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To construct anN-representable time-dependent density-functional theory, a generalization to the time do-
main of the Levy-LiebsLL d constrained-search algorithm is required. That the action is only stationary in the
Dirac-Frenkel variational principle eliminates the possibility of basing the search on the action itself. Instead,
we use the norm of the partial functional derivative of the action in the Hilbert space of the wave functions in
place of the energy of the LL search. The electron densities entering the formalism areN-representable, and the
resulting universal action functional has a unique stationary point in the density at that corresponding to the
solution of the Schrödinger equation. The original Runge-GrosssRGd formulation is subsumed within the
current formalism. Concerns in the literature about the meaning of the functional derivatives and the internal
consistency of the RG formulation are allayed by clarifying the nature of the functional derivatives entering the
formalism.
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I. INTRODUCTION

Density-functional theorysDFTd now provides the con-
ceptual, theoretical, and computational framework for the
study of the ground-state properties of a vast array of
quantum-mechanical systems at all levels of aggregation
from atomic to macroscopic. The foundations for the con-
temporary theory of chemical reactivity emerge naturally
from DFT as wellf1–3g. The essential elements of DFT are
the Hohenberg-KohnsHKd theoremsf4g, the Kohn-Sham
sKSd equationsf5g, and the Levy-LiebsLL d constrained-
search algorithmf6,7g which together with the Harriman-
Zumbach-Masche sHZMd construction f8g introduces
N-representable densities into DFT, accurate approximate
functionalsf9g, and powerful computational algorithmsf10g.

As defined through the LL algorithm, the density func-
tional Efng has a unique global minimum at the ground-state
density within the spaceN of all allowablef7g electron den-
sities nsr d. This variational principle of DFT stands in one-
to-one correspondence with the Rayleigh-Ritz variational
principle for the time-independent Schrödinger equation and
provides the same generality to the derivation of the KS
equations.

Following the ground-breaking HK paper, a series of
steps was taken toward a time-dependent density-functional
theorysTDDFTd f11,12g which culminated in a more general
formulation by Runge and GrosssRGd f13g. TDDFT is now
being routinely applied to the calculation of excitation ener-
gies of atoms and moleculesf14g, as well as various physical
properties within the linear response regimef15g and beyond
it f16g ssee Ref.f17g for a survey of recent applicationsd.

In parallel to this success, discussions regarding the foun-
dations of the theory continue to take placef17g. In their
original work, Runge and Grossf13g employed the quantum-
mechanical action integralsfrom here on the RG actiond to
derive time-dependent Kohn-Sham equations through the
Dirac-Frenkel variational principlef18g. It was later argued

f19g that the RG action led to paradoxes when calculating
response functions because these must be causal, whereas
second functional derivatives of the RG action were thought
to be symmetric. This “symmetry-causality paradox” was re-
solved first by Rajagopalf20g, who introduced an action
based on the time path introduced by Jackiw and Kerman
f21g, and subsequently by van Leeuwenf22g, who reformu-
lated TDDFT replacing the RG action by a Keldysh action
f23g. The RG, Jackiw-Kerman, and Keldysh actions are de-
fined only for time-dependentv-representablesTDVRd den-
sities, and, regarded as functionalsonly of the density, are
not stationary at the density of the solution of the time-
dependent Schrödinger equationf12,19,22,24,25g. Such a
lack of stationarity is a decided inconvenience, but even
within TDVR TDDFT stationarity can be restored by recog-
nizing that the density and external potential can be treated
as independent functionsf26g. Nevertheless, for reasons
analogous to those applying to the ground-state theory, it is
important to generalize the definition of the action functional
to hold for time-dependentN-representablesTDNRd densi-
ties. More explicitly, Mearns and Kohnf27g have shown that
small, time-dependent additions to the ground-state density
need not bev-representable in first order. A suitable gener-
alization can be effected by constructing a constrained-
search algorithm for TDDFT analogous to the LL algorithm
for DFT.

Apart from restoring stationarity to the action in TDDFT,
N-representability is important because, as in DFT, accurate
solution of the KS equations requires iteration to self-
consistency. The most convenient starting densities may well
not bev-representable, nor may the densities be at interme-
diate stages of the computational algorithms. It is then essen-
tial to have an action functional and KS potentials defined
for N-representable densities both as a matter of principle
and for practical reasons.

In this paper we formulate anN-representable TDDFT
based on the Dirac-Frenkel variational principle in which the
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RG action functional is stationary with respect ton at that
uniquen derivable from the solution of the time-dependent
Schrödinger equation. We establish a one-to-one invertible
map between all densities in a time-dependent generalization
of N and wave functions by use of the norm of the partial
functional derivativef28g of the RG action in the Hilbert
space of the wave functions. Insertion of that map into the
action defines the action functional. The Runge-Gross formu-
lation of TDVR is subsumed within this TDNR TDDFT, and
the desired stationarity and generality are achieved.

