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The notes give an elementary introduction to Calabi-Yau compactification, coni-
fold transition and other relevant topics.

Elementary facts of Calabi-Yau manifolds

Definition: A (d-dimensional) Calabi- Yau manifold is a compact Kahler manifold
which has SU(d) holonomy.

Sometimes we also refer to Kahler manifolds with Ricci-flat metric, which
ensures that the holonomy lies in SU(d) and vice versa. This is because the
U(1) part of the connection, i.e. the trace, give rise precisely to the Ricci ten-
sor: R;; = —(")ijk. Clearly the Ricci-flat condition requires vanishing first Chern
class. The Calabi conjecture, proved by Yau, says if X is a Kahler manifold with
c1(X) = 0 and Kahler form J, then there is a unique Ricci-flat metric on X whose
Kahler form J' ~ J in H?(X). The following fact is very useful:

Proposition: A compact, Kahler manifold M of SU(d) holonomy has Hodge
numbers h?? = hOP = 0 (0 < p < d), h%? = h®0 = 1. In other words, holo-
morphic p-form exists on M only for p = d, and is unique up to the cohomology
class.

Now we consider Calabi-Yau manifolds as projective varieties in P". Let J be
the Kahler form normalized as the generator of H'(P"), i.e. its integral over any
P! is 1. Also use J to denote its pullback on X. We want to compute the total
Chern class ¢(X).

Let ¢"*! be the (n+ 1)-plane trivial bundle over P™ induced from C"*! — {0},
H be the canonical line bundle over P", H' the orthogonal component of H in
g™+, The tangent bundle TP™ is naturally isomorphic to Hom(H, H).

TP"®e' = Hom(H,H")® Hom(H, H)
HOHI(H, €n+1) o~ Hn+1

1

c(H) = 1+ J, therefore ¢(P") = (1 + J)""1. Now let X be defined by k
homogeneous polynomials of degree dj,---,dy, TP"|x = TX & NX. In the
case k = 1, X represents the homology cycle d - [P"~!]. It can be shown that
c1(NX) = c1([X]) = [d - J] where [X] is the associated line bundle whose transi-
tion functions are given by the ratio of local defining meromorphic functions. In
general the Chern class of the normal bundle NX is

k
o(NX) =[] +dJ)
=1
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The Chern class of X is therefore given by

C(Pn) (1 + J)n-i—l

“X)=N%) T T+ 4

For the first Chern class to vanish we need ) d; = n+ 1, the Calabi-Yau manifold
X constructed this way is usually denoted by Y(,,.4, ... 4,)- All Calabi-Yau 3-folds
arising in this form are Y(4:5), Y(5,2.4), ¥(5:3.3)» Y(6:3,2,2)» Y(7:2,2,2,2), all of which are
simply connected. There is another known example of Calabi-Yau 3-fold described
as the following. The torus 7' of modulous 7 = €™/3 has Zz symmetry of rotation
with 3 fixed points. (T' x T x T')/Z3 has vanishing Chern class with 27 conifold
singularities. The singularities can be resolved by gluing in some suitable line
bundle over P? with vanishing first Chern class, the resulting manifold has SU(3)
holonomy:.

To compute the Euler characteristic of Calabi-Yau 3-fold Y defined by poly-
nomials of degree di, - - -, dj in P¥+3, first we know that the top Chern class is the
same as the Euler class of the underlying real manifold, i.e. x(Y) = ¢3([Y]). The
integral of J? over any P? is 1. A generic k-plane intersects Y at d = Hle d;
points, therefore the homology class [Y] = d[P?], [,,J?> = d. For example,
X (Y(4;5)) = —200.

All Y(n.4y,....d,) have exactly 1 harmonic 2-form: the Kahler form, therefore
htt = by = 2. From h*? = h¥3 = 0, we can compute h>! = h12 = y /2.

Definition: A 2-dimensional compact, Kahler manifold X satisfying
a(X)=0, AY=0

is called a K3 surface.

It turns out that all K3 surfaces are diffeomorphic. For example, a smooth
hypersurface in P? defined by a quartic polynomial is a K3 surface, with total
Chern class ¢(X) = (1 + J)*/(1 +4J) = 1+ 6J°. Hence x(X) = 24, h"! = 20.

