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To construct arN-representable time-dependent density-functional theory, a generalization to the time do-
main of the Levy-Lieb(LL) constrained-search algorithm is required. That the action is only stationary in the
Dirac-Frenkel variational principle eliminates the possibility of basing the search on the action itself. Instead,
we use the norm of the partial functional derivative of the action in the Hilbert space of the wave functions in
place of the energy of the LL search. The electron densities entering the formalidinrepessentable, and the
resulting universal action functional has a unique stationary point in the density at that corresponding to the
solution of the Schrodinger equation. The original Runge-G(&3) formulation is subsumed within the
current formalism. Concerns in the literature about the meaning of the functional derivatives and the internal
consistency of the RG formulation are allayed by clarifying the nature of the functional derivatives entering the
formalism.
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I. INTRODUCTION [19] that the RG action led to paradoxes when calculating
response functions because these must be causal, whereas
Density-functional theoryDFT) now provides the con- second functional derivatives of the RG action were thought
ceptual, theoretical, and computational framework for theio be symmetric. This “symmetry-causality paradox” was re-
study of the ground-state properties of a vast array okoplved first by Rajagopal20], who introduced an action
quantum-mechanical systems at all levels of aggregatioBased on the time path introduced by Jackiw and Kerman
from atomic to macroscopic. The foundations for the con{21], and subsequently by van Leeuw?®], who reformu-
temporary theory of chemical reactivity emerge naturallylated TDDFT replacing the RG action by a Keldysh action
from DFT as well[1-3]. The essential elements of DFT are [23]. The RG, Jackiw-Kerman, and Keldysh actions are de-
the Hohenberg-Kohr(HK) theorems[4], the Kohn-Sham fined only for time-dependent-representabléTDVR) den-
(KS) equations[5], and the Levy-Lieb(LL) constrained- sities, and, regarded as functionalsly of the density, are
search algorithn{6,7] which together with the Harriman- not stationary at the density of the solution of the time-
Zumbach-Masche (HZM)  construction [8] introduces dependent Schrodinger equatiph2,19,22,24,25 Such a
N-representable densities into DFT, accurate approximatgck of stationarity is a decided inconvenience, but even
functionals[9], and powerful computational algorithri30].  within TDVR TDDFT stationarity can be restored by recog-
As defined through the LL algorithm, the density func- nizing that the density and external potential can be treated
tional E[n] has a unique global minimum at the ground-stateas independent functionf26]. Nevertheless, for reasons
density within the spaca/ of all allowable[7] electron den-  analogous to those applying to the ground-state theory, it is
sitiesn(r). This variational principle of DFT stands in one- important to generalize the definition of the action functional
to-one correspondence with the Rayleigh-Ritz variationato hold for time-dependent-representablé TDNR) densi-
principle for the time-independent Schrodinger equation andies. More explicitly, Mearns and KoHi27] have shown that
provides the same generality to the derivation of the KSsmall, time-dependent additions to the ground-state density
equations. need not bey-representable in first order. A suitable gener-
Following the ground-breaking HK paper, a series ofalization can be effected by constructing a constrained-
steps was taken toward a time-dependent density-functiongearch algorithm for TDDFT analogous to the LL algorithm
theory(TDDFT) [11,12 which culminated in a more general for DFT.
formulation by Runge and GrogRG) [13]. TDDFT is now Apart from restoring stationarity to the action in TDDFT,
being routinely applied to the calculation of excitation ener-N-representability is important because, as in DFT, accurate
gies of atoms and moleculg$4], as well as various physical solution of the KS equations requires iteration to self-
properties within the linear response regifié] and beyond consistency. The most convenient starting densities may well
it [16] (see Ref[17] for a survey of recent applications not bev-representable, nor may the densities be at interme-
In parallel to this success, discussions regarding the fourdiate stages of the computational algorithms. It is then essen-
dations of the theory continue to take pldder]. In their  tial to have an action functional and KS potentials defined
original work, Runge and Gro$43] employed the quantum- for N-representable densities both as a matter of principle
mechanical action integrdfrom here on the RG actigrto and for practical reasons.
derive time-dependent Kohn-Sham equations through the In this paper we formulate aN-representable TDDFT
Dirac-Frenkel variational principlgl8]. It was later argued based on the Dirac-Frenkel variational principle in which the
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RG action functional is stationary with respectricat that each timet in the interval(ty,t;) under consideration, the
uniquen derivable from the solution of the time-dependentdependence of(r,t) must meet the conditions imposed by
Schrodinger equation. We establish a one-to-one invertiblgieb [7]. In addition, we impose the requirement that

map between all densities in a time-dependent generalization

of A and wave functions by use of the norm of the partial v(r,t) =0, rfe, Ote (toty) 3
functional derivative[28] of the RG action in the Hilbert to eliminate irrelevant phase factors in the wave functions

space of the wave functions. Insertion of that map into thqsee also Ref[31]). The time dependence of must meet
action defines the action functional. The Runge-Gross formucertain implicit integrability conditions discussed below.