In Sec. II, we begin by reviewing two topics central to our
later developments, the Dirac-Frenkel variational principle
and the action and its total and partial derivatives. Via Sec. II
we introduce our notation for wave functions, operators,
functional derivatives, Hilbert spaces, and more general
function spaces. We also introduce the notion of mapping
between abstract spaces as central to the formulation of
TDDFT, following Dreizler and Gross for DFTf29g. In Sec.
III, we recapitulate the RG formulation ofv-representable
TDDFT and show explicitly that its unnecessary limitation to
the density generated by thatv which enters the Hamiltonian
destroys the stationarity of the action functional. We also
provide an explicit explanation of why there are no inconsis-
tencies in the functional derivatives entering the theory and
why second functional derivatives of the RG action with
respect to the density are not symmetric. Up to this point, our
paper has concerned itself with the clarification of existing
work on v-representable TDDFT. In Sec. IV, we turn to the
problem of establishing a satisfactoryN-representable
TDDFT. We begin by stating a set of criteria that such a
theory must meet. Next, we review existing proposals
f26,30g and show that they do not meet all of the criteria.
Finally, we develop the principal result of this paper, a
constrained-search algorithm that meets all of the criteria.
We close with a brief summary of our results in Sec. V.

II. BACKGROUND AND NOTATION

A. The Dirac-Frenkel variational principle

Consider a finite system of electrons and nuclei contain-
ing N electrons. Ignoring nuclear kinetic energy, keeping the
nuclei fixed, and discarding the internuclear interaction en-
ergy as an irrelevant constant, the system Hamiltonian be-
comes

Ĥfvg = T̂ + Ŵ+ V̂fvg = Ĥ + V̂fvg. s1d

In Eq. s1d, T̂ is the electron kinetic-energy operator andŴ

the electron-electron interaction operator. The operatorV̂fvg
is the energy of interaction of the electrons with a time-
dependent external potentialvsr ,td,

V̂fvg =E dr vsr ,tdn̂sr d. s2d

In Eq. s2d, n̂sr d is the electron-density operator.vsr ,td is
comprised of the potential energy of an electron in the fixed
nuclear electrostatic potential plus that in a time-dependent
potential generated by sources external to the system. For

each timet in the intervalst0,t1d under consideration, ther
dependence ofvsr ,td must meet the conditions imposed by
Lieb f7g. In addition, we impose the requirement that

vsr ,td → 0, r↑`, ∀ t P st0,t1d s3d

to eliminate irrelevant phase factors in the wave functions
ssee also Ref.f31gd. The time dependence ofv must meet
certain implicit integrability conditions discussed below.
Such acceptable potentials lie in the spaceV. The space
R33 st0,t1d is the support on which the elementsv of V are

defined. As indicated by our notation,V̂fvg is a linear func-

tional of v, Eq. s2d, and so, consequently, isĤfvg, Eq. s1d.
The wave functionsFstd of the N-electron system are

time-dependent, normalized, antisymmetric functions of the
N space and spin coordinates of the electrons,

iFstdi = „Fstd,Fstd… = 1, ∀ t P st0,t1d. s4d

They satisfy the time-dependent Schrödinger equation
satomic units are used throughoutd

i]tFstd = ĤfvgFstd. s5d

Once the initial condition

Fst0d = F0 s6d

is imposed,Fstd is unique,

Fstd = TL expF− iE
t0

t

dt8ĤfvgGF0. s7d

In Eq. s7d TL is the time-ordering operator, later to the left.
Equations7d defines implicitly the conditions thatvstd, Fstd,
and F0 must meet. In addition to those conditions which
were specified by Liebf7g, Fstd must be differentiable in
time. The set of such functions that are solutions of Eq.s5d
for all v in V form a Hilbert spaceF. They are supported in
F on the spacet, which is the product ofst0,t1d with the
configuration and spin spaceS of the N electrons,

t =S3 st0,t1d. s8d

All scalar products like the norm entering Eq.s4d are defined
onS.