Unbroken supersymmetry of N =1 supergravity on My x K

The low energy effective theory of superstrings is D = 10, N = 1 supergravity
coupled to super Yang-Mills fields. The supergravity multiplet contains the metric,
spin % gravitino, 2-form potential, spin % fermion and a scalar field:

Gun, Yym, Bun, A, ¢

and the super-Yang-Mills multiplet

F]%[N? Xa



We consider the compactification on My x K, where K is compact and My is
maximally symmetric. The supersymmetry transformation is written as

1
Sty = Ve + @\@ew(’yﬂ% ® H)e
1
Sthm = Vime + ﬁﬂe%(%H —12H,,)e

1
A =V2y"V - € + §62¢H5

1
ox* = —Ze‘menvm”s (1)

where Greek and Latin indices refer to My and K respectively, H = H,q, ", Hp, =
Hypgry?", € is a 16-component SO(9,1) Marjorana-Weyl spinor. The spin connec-
tion V,, = Om + %w%”yab, where wy, is a spin(6) gauge field. The 3-form field
strength

H=dB — wyy +wp,

where wyp; and wy are the Chern-Simons 3-form of the gauge field and spin
connection respectively. Let tr denote the trace in the vector representation of
SO(3,1), Tr the trace in the adjoint representation of the gauge group,

dH:trR/\R—iTrF/\F
30

If there is unbroken supersymmetry, Q,|0) = 0 for some supercharge Q,. This
implies for example, (0|{Qa, x3}|0) = 0, i.e. classically the supersymmetric varia-
tion of fermions must vanish, otherwise the supersymmetry will be spontaneously
broken. We are looking for conditions such that nonzero ¢ exists for (1) to vanish.

For simplicity (though not necessary), we are going to assume that My is
Minkowski space, Hpqr = 0, then (1) give constraints

Vind = Vme =0,
RynpgyPie =0, Ef,4y™e =0 (2)

where the Riemann tensor is related to the spin connection by [V, V,le =
3 RinpgyPle. € is in the 16, decomposes as (2,4) & (2,4) under SO(3,1) x SO(6),
we can write

4
ey) =Y A @ma(y)
Aot

where &) are constant real spinors of SO(3,1), na are real spinors of SO(6). It is
easy to see that there are at least 2 independent 7 satisfying our conditions, with
replaced by 1. V,,1 = 0 implies that n'7 is a constant, normalized to be 1. Define

J = —intymn



By Fierz rearrangement (e.g. nn' = %(1 — 0 Yny™) (14 ) for chiral 1)), we find
J? = —1 and JP JiGpq = gmn. Therefore J defines an almost complex structure
on K and gy, is hermitian with respect to J. J is covariantly constant, therefore
it is a complex structure and K is Kahler with respect to J, and the holonomy is
contained in U(3) C O(6). Consider the U(1) part of the connection
r=rf,Jids"

RypnpgyP9e = 0 implies that dI' = 0, i.e. the U(1) part of the holonomy vanishes,
or K has vanishing first Chern class. The spin connection w is a gauge field of
spin(6) = SU(4). The covariantly constant real spinor 7 transforms as 4 @ 4,
requires that w only takes value in the little group SU(3) of n. Under SU(3) C
SU(4), 404 — 3®3®1@1, therefore a 6 dimensional manifold of SU(3) holonomy
always has 2 covariantly constant spinors n and iyn.

Also from Ry,ppgyPin = 0, contracting with v and use the relation 7"P? =
NP4 — gPd 4 gMAP e find

Ry =0

In sum, K is a Ricci-flat Kahler manifold with vanishing first Chern class, with its
holonomy contained in SU(3). H = 0 implies

1

30TrF/\F =trRAR
The simplest solution is to embed the spin connection in the gauge group spin(32)/Zs
or Fg x Fg, and set the gauge field equal to the spin connection. Fg has maxi-
mal subgroup SU(3) x Eg, under which the adjoint of Fg decomposes as (8,1) ®
(1,78) & (3,27) @ (3,27). The quadratic Casimir of SU(3) in this representation
is 34 27 x % + 27 X % = 30, hence trRA R = %TrF A F' is satified when we set
A=w.

