The hypersurface in M defined by Z1 = 0 can be encircle by a loop. Trans-
porting around the loop, there is a monodromy in the Sp(b3,Z) bundle over M

Z1 → Z1, F1 → F1 + Z1

Therefore near Z1 = 0,

F1(Z1) ∼ 1
2πi

Z1 ln Z1 + (regular terms) (6)

and the metric diverges as
gIJ̄ ∼ ln(Z1Z̄1)

The distance to Z1 = 0 is finite and the curvature blows up. The BPS state
with n1 = 1 and other charges zero becomes massless near Z1 = 0 and can
be excited in a hypermultiplet H1. Hence the low energy effective theory in-
volving only the moduli fields breaks down, instead we should consider the ef-
fective theory containing the black hole hypermultiplet H1 and the kinetic term
of Z1 modulous doesn’t diverge. Integrating out H1 gives one-loop correction
F1(Z1) ∼ 1

2πiZ
1 lnZ1 + (regular terms), which agrees with (6).
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Conifold transition

The conifold singularities can be locally described as the zero locus

4∑

i=1

x2
i = 0 (7)

in B8 ⊂ C4. It is a cone over its intersection with the S7:
∑ |xi|2 = r2. Write

x = u + iv, where u, v ∈ R4, the equations of the intersection are

u · u = r2/2, v · v = r2/2, u · v = 0

Obviously u lies on an S3 and v on the equator, the intersection is S2 fibered over
S3. The fibration is trivial because S3 is parallelizable, therefore (7) is a cone over
S2 × S3. The singularity can be resolved in two ways: blowing up S3, one gets

x2
1 + x2

2 + x2
3 + x2

4 = 1

which is the same as SL(2,C) ∼= T ∗S3; or blowing up S2, one gets

xu + yv = 0
zu + wv = 0

The resulting spaces are S3 ×B3 and S2 ×B4 respectively.
As an example we consider the Calabi-Yau conifold X in P4 with all singular

points on a P2 : x3 = x4 = 0, defined by a quintic homogeneous polynomial

f(x) = x3g(x) + x4h(x)

The singular locus is P2 ∩{g(x) = h(x) = 0}, has generically 16 points. By gluing
in S3×B3, we get a Calabi-Yau manifold with 16 homology 3-cycles γa satisfying

16∑

a=1

γa = 0

Alternatively, we can blow up the P2, the resulting Calabi-Yau manifold is defined
by

y0x4 − y1x3 = 0
y0g(x) + y1h(x) = 0

This corresponds to gluing in copies of S2 ×B4 with all S2’s homologous to each
other (of the same area under the Ricci-flat metric), giving rise to an additional
(1, 1) harmonic form dual to the S2. The first Calabi-Yau manifold has Hodge
numbers (h2,1, h1,1) = (101, 1), the second one has (h2,1, h1,1) = (86, 2).
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Black hole condensation

Back to type IIB compactified on Calabi-Yau space X, extremal black 3-branes
can wrap around any of the 16 degenerating cycles γa = na

IB
I , with charge qa

I =
na

I under the U(1)15 field strengths GI ’s. We choose a basis for BI ’s such that
na

I = δa
I , a = 1, · · · , 15 and n16

I = −1. The mass of the black hole is determined
by the BPS bound, ma = |na

IZ
I |, up to a constant. As ZI → 0, the 16 charged

hypermultiplets Ha become massless. Denote the two charged complex scalars of
Ha by haα(α = 1, 2), transforming as 2 of the global SU(2). The most general
potential for these scalar fields restricted by supersymmetry takes the form

V =
15∑

I,J=1

M IJDαβ
I DJαβ

where M IJ is positive definite, and

Dαβ
I =

16∑

a=1

na
I (h

∗aαhaβ + h∗aβhaα)

The flat directions are Dαβ
I = 0, which precisely correspond to that the hypermul-

tiplets pick up vacuum expectation value haα = vα for all a, where v is a complex
constant vector. The VEV’s break all U(1)15, hence the corresponding vector mul-
tiplets pick up mass. There is still one massless hypermultiplet remains. Moving
along the flat direction of V , we have 101−15 = 86 massless vector multiplets, and
2 + 1 = 3 massless hypermultiplets. This is precisely the massless spectrum of the
(86, 2) model. We come to the crucial observation: passing from one Calabi-Yau
moduli space to another through the conifold point, massless vector multiplets of
type IIB fundamental string modes becomes massive, while one of the black hole
hypermultiplets (a linear combination) becomes massless.
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