Equationss5d plus s6d implicitly, and s7d explicitly, define
a mappingM1:V→F. M1 is surjective;F contains no ele-
ment that is not associated with an element ofV f33g. That
M1 is injective as well, i.e., one-to-one and therefore bijec-
tive or invertible, can be seen as follows. Suppose there is a

v8 and therefore aV̂8 which yields the sameF as solution of

Eq. s5d as dov andV̂. Subtracting the two Schrödinger equa-
tions leads to

sV̂8 − V̂dF =E dr fv8sr ,td − vsr ,tdgn̂sr dFstd = 0, s9d

which implies thatv8 must equalv under the conditions on
the r dependence ofv required for the analogous proof for
the time-independent problemscf. Ref. f7g and p. 5 of Ref.
f29gd. ThusM1

−1 exists andF↔V is one-to-one.F can then
be regarded as a functional ofv ,Ffvg, or v one ofF ,vfFg.
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Let us now expand the Hilbert spaceF to C which con-
tains all functionsC that meet the conditions imposed onF
including Cst0d=F0, except that theC need not satisfy Eq.
s5d. The Dirac-Frenkel variational principle states thatC sat-
isfies Eq.s5d if and only if

„dC,si]t − ĤfvgdC… = 0, s10ad

„dCstd,Cstd… = 0, ∀ t. s10bd

B. The action and its total and partial functional
derivatives

We can now define the usual quantum-mechanical action
functionalAfC ,vg on the spaceC3V,

AfC,vg =E
t0

t1

dt„C,si]t − ĤfvgdC…. s11d

AfC ,vg is stationary only atFfvg in C with respect to varia-
tions dC ,dC* taken at constant v, given that Cst0d
=F0∀CPC, and requiring as well thatf34g

„dCst1d,Cst1d… = 0, s12d

a less severe restriction than that of Eq.s10bd. The functional
gradient ofAfC ,vg alongC* sv is fixedd,

UC* = ]C*AfC,vg = si]t − ĤfvgdC, s13d

thus vanishes inC at Ffvg, yielding the time-dependent
Schrödinger equation. Note the use in Eq.s13d of ]C* as a
symbol for a partial functional derivative. We now clarify the
nature of such a derivative. The action is a functional of two
functions defined in two different spaces. Accordingly, it
does not fit simple examples of functionals used to define
Fréchet and Gâteaux derivativesf28–32g, which restrict the
functions on which they are defined to a single Banach space
sin the case of a Fréchet derivatived, or normed spacesin the
case of a Gâteaux derivatived. The Gâteaux derivative has
been regarded as a generalization of the concept of the partial
derivative of a functionf28g. Similarly, the Fréchet deriva-
tive has been regarded as a generalization of a total deriva-
tive f28g. In our case, the properties of the action are such
that taking derivatives only with respect ton meets the cri-
teria for a Fréchet derivative despite the fact that it is a par-
tial functional derivative. In the following we shall use the
terminologypartial functional derivativeto refer to deriva-
tives with respect to a single function of functionals of more
than one function. When, however, we map the potential in
the action back to the density or vice versa so that the action
becomes a functional only of a single function, we shall refer
to the functional derivative taken with respect to that single
function as atotal functional derivative. The total differential
could then be represented as a linear combination of partial
functional derivatives times the corresponding differentials
of the respective functions.

III. v-REPRESENTABLE TDDFT

A. v-representability and stationarity of the RG action

We can recast the arguments of RGf13g as follows. Re-
strict the argumentC of AfC ,vg in Eq. s11d to lie in F, the
space ofv-representable wave functionsFfv8g, defining an
action functional

AfF,vg =E
t0

t1

dt„F,si]t − ĤfvgdF… s14d

on the spaceF3V. Stationarity ofAfC ,vg implies station-
arity of AfF ,vg, i.e., that its partial functional derivative van-
ishes,

]F*AfF,vg = 0, s15d

sinceF,C and the stationary point ofAfC ,vg is in F.
AfF ,vg can be established as a functional ofv alone by

inserting inAfF ,vg that Ffv8g for which v8=v,

Afvg = A†Ffvg,v‡. s16d

The stationarity conditions15d then implies that the total
functional derivative ofAfvg is −n,

dvsr ,tdAfvg = dvsr ,tdA†Ffvg,v‡ = − nsr ,td, s17d

a generalization of the Hellmann-Feynman theoremf35g.
The total functional derivatives17d does not vanish, obvi-
ously. It is only the partial functional derivatives15d which
yields stationarityf26g.

To go on to the density functionalAfn,vg requires estab-
lishing that the mapM28 :F→Nv,

nsr ,td = „Fstd,n̂sr dFstd…, s18d

is one-to-one and invertible. In Eq.s18d, nsr ,td is the time-
dependent electron density, and the symbolNv stands for the
subset of all suchv-representable densities contained inN,
the time-dependent generalization of the space of densities of
DFT f7g. All nsr ,td in N andNv obey the initial condition

nsr ,t0d = n0sr d = „F0,n̂sr dF0…. s19d

Equations18d defines what is meant by the phrase TDVR; a
TDVR density is derivable via Eq.s18d from the solutionF
of the Schrödinger equations5d for somev in V. Demon-
strating the invertibility of M28 directly, however, is non-
trivial. The HZM constructionf8g shows thatC→N is
many-to-one.