String theory viewpoint

The action of supersymmetric sigma model with curved target space can be written
as

1 . 1 ] o
S = /dUdT <2gijaaXzaaX] + iigiﬂ/}zPO‘DaW - GRz'jkl@Z)ZWlel/Jl) (3)

where D) = 8awi—|—l’§» 100X Jqp* is the pullback of the affine connection in the tar-
get space. In the usual flat background the spacetime supersymmetry is manifest
in the Green-Schwarz formulation

1 . 1
S = /dea (QGQXlaaX’ + 2iS’y_po‘3aS) (4)

where S transforms as spacetime spinor. If the target space has holonomy SU(3),
under SU(3) C SO(8) both the vector and spinor decomposes as 16 163@ 3, there
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is no difference between S and 1. The generalization (4) to curved background
is analogous to (3):

1 . A 1 _
S = / dodr <2gijaaxzaf’<x1 + 50577 DaS — éRZ-jklst 57“5)

where D, = 0n + 0, X w; is the pullback of the spin connection. The spacetime
supersymmetries include the € supersymmetry

SXE — (p+)1/2§’yi5
08 = i(p™) 2y _ynp - 0XMe

which holds for Calabi-Yau target space as above, and the § supersymmetry

5Xt =0
§5% = §°

where 6% is an SO(8) real spinor. The invariance under § symmetry demand
Do0% = 0, i.e. §% is covariantly constant. This also agrees with the constraints
from low energy supergravity. Furthermore, the world sheet § function vanishes
on a Calabi-Yau background, which is another essential consistency condition for
a string theory.

Massless spectrum of type II on Calabi-Yau

Type II theory compactified on Calabi-Yau have d = 4, N = 2 supersymmetry.
The relevant massless representation of the supersymmetry algebra are

hypermultiplet (—%, 02, 1) + (_%’ 02, %)
vector multiplet (-1, _% ,0) + (0, %2’ 1)
supergravity multiplet (-2, —%2’ —1) + (1, %2’ 2)

For type ITA the bosonic fields in the low energy effective theory are NS-NS fields
gunN,bymN, ¢, and R-R fields Fy, Fy, where the fluctuations of the latter are given
by Cu,Cvunp- guw and ¢, form the bosonic part of the supergravity multiplet.
h39 =1 for Calabi-Yau 3-folds, the zero modes of Cijk, Cijk» @ and by, ~ a (axion)
form the bosonic part of 1 hypermultiplet. g,;,b,; are (1,0) forms on K, since
for Calabi-Yau manifolds h'"® = 0, they have no zero modes. The metric being
hermitian requires the variation of g;; be made up by deformation of the complex
structure. One can write -

hij = wigge)
and show that the zero modes of h;; correspond precisely to the harmonic (1,2)
forms w;z;. Each (2, 1) harmonic form gives rise to the zero modes of gi5, g;5, ¢, Ciji>»
contained in h?! hypermultiplets, correspond to the moduli of complex structures
on K. Each (1,1) harmonic form gives rise to zero modes of scalars g;5,b;; and a

vector ¢,,;5, contained in hb1 vector multiplets, correspond to the Kahler moduli.



For type IIB the R-R fluctuations are c,cyn,cpnpg. The supergravity multi-
plet contains g, and cy;jx. One hypermultiplet contains ¢, by, ~ a,c¢, ¢ ~ d'.
Each harmonic (1, 1) form gives g;5,b;5, ¢;; and axion c,,,;;, which are the bosonic
part of a hypermultiplet, instead of vector multiplet as in ITA. Finally each (2,1)
harmonic form gives g;j, g; ; and a vector ¢ which are the bosonic part of a
vector multiplet.
The massless content of type II compactified on CY 3-fold is summarized as

ITA:  b? vector multiplets, h?! + 1 hypermultiplets

IIB:  h%! vector multiplets, b? + 1 hypermultiplets
They are related by mirror symmetry, which exchanges the complex structure with
Kahler moduli.

pijko

Extremal black p-branes

Type IIB compactified on Calabi-Yau 3-fold X will contain black holes which
becomes massless near conifold singularities. The starting point of the story is to
look for extended charged black hole solution to the low energy supergravity of
10D superstrings. Consider the following action

2€2a¢

(D—2)!F2 (5)

5= [dv=g [“ﬂR +4(Ve)?] —

where F' is a (D — 2)-form field strength satisfying dF' = 0. We look for black
(10 — D)-brane solutions, i.e. require the symmetry of Euclidean group in (10— D)
dimensions. By a redefinition of the metric

ds? = eAds® + edeidxi
this yields a D-dimensional effective action

P | 1 2er
S = /de\/—g [R — i(Vp)2 - i(VU)Q -

(D —2)!