lation of TDVR is subsumed within this TDNR TDDFT, and Such acceptab'e potentia|s lie in the Spwe The space
the desired stationarity and generality are achieved. R3X (to,t,) is the support on which the elementof V are

In Sec. II, we begin by reviewing two topg:s_central _to OUr jefined. As indicated by our notatioﬁr[v] is a linear func-
later developments, the Dirac-Frenkel variational principle

and the action and its total and partial derivatives. Via Sec. Ifional of v, Eq. (2), and so, consequently, #[v], Eq. (1).

we introduce our notation for wave functions, operators, The wave functionsb(t) of the N-electron system are
functional derivatives, Hilbert spaces, and more generalime-dependent, normalized, antisymmetric functions of the
function spaces. We also introduce the notion of mappingN space and spin coordinates of the electrons,

between abstract spaces as central to the formulation of _ _

TDDFT, following Dreizler and Gross for DFi29]. In Sec. [e®] = (@M, @) =1, Dte(toty. @)

[ll, we recapitulate the RG formulation af-representable They satisfy the time-dependent Schrddinger equation
TDDFT and show explicitly that its unnecessary limitation to (atomic units are used throughput

the density generated by thatwhich enters the Hamiltonian -

destroys the stationarity of the action functional. We also ig®(t) = Hv]P(1). (5)
provide an explicit explanation of why there are no inconsis-
tencies in the functional derivatives entering the theory an
why second functional derivatives of the RG action with D(ty) =Dy (6)
respect to the density are not symmetric. Up to this point, our imposed (1) is unique
paper has concerned itself with the clarification of existing ' '

work onuv-representable TDDFT. In Sec. IV, we turn to the ot

problem of establishing a satisfactorj{-representable D) =7, exp[— 'f dt'H[v]]q’o- (7
TDDFT. We begin by stating a set of criteria that such a fo

theory must meet. Next, we review existing proposalsin Eq. (7) 7, is the time-ordering operator, later to the left.
[26,30 and show that they do not meet all of the criteria. Equation(7) defines implicitly the conditions that(t), d(t),
Finally, we develop the principal result of this paper, aand ®, must meet. In addition to those conditions which
constrained-search algorithm that meets all of the criteriawere specified by Lief7], ®(t) must be differentiable in
We close with a brief summary of our results in Sec. V. time. The set of such functions that are solutions of &j.
for all v in V form a Hilbert spacap. They are supported in
& on the spacer, which is the product oftg,t;) with the
configuration and spin spac® of the N electrons,

=8 X (to,tl) . (8)

nce the initial condition

Il. BACKGROUND AND NOTATION
A. The Dirac-Frenkel variational principle

Consider a finite system of electrons and nuclei contain-
ing N electrons. Ignoring nuclear kinetic energy, keeping theAll scalar products like the norm entering E4) are defined
nuclei fixed, and discarding the internuclear interaction enon S.
ergy as an irrelevant constant, the system Hamiltonian be- Equations(5) plus(6) implicitly, and (7) explicitly, define
comes a mappingM,: V—®. M, is surjective;® contains no ele-
R o o ment that is not associated with an elemendf33]. That
Hlv]=T+W+V[v]=H+V[v]. 1) M, is injective as well, i.e., one-to-one and therefore bijec-
~ ~ tive or invertible, can be seen as follows. Suppose there is a
In Eq. (1), T is the electron kinetic-energy operator aAd » 5nq therefore &' which yields the samé as solution of
Fhe electron—electr_on interaction operator. The opemﬁoﬂ Eq. (5) as dov andV. Subtracting the two Schradinger equa-
is the energy of interaction of the electrons with a time-tjgns |eads to
dependent external potentialr ,t),