RG followed an alternative path. Substituting Eq.s7d into
Eq. s18d defines a mapM3=M1M28 :V→Nv. They then
showed by a pretty argument thatM3 is one-to-one and in-
vertible for all potentialsvstd that possess a Taylor expansion
in time aboutt0 converging for alltP st0,t1d. Van Leeuwen
f25g has pointed out that it is sufficient for a Taylor series to
exist about a set of pointsti P st0,t1d for which the radii of
convergence overlap to coverst0,t1d. M28

−1:Nv→F can
then be constructed asM3

−1M1. Substitution ofM28
−1, that is,

Ffng, into AfF ,vg, then yields the desired functionalAfn,vg.
Afn,vg is stationary with respect to variation ofn at fixedv
f26g, that is, its partial functional derivative vanishes,
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]nAfn,vg = 0. s20d

It is important to recognize thatAfn,vg is defined for alln
generated via Eqs.s7d ands18d from somev8, which can be
varied independently ofv. It is only at the stationary point
that v8=v.

B. Time-dependent Kohn-Sham equations

Substitution of bothM28
−1 and M3

−1, i.e., Ffng and vfng,
into AfF ,vg then yields a functionalAfng of n only sfor a
given initial statef36gd, the RG action functional. One thus
has the option of usingn or v as the independent variable in
the functional. Van Leeuwenf25g gives a simple and elegant
argument for the construction of the TDKS equations from
Afng without invoking stationarity inNv. Switching now to
Afng from Afvg, we carry out a Legendre transformation to

Bfng = Afng +E
t0

t1

dtE dr vsr ,t;fngdnsr ,td. s21d

From Eq.s21d, it follows that

dnsr ,tdBfng = vsr ,td. s22d

The TDKS equationsf25g follow from Eq. s23d.
Consider a system of noninteracting electrons denoted by

subscripts which move in an external potentialvssr ,td, start-
ing from a single determinantal stateF0s at t0. vs is a func-
tional of their electron density,vsfnsg. The HZM construction
f8g allows identification ofnssr ,td with the density of the
interacting system,

nssr ,td ; nsr ,td, ∀ r ,t P st0,t1d. s23d

Thusvs can be regarded as a functional ofn. Combining

dnsr ,tdBsfng = vssr ,td s24d

with Eq. s22d leads to

vssr ,td = vsr ,td − dnsr ,tdsA − Asd. s25d

The usual rearrangements inA−As in turn lead to

vssr ,td = vsr ,td + vHsr ,td + vXCsr ,td, s26d

vHsr ,td =E dr 8
nsr 8,td
ur − r 8u

, s27d

vXCsr ,td = − dnsr ,tdAXCfng, s28d

AXCfng =E
t0

t1

dthfsC,i]tCd − sCs,i]tCsdg − fsT − Tsd

− sW− WHdgj. s29d

T is the kinetic energy andW the energy of electron-electron
interaction of the interacting electrons in stateFfng. Ts is the
kinetic energy of the noninteracting electrons in stateFsfng.
WH is the Hartree approximation toW usingFfng or equiva-
lently Fsfng.

It is at this point that concern about the meaning of the
functional derivative definingvXC, Eq. s28d, arises in the
literature f12,19,22,24,25g. Since in Sec. IV we shall base
our development ofN-representable TDDFT on the RG ac-
tion and since the above-mentioned concern raises doubts
about the validity of doing this, we now summarize the de-
bate and show why the RG action is perfectly suitable for the
developments of Sec. IV.

C. The symmetry-causality dilemma

Taking the functional derivative of Eq.s26d with respect
to n results inf37g

x−1sr ,t;r 8,t8d = xs
−1sr ,t;r 8,t8d + fsr ,t;r 8,t8d, s30d

where

xsr ,t;r 8,t8d = −
dnsr ,td

dvsr 8,t8d
, s31d

xssr ,t;r 8,t8d = −
dnsr ,td

dvssr 8,t8d
, s32d

fsr ,t;r 8,t8d =
dfvH + vXCgsr ,td

dnsr 8,t8d
=

dst − t8d
ur − r 8u

+
dvXCsr ,td
dnsr 8,t8d

.

s33d

From Eqs.s18d ands7d, the well-known retarded character of
the time dependence of the susceptibilitiesx andxs follows;
they vanish if t8. t. Their inversesx−1sr ,t ; r 8 ,t8d and
xs

−1sr ,t ; r 8 ,t8d entering Eq.s30d are retarded as well. Yet

fXCsr ,t;r 8,t8d =
dvXCsr ,td
dnsr 8,t8d

= −
d2AXCfng

dnsr 8,t8ddnsr ,td
s34d

is formally a second derivative ofAXCfng according to Eq.
s28d. van Leeuwenf22,25g assumes that, asfXC is a second
functional derivative, it must be symmetric inr ,t and r 8 ,t8.
Such symmetry is inconsistent with the retarded nature of
x−1 andxs

−1 in Eq. s30d. van Leeuwenf22,25g describes this
inconsistency as a “paradox” and develops TDVR TDDFT
from the Keldysh action instead of the RG action to avoid it.
The second functional derivatives remain symmetric on the
Keldysh time contour but become retarded when mapped
into real time.