The equations of motion are

2
dxePPF =0, V?0=0 V%= (D_BZ)!efB”FQ,
> B ap— ~  2(D-3)eP?
RMV = %Vupv,,p—i— %VMO'VVO' + %Fﬂal“'ap_;; 31 ap-3 guV%FQ
Spherically symmetric solutions that are asymptotically flat takes the form

ds? = —\(7)2dt? + \(#)2di? + R(7)%d3,_,

In addition we require the scalar fields o, p vanish asymptotically and the field
strength
F =Qep—2



where @) is the charge of the black hole and ep_o the standard volume form of
SP=2_ Solutions of the metric are
_\D-3]7
1- ()77

PPN

N L R OO L

ds? = dr?

r

q_\ D-3]7T1 r \D-3]7"
+7? 1-(‘) ] d0g,_o + 1—(‘) ] da'd;
r r
where
D-5
p=Sa—1)— =2,
w=0a—-1)-5—
vz = 0(a+ 1),

Yo = —0(4a+7— D),
§=02a2+(7T-D)a+2)""

The event horizon is at r = r, where a curvature singularity occurs at r = r_.
They are related with the charge and mass of the black hole by

o [HD =3P
_ .

M =[1— (D -3l 4073

The expression is so horrible that I don’t even bother to write down explicitly g
and 7, which can be found in the paper of Horowitz & Strominger.

A particular interesting case is in type IIB theory, black 3-brane charged under
the self-dual 5-form F'. The extended black hole carries both electric and magnetic
charge. The equation of motion is

o
R, = Fluay o Fpu®t ™™
The solution is

dr?
(==L /)

ds? = _(1 _ ?”3_/7“4)(1 _ 7"4_/7“4)_1/2dt2 +

+r2dQ02 + (1 — vt /rH 2 dayda
F= Qes+xe5), ¢=¢o
The charge is related with the inner and outer horizon by
Q= 27“_%7“2_

Due to Hawking radiation they will decay at the quantum level till the extremal
limit r; = r_, and the metric becomes

dr? i
gy T AR+ (= /i)

7

ds* = —(1 — ri/r4)1/2dt2 +



It is shown that the solution preserves half supersymmetries. The mass per 3-
volume [ d®y Tyo saturates the BPS bound. Roughly speaking,

M=Q-Vs

Non-extremal black holes would have M/Q value greater than the BPS bound,
which corresponds precisely to 4 > r_, the curvature singularity is protected by
the event horizon.

Monopoles in N =2 SYM

Recall that N = 2, d = 4 super-Yang-Mills theory is characterized by a holomor-
phic function F(A). Expressed in N = 1 superspace, the Lagrangian is

d4 d2 1 62 WIWaJ
aAI 20A19A7 (9AJ @

where A is the N = 1 chiral multiplet, together with W, form the N = 2 vector
multiplet. The Kahler potential is

K =1Im < a;;(;;l) AI>

Classically F takes the form

2
Fo(A) = gm A®

In the effective action F(A) receives one-loop correction and instanton corrections
4k
F= }'0+ A2ln +2Fk< ) A?

which is exactly solved by Seiberg and Witten using electromagnetic duality. Let
ZT denote the A7 moduli (vacuum expectation value) , F; = 0F/0Z. Dyonic
BPS objects with electric charge n; and magnetic charge m! have mass

= ’TL]ZI + mIF]\

Resolving conifold singularities

The extremal black 3-branes are very similar to the situation above. On Calabi-Yau
space X one can choose a basis of holomology 3-cycles A;,B’, I,J =1,--- ,b3/2
satisfying

ArNnB =-BnA;=6{, A;nA;=B'nB’ =0



The intersection form is preserved under Sp(bs, Z). Up to an overall scale there is
a unique holomorphic 3-form 2 on X, define

Fr=/[ Q 2Z/=[ Q
Aj BYJ
We can think of Z!’s (or F;’s) as projective coordinates on the moduli space M of
complex structures on X. {F;, Z7} form a section of the projectivized Sp(bs,Z)
bundle over M. The metric on the projective variety M from the Fubini-Study
metric is given by g;7 = 0107k, with the Kahler potential being

K=—1In (iF[ZI izl FI)

The extremal 3-branes can wrap around nontrivial homology 3-cycles in X, which
appear as black holes in 4 dimensions. The R-R charges are given by

/ F =njgs, / F=m’gs
ArxS2? BJ xS2

where S? is in the noncompact direction surrounding the black hole. We can write
F = (14 %)Gra!, with o! being the harmonic 3-form dual to A, then n; is the
charge under U(1) field strength G;. Up to an overall constant the Kahler and
Sp(bs, Z) invariant BPS mass is

M = g5e’C/2|mIFI — n[ZI|

When X has conifold singularities one of the homology cycle degenerates, i.e. say,
Z' = 0. The 3-brane with n; = 1 and all other charges zero would have mass
M = g5e*/2|Z1|, vanishes at the conifold. This agrees with the fact that the mass
is proportional to the volume of the 3-brane, which approaches zero as B! shrinks
to zero size.