. v’ —V)<I>=fdr[v’(r,t)—v(r,t)]ﬁ(r)d)(t)=0, (9
V[v]:fdr v(r,H)R(r). (2)

which implies thatv’ must equab under the conditions on
In Eq. (2), A(r) is the electron-density operatar(r,t) is  ther dependence of required for the analogous proof for
comprised of the potential energy of an electron in the fixedhe time-independent problefof. Ref.[7] and p. 5 of Ref.
nuclear electrostatic potential plus that in a time-dependerj29)). ThusMI1 exists andP < V is one-to-one® can then
potential generated by sources external to the system. Fde regarded as a functional of®[v], or v one of ®,v[P].
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Let us now expand the Hilbert spadeto W which con-
tains all functions¥ that meet the conditions imposed @n
including W (ty) =d,, except that thel need not satisfy Eq.
(5). The Dirac-Frenkel variational principle states tHasat-
isfies Eq.(5) if and only if

(8%, (ia,— H[v]) W) =0, (109

(¥ (), ¥()=0, Ot. (10b)

B. The action and its total and partial functional
derivatives

We can now define the usual quantum-mechanical action

functional Al'W,v] on the spacal X V,

ty R
AV, u]= f dt(W,(io, - Hlv])W). (11
to

AV ,v] is stationary only at[v] in W with respect to varia-
tions S¥,8V" taken at constant v, given that W(ty)
=d,0W¥ € W, and requiring as well thdB4]
(6VW(ty),¥(ty) =0, (12
a less severe restriction than that of EtPb). The functional
gradient ofAlW,v] along¥" (v is fixed),
Oy = dyAV,v] = (6, - H[v])V, (13)
thus vanishes i at ®[v], yielding the time-dependent

Schradinger equation. Note the use in EfQ) of dy* as a
symbol for a partial functional derivative. We now clarify the

nature of such a derivative. The action is a functional of two

functions defined in two different spaces. Accordingly, it
does not fit simple examples of functionals used to defin
Fréchet and Gateaux derivativgg8—32, which restrict the

(in the case of a Fréchet derivatlyer normed spacén the
case of a Gateaux derivativeThe Gateaux derivative has
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Ill. v-REPRESENTABLE TDDFT

A. v-representability and stationarity of the RG action

We can recast the arguments of RG3] as follows. Re-
strict the argumen¥ of A[¥,v] in Eqg. (11) to lie in ®, the
space ofv-representable wave functiodqv’], defining an
action functional

tq R
A[<I>,v]=f dt(®, (id; — H[v])P) (14)
to
on the spaceb X V. Stationarity ofA['V,v] implies station-

arity of Al ,v], i.e., that its partial functional derivative van-
ishes,

&q,*A[CI),v] =0, (15)

since® C W and the stationary point AA[W¥,v] is in ®.
A[®,v] can be established as a functionalvofilone by
inserting inA[®,v] that ®[v'] for which v’ =v,

Alv]=A[P[v],v]. (16)

The stationarity condition(15) then implies that the total
functional derivative ofA[v] is —n,

Sy pAv] = 6y pAlP[v],v] = = n(r,1), 17

a generalization of the Hellmann-Feynman theorgs.
The total functional derivativé17) does not vanish, obvi-
ously. It is only the partial functional derivatiyd5) which
yields stationarity{26].

To go on to the density function&[n,v] requires estab-
lishing that the magM,: ® — N/,

n(r,t) = (P(1),A(r) (1)), (18

is one-to-one and invertible. In EQL8), n(r,t) is the time-
dependent electron density, and the symhfglstands for the
subset of all such-representable densities containedNA

the time-dependent generalization of the space of densities of
OFT [7]. All n(r,t) in A and AN, obey the initial condition

functions on which they are defined to a single Banach space

n(r,to) = no(r) = (Po,N(r)do). (19
Equation(18) defines what is meant by the phrase TDVR; a

been regarded as a generalization of the concept of the partiaPVR density is derivable via Eq18) from the solution®

derivative of a functior{28]. Similarly, the Fréchet deriva-

of the Schrédinger equatiofd) for somev in V. Demon-

tive has been regarded as a generalization of a total deriv&!rating the invertibility ofM; directly, however, is non-
tive [28]. In our case, the properties of the action are suctivial. The HZM construction[8] shows thatW — N is

that taking derivatives only with respect tomeets the cri-

teria for a Fréchet derivative despite the fact that it is a par-

tial functional derivative. In the following we shall use the
terminology partial functional derivativeto refer to deriva-

many-to-one.