Gross, Dobson, and Petersilkaf19g, on the other hand,
suppose that Eq.s30d holds and thatfXCsr ,t ; r 8 ,t8d must be
retarded and not symmetric inr ,t andr 8 ,t8. They then con-
clude by supposing from Schwarz’s lemmaf39g that s1d
fXCsr ,t ; r 8 ,t8d cannot be a second functional derivative and
s2d the exactvXCfng cannot therefore be a functional deriva-
tive. They conclude further that this in turn is in contradic-
tion to the principle of stationary action which leads tovXC
as a functional derivative.

To complicate matters further, Harbola and Banerjeef38g
have argued that there is no symmetry-causality dilemma
because whilex is causal,x−1 is symmetric. Amusia and
Shaginyanf41g, while not disagreeing with this conclusion,
have argued that, in contrast, it is possible to construct a
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causalx−1 as well. Harbolaf42g has responded that Ref.f41g
itself implies a causality in the potential as a functional of the
density. van Leeuwen, however, has argued thatx−1 must be
rigorously causal in analogy with the properties of discrete
lower triangular matricesf25g, an argument which does not
take into account the fact thatx−1 is not a smooth function of
t− t8 but contains both ad function and the second derivative
of a d function at t= t8+. We show in Appendix A that
x−1st− t8d is causal, consisting of those singular functions at
t= t8+ plus a smooth causal function ofst− t8d, so that the
dilemma remains.

D. A way out of the dilemma

We conclude that in the context of TDDFT at the RG
level, x−1 is causal. The most forceful argument that the cau-
sality of x−1 imposes a symmetry-causality dilemma via Eq.
s30d is that of Gross, Dobson, and Petersilkaf19g. The flaw
in their reasoning is the supposition that Schwarz’s lemma
can be applied to the functionals of TDDFT. Throughout all
of density-functional theory, the Fréchet definitionf28g of
the functional derivative was implicitly used. In the present
instance, the functional derivatives of Eqs.s20d, s22d, s24d,
ands25d are all Fréchet derivatives. Taking a second deriva-
tive simply involves a single iteration of the Fréchet opera-
tion f28g. For the first derivative to exist, both the functional
and the function space must meet smoothness criteria. The
first derivative remains a functional, which for the second
derivative to exist, must remain smooth. This condition is
implicitly assumed forvXCfng in all of DFT and TDDFT, and
we presume it here as well. We conclude that all of the sec-
ond functional derivatives encountered in TDDFT are per-
fectly well defined iterations of the Fréchet derivative opera-
tion. These include

xsr ,t;r 8,t8d =
d2Afvg

dvsr 8,t8ddvsr ,td
s35d

and xs as well asfXC. All have a retarded dependence ont
and t8 and are decidedly not symmetric inr ,t and r 8 ,t8.
Similarly, x−1 and xs

−1 can be expressed as second deriva-
tives, e.g.,

x−1sr ,t;r 8,t8d = −
dvsr ,td

dnsr 8,t8d
=

d2Bfng
dnsr 8,t8ddnsr ,td

, s36d

have retarded time dependencesAppendix Ad, and are not
symmetric inr ,t and r 8 ,t8.

We therefore agree with the main conlcusion of Amusia
and Shaginyanf40,41g and Harbola and Banerjeef38,42g
that there is no conflict between the symmetry and the cau-
sality. However, the way out of the dilemma is not by finding
symmetry in the inverse response functions, but by recogniz-
ing that second functional derivatives neednot be symmetric
functions of the time variables. To understand how this
asymmetry can come about in a second functional derivative,
consider that functionals are defined on three levels. First,
there is the space on which the functions are defined; second,
there is the function space on which the functionals are de-
fined; and third, there is the definition of the functional. For

example,Afvg is defined through Eq.s11d and the mapM1,
on the function spaceV within which the potentialsv are
supported onR33 st0,t1d. For the total functional derivative
dAfvg /dvsr ,td to exist and equal −nsr ,td, first V must be
smooth enough that variationsdvsr ,td exist which can be
taken continuously to zero. Following Liebf7g, we have de-
finedV for this to be the case. Second, the functionalAfvg
must be smooth enough that the resulting variation in it,
dAfvg, exists, is linear indvsr ,td, and goes continuously to
zero with dvsr ,td. Afvg meets that criterion. The functional
derivative dAfvg /dvsr ,td is then defined through Fréchet’s
theory of linear functionals f28g. Similarly, for
dnsr ,td /dvsr 8 ,t8d=d2Afvg /dvsr 8 ,t8ddvsr ,td to exist, nsr ,td
need only meet the smoothness criterion as a functional ofv,
which it does through the definition ofNv.