The hypersurface in M defined by Z' = 0 can be encircle by a loop. Trans-
porting around the loop, there is a monodromy in the Sp(bs, Z) bundle over M

' 7', B>k + 2!

Therefore near Z! = 0,
1
Fy\(Z" ~ TZl In Z' + (regular terms) (6)
i

and the metric diverges as
gry ~ hl(ZlZl)

The distance to Z! = 0 is finite and the curvature blows up. The BPS state
with n; = 1 and other charges zero becomes massless near Z' = 0 and can
be excited in a hypermultiplet H'. Hence the low energy effective theory in-
volving only the moduli fields breaks down, instead we should consider the ef-
fective theory containing the black hole hypermultiplet H' and the kinetic term
of Z' modulous doesn’t diverge. Integrating out H' gives one-loop correction
Fi(ZY) ~ 5= Z"In Z' + (regular terms), which agrees with (6).

2ms
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Conifold transition

The conifold singularities can be locally described as the zero locus

4
Z x? =0 (7)
i=1
in B8 C C%. It is a cone over its intersection with the S7: 3" |z;|? = 2. Write
x = u + iv, where u,v € R?*, the equations of the intersection are
_ .2 _ 2 _
u-u=r°/2, v-o=r*/2, u-v=>0

Obviously u lies on an S and v on the equator, the intersection is S? fibered over
S3. The fibration is trivial because S? is parallelizable, therefore (7) is a cone over
S? x 3. The singularity can be resolved in two ways: blowing up S2, one gets

x%+x%+x§+xi: 1
which is the same as SL(2,C) = T*S3; or blowing up S?, one gets

zu+yv =0

zu+wv =0

The resulting spaces are S3 x B3 and S? x B? respectively.
As an example we consider the Calabi-Yau conifold X in P* with all singular
points on a P? : z3 = x4 = 0, defined by a quintic homogeneous polynomial

f(z) = z39(z) + z4h(z)

The singular locus is P2 N {g(x) = h(z) = 0}, has generically 16 points. By gluing
in $3 x B3, we get a Calabi-Yau manifold with 16 homology 3-cycles ¢ satisfying

16

> 7" =0

a=1
Alternatively, we can blow up the P?, the resulting Calabi-Yau manifold is defined
by

Yors —y123 =10
yog(x) + y1h(z) =0
This corresponds to gluing in copies of S? x B* with all $?’s homologous to each
other (of the same area under the Ricci-flat metric), giving rise to an additional

(1,1) harmonic form dual to the S?. The first Calabi-Yau manifold has Hodge
numbers (h*!, h'1) = (101,1), the second one has (h*!, hl'1) = (86, 2).
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Black hole condensation

Back to type IIB compactified on Calabi-Yau space X, extremal black 3-branes
can wrap around any of the 16 degenerating cycles v* = n?BI , with charge ¢} =
n% under the U(1)' field strengths G;’s. We choose a basis for B!’s such that
n% = 6%,a=1,---,15 and n}® = —1. The mass of the black hole is determined
by the BPS bound, m® = |[n¢Z!|, up to a constant. As Z! — 0, the 16 charged
hypermultiplets H* become massless. Denote the two charged complex scalars of
H® by h**(a = 1,2), transforming as 2 of the global SU(2). The most general
potential for these scalar fields restricted by supersymmetry takes the form

15
V=>" MYD{Djug
I,J=1

where M7 is positive definite, and

16
D?ﬂ _ Z n?(h*aahaﬁ + h*aﬁhaa)

a=1

The flat directions are D?ﬁ = 0, which precisely correspond to that the hypermul-
tiplets pick up vacuum expectation value h** = v® for all a, where v is a complex
constant vector. The VEV’s break all U(1)!%, hence the corresponding vector mul-
tiplets pick up mass. There is still one massless hypermultiplet remains. Moving
along the flat direction of V', we have 101 — 15 = 86 massless vector multiplets, and
2+ 1 = 3 massless hypermultiplets. This is precisely the massless spectrum of the
(86,2) model. We come to the crucial observation: passing from one Calabi-Yau
moduli space to another through the conifold point, massless vector multiplets of
type IIB fundamental string modes becomes massive, while one of the black hole
hypermultiplets (a linear combination) becomes massless.
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