The requirement for the applicability of Schwarz’s
lemma, that the second derivative be invariant with respect
to interchange of the order of differentiation, is that the first
level of support, the space on which the function is defined,
be unchanged by the first functional differentiation. That is
not the case here, and Schwarz’s lemma does not apply. In
Afvg, v is supported onR33 st0,t1d, but in nfvg, the first
derivative,v is supported onR33 st0,td precluding the appli-
cability of Schwarz’s lemmassee also the discussion in Ap-
pendix Bd. If t8. t in d2Afvg /dvsr 8 ,t8ddvsr ,td, it must van-
ish, destroying symmetry while remaining a well-defined
second functional derivativef28g. In the Keldysh action
functional used by van Leeuwenf22,25g, the time-ordered
contour on which the action is defined provides the support
for the time dependence of the potentialv. Functional differ-
entiation of the Keldysh action does not modify this support,
and so the second functional derivative remains symmetric in
that support. Transformation from the Keldysh time contour
back to real time introduces the asymmetry without changing
the fact that a second functional derivative was taken. Thus,
van Leeuwen has, in effect, proved that second functional
derivatives need not be symmetric. We conclude that all
functional derivatives in the RG formulation are well de-
fined, both first and second, and that Eq.s30d, a relation
among second functional derivatives, contains no inconsis-
tencies. One thus has a choice—one can base TDVR TDDFT
on the RG action or on the Keldysh action. How to general-
ize the Keldysh action so as to provide a basis for TDNR
TDDFT is not now clear. Accordingly, we choose to base our
development of TDNR TDDFT on the RG action.

IV. N-REPRESENTABLE TDDFT

The HZM constructionf8g establishes that at each timet,
there is an infinite set of wave functionsCstd which yield
any presetnsr ,td in N via the mappingM2:C→N,

nsr ,td = „Cstd,n̂sr dCstd… s37d

with nsr ,t0d=n0sr d, Eq. s19d. The task in constructing an
N-representable TDDFT is to select a single member of that
set so thatM2 becomes one-to-one and invertible, i.e., to find
M2

−1:N→C. M2
−1 should meet the following four criteria.

s1d It should be universal;s2d it should require searching
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only in C and not inC andV; s3d it should subsume the
mappingM28

−1 of v-representable TDDFT; ands4d it should
provide a stationarity principle.

A. Previous work

Apart from formulations applicable to special classes of
potentialsf43g, there are two proposals for the formulation of
NR TDDFT. That of Kohl and Dreizlerf30g does not meet
criterion 2 and, as a consequence, cannot meet criterion 4
either. That of Ghosh and Dharaf26g does not produce
N-representablility, onlyv-representability. Their Theorem 4
can be restated as defining the mapMGD:N→C,

Cfng = argh stat
C→n

BfCgj. s38d

However, since in Eq.s38d one searches only for astationary
point of BfCg in C, one is allowed to relax the subsidiary
condition s37d by a Legendre transformation. Equations38d
then becomes

Cfng = argHstat
C
SBfCg −E

t0

t1

dtE dr Lsr ,tdnsr ,tdDJ .

s39d

Now, the Lagrange multiplierLsr ,td will exist if and only if
nsr ,td is v-representable, in which case Eq.s39d becomes

Cfng = arghstat
C

AfC,Lgj s40d

with L,V, a potential. Thus, the map defined by Eq.s38d is
identical to the mapM28

−1:Nv→F defined by RG. Equa-
tions s38d–s40d should therefore be rewritten withFfng re-
placingCfng. What Ghosh and Dhara have actually accom-
plished is to find a simpler and more direct proof of
v-representability than the original proof of RG.

B. Our approach

We note that the stationary pointFfng of BfCg in Eq. s38d
is unique in the subspaceFn sC→nd of C for n,Nv. The
partial functional derivative ofAfC ,vg, its gradient inFn,
vanishes uniquely there,

s]C*AfC,vgdv,n = s]C*BfCgdn = si]t − ĤdC = 0,

s41d
n ,Nv, C = Ffng.

Thus the magnitude squared of the gradient,

E
t0

t1

dts]C*A,]C*Adv,n =E
t0

t1

dts]C*B,]C*Bdn, s42ad

has a unique minimum there as well. As the search can be
restricted to normalizedC’s without penalty, it follows from
Eq. s42ad that

E
t0

t1

dts]C*A,]C*Adv,n =E
t0

t1

dt„C,si]t − Ĥd2C… s42bd

holds as well because of the consequent Hermiticity ofi]t.

On the other hand, no such minimum can exist in the
magnitude of the gradient for anN-representablen,N
which is not v-representable. A similar situation exists in
time-independent DFT. A minimum exists in the functional

EfCg=sC ,ĤCd for C→n if and only if n is
v-representable. If we suppose that a minimum exists under
the constraint of fixedn for n not v-representable, the con-
stant can be eliminated by a Legendre transformation. The
Lagrange multiplier then simply adds to the external poten-
tial contradicting the hypothesis thatn is notv-representable
as in the arguments associated with Eqs.s38d–s40d. For a
generalN-representablen, there is only an infimum in both

sC ,ĤCd and sC ,ĤCd at the same point. The Levy-Lieb
constrained-search algorithm makes use of this infimum to
define the density functional forN-representable densities:

Efng = inf
C→n

EfCg, s43ad

Cfng = argh inf
C→n

EfCgj. s43bd

An analogous constrained-search algorithm can be con-
structed for TDDFT from the magnitude of the gradientf44g:

Cfng = argH inf
C→n

E
t0

t1

dts]C*A,]C*Adv,nJ
= argH inf

C→n
E

t0

t1

dts]C*B,]C*BdnJ
= argH inf

C→n
E

t0

t1

dt„C,si]t − Ĥd2C…J , s44ad

Afn,vg =E
t0

t1

dt„Cfng,si]t − ĤfvgdCfng…. s44bd

We note that the quantity over which the search in Eq.s42ad
is done corresponds to the time integral of the McLachlan

functional for Ĥ f45g widely used in formulations of semi-
classical dynamicsf46g. The proposed constrained-search al-
gorithm expressed in Eqs.s44ad and s44bd meets all of the
criteria imposed above.s1d It is universal, not involvingv.
s2d It requires searching only inC. s3d It subsumes
v-representablen for which the infimum becomes a mini-
mum and yields the condition

si]t − Ĥd2C = 0 such thatC → n, s45d

which yields the sameC as Eq.s38d or, ultimately, Eq.s5d.
Finally, s4d it provides a stationarity principle sincen in Eq.
s44bd can be varied independently ofv, and the correspond-
ing partial functional derivative vanishes via Eq.s13d,

]nAfn,vg = 0. s46d

Stationarity in TDDFT plays the role that minimality does in
DFT regarding error reduction.
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V. SUMMARY

An N-representable time-dependent DFT has been estab-
lished, and a time-dependent analog of the Levy-Lieb
constrained-search algorithm has been proposed. The central
quantity in this search is the norm of the partial functional
derivative of the Runge-Gross action in the Hilbert space of
wave functions. The proposed constrained search meets all
of the requirements we pose: it is universal, requires search-
ing only in one Hilbert space, subsumes Runge-Gross
v-representability, and provides a stationarity principle.
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APPENDIX A: CAUSALITY OF xs
−1 AND x−1

As stated in Secs. III C and III D, there is a substantial
spread of opinion in the literature with regard to the time
dependence ofxs

−1 and x−1, differing as to whether it is
causal or symmetric. We argue here that it is unequivocally
causal, with local singularities att= t8+. It is easiest to see
this explicitly for thexs of the uniform electron gas, which
has the formxssur −r 8u ,t− t8d, from space-time uniformity.
Accordingly, it is diagonalized by Fourier transforming on
space and time yielding the eigenvaluesxssq ,v− idd, d↓0.
The wave vectorq is introduced by the Fourier transform on
r −r 8, the frequencyv is introduced by that ont− t8, andd is
introduced by the causality ofxs, xssur −r 8u ,t− t8d=0, t. t8+.

The explicit form of xssq ,v− idd is known f47g. When
continued to the entire complex angular frequency plane in
the process of inverting the Fourier transform on time, its
only singularities are a second-order pole at infinity and
bounded branch cuts just above the real axis. Forq,2kF skF
is the Fermi wave numberd, there is one bounded branch cut
at z=v+ id, with uvuø s" /2mds2kFq+q2d; for q.2kF there
are two, with s" /2mds−2kFq+q2dø uvuø s" /2mds2kFq+q2d.
xssq ,vd has no zeros away from the branch cuts.

xs
−1 is also uniform in space and time and therefore diago-

nalized by Fourier transformation. Its eigenvalues are simply

xs
−1sq,vd = 1/xssq,vd. sA1d

The second-order pole inxssq ,vd at v=` yields the follow-
ing behavior inxs

−1sq ,vd at `:

xs
−1sq,vd →

uvu→`
d→0

Assqdv2 + Bssqd +
Cssqd

v2 + . . . , sA2d

Assqd = −
m

nq2 ,

Bssqd =
2

5

EF

n
F3 +

5"2q2

8mEF
G ,

Cssqd =
16EF

2q2

175nm
F3 + 35

"2q2

8mEF
G ,

wheren is the number of electrons per unit volume andm is
the electron mass. Thusxs

−1 has the form

xs
−1sq,t − t8d = − Assqdd9„st − t8d+

… + Bssqdd„st − t8d+
…

+ xs
−1sq,t − t8d8. sA3d

In Eq. sA3d, d9 is the second derivative of the delta function.
sxs

−1d8 arises from the branch cutssd and is rigorously causal
because the locations of the branch cuts inxs

−1sq ,zd are iden-
tical to those ofxssq ,zd, being in the upper half z plane.

The principal change in passing fromxssq ,vd to xsq ,vd
for the uniform electron gas is that the free-particle excita-
tions are replaced by quasiparticle excitations which have
finite lifetime except atq=0. This causes the branch cuts to
extend to infinity, but causes no change in the formal struc-
ture of x−1sq ,t− t8d which is given by Eq.sA3d with modifi-
cation ofAssqd to Asqd, etc.

For a nonuniform extended system for which the excita-
tion spectrum forms continua, be the system ordered or dis-
ordered, there is no change in formal structure of
xs

−1sr ,r 8 ; t− t8d and x−1sr ,r 8 ; t− t8d. Each contains the local
contributionsd9(st− t8d+) and d(st− t8d+) as well as nonlocal
retarded contributions. For finite systems that have at least
one discrete excitation associated with a transition from the
ground state to a bound excited state, there is a change. Each
eigenvalue ofxssr ,r 8 ;vd or xsr ,r 8 ;vd switches from +̀ to
−` as the pole atz=v+ id with "v equal to that discrete
excitation energy is crossed. This forces the existence of a
zero between discrete excitation energies or between the
highest discrete excitation energy and the continuum thresh-
old. Each such zero gives rise to a pole in the corresponding
eigenvalue ofx−1sr ,r 8 ;zd or xs

−1sr ,r 8 ;zd at the samez. Upon
Fourier transform to the time domainx−1sr ,r 8 ; t− t8d and
xs

−1sr ,r 8 ; t− t8d each contains a causal contribution from the
pole which oscillates with angular frequency corresponding
to the excitation energy fortù t8 and vanishes fort8. t.

In conclusion, the causality ofxsr ,r 8 ; t− t8d and
xssr ,r 8 ; t− t8d forces the eigenvalues ofxsr ,r 8 ;vd and
xssr ,r 8 ;vd to have singularities only in the upper half
complex-frequency plane. The corresponding eigenvalues of
x−1sr ,r 8 ;vd andxs

−1sr ,r 8 ;vd can therefore also have singu-
larities only in the upper half plane apart from the second-
order pole at̀ . This arises from the fact thatv entersx and
xs only in the combinationv− id, d↓0, which does not
change when their eigenvalues are inverted to obtainx−1 and
xs

−1. Those quantities must therefore always be of the form

x̂−1st − t8d = Âd9„st − t8d+
… + B̂d„st − t8d+

… + x̂−1st − t8d8,

sA4d

wherex̂−1st− t8d8 is nonlocal and causal in time.
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APPENDIX B: SECOND FUNCTIONAL DERIVATIVE
ASYMMETRY

In Sec. III below Eq.s36d, we have pointed to the modi-
fication of the support ofvsr ,td in nfvg by the first functional
derivative of Afvg with respect tov as the origin of the
asymmetry of its second derivativex. Alternatively, one can
preserve the support on which the functionvsr ,td is defined,
but then the second level of definition, the function space on
which the functional is defined, must change. Consider, for
example, the mapM1:V→F, Eq. s7d, which, together with
Eq. s18d defines the mapM3:V→Nv, n=nfvg. A more ex-
plicit expression of that map would be

n = n†Ĥfvg‡, sB1d

according to Eq.s7d, in which vsr ,td is supported onst0,td.
However, Eq.s7d can be rewritten as

Fstd = TL expF− iE
t0

t1

dt8H̃tfvgGF0, sB2d

where

H̃tfvg =HĤfvg, t8 P st0,td,

0, t8 P st,t1d.
J sB3d

Thus, by changing the operator space on which the argument

of the functional, now the operatorH̃tfvg, is defined, we
have formally restored the support ofv to st0,t1d. However,
that does not eliminate the asymmetry; it trivially shifts the
location of its origin, viz.,

dnsr ,td
dvsr 8,t8d

=
dnsr ,td

dĤt

dĤt

dvsr 8,t8d
= 0, t8 . t. sB4d
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