RG followed an alternative path. Substituting Ed). into
Eqg. (18 defines a mapM;=M;M,:V—N,. They then
showed by a pretty argument thislt; is one-to-one and in-

tives with respect to a single function of functionals of more vertible for all potentials (t) that possess a Taylor expansion
than one function. When, however, we map the potential irin time aboutt, converging for allt  (t,t;). Van Leeuwen
the action back to the density or vice versa so that the actiof?5] has pointed out that it is sufficient for a Taylor series to
becomes a functional only of a single function, we shall refelexist about a set of pointse (to,t;) for which the radii of
to the functional derivative taken with respect to that singleconvergence overlap to covéty,t;). M5 A, —® can

function as aotal functional derivativeThe total differential

then be constructed a45*M,. Substitution ofM, ™, that is,

could then be represented as a linear combination of partiab[n], into A{®,v], then yields the desired function&ln,v].
functional derivatives times the corresponding differentialsAln,v] is stationary with respect to variation ofat fixedv

of the respective functions.

[26], that is, its partial functional derivative vanishes,
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It is at this point that concern about the meaning of the
functional derivative definingxc, Eq. (28), arises in the
literature[12,19,22,24,2b Since in Sec. IV we shall base
our development oN-representable TDDFT on the RG ac-
tion and since the above-mentioned concern raises doubts
about the validity of doing this, we now summarize the de-
bate and show why the RG action is perfectly suitable for the
developments of Sec. IV.

aAln,v]=0. (20)

It is important to recognize thai[n,v] is defined for alln
generated via Eq$7) and(18) from somev’, which can be
varied independently of. It is only at the stationary point
thatv' =v.

B. Time-dependent Kohn-Sham equations

Substitution of bothM,™ and M3, i.e., ®[n] andv[n],
into A[®,v] then yields a functional[n] of n only (for a ) ] o )
given initial state[36]), the RG action functional. One thus  1@king the functional derivative of Eq26) with respect
has the option of using or v as the independent variable in t0 N results in[37]
the functional. Van Leeuwef25] gives a simple and elegant

C. The symmetry-causality dilemma

ot t) = e )y +f(rtr,t), (30
argument for the construction of the TDKS equations from XA ) =X )+ ) (30
A[n] without invoking stationarity inN/,. Switching now to  where
A[n] from Alv], we carry out a Legendre transformation to
L on(r,t)
t x(rtr ,t)=—m, (3D)
B[n]:A[n]+f dtf dr v(r,t;[n])n(r,t). (21 '
fo
on(r,t)
| rGrE)=-———"-, 32
From Eq.(21), it follows that Xs( ) Sodr' ) (32
6n(r,t)B[n] =v(r,t). (22)
+ 4!
The TDKS equation$25] follow from Eq. (23). f(r,t;r't') = Aow ”,XC,](r't) = At t,) 5vxc,(r,,t).
Consider a system of noninteracting electrons denoted by an(r',t') [r=r'| " an(r',t")
subscripts which move in an external potential(r ,t), start- (33

ing from a single determinantal stadg at ty. vg is a func-
tional of their electron density ns]. The HZM construction
[8] allows identification ofng(r,t) with the density of the

interacting system,
ng(r,t)=n(r,t), 0O r,te (tyty). (23)

Thuswv, can be regarded as a functionalrofCombining

5n(r,t)Bs[n] =v4r,t) (24)
with Eg. (22) leads to
Us(r,t) = U(r ,t) - 5n(r,t)(A_ AS) . (25)
The usual rearrangements A+ Aq in turn lead to
US(rat) :U(rvt) +UH(r1t) +UXC(r1t)1 (26)
n(r',t
vu(r b = f ar Y. (27)
r=r'|
Uxc(r,t) == Sar nAxclnl, (28)

ty
Axcln] = f dt{{(W,ig¥) - (Psiaq¥)] - [(T-Ty
to

- (W-Wy)1}. (29)

T is the kinetic energy an@/ the energy of electron-electron

interaction of the interacting electrons in stdtgn]. T, is the
kinetic energy of the noninteracting electrons in statgn].
W, is the Hartree approximation ¥ using®[n] or equiva-
lently dJn].

From Eqs(18) and(7), the well-known retarded character of
the time dependence of the susceptibilitieand y, follows;
they vanish if t'>t. Their inversesy (r,t;r’,t’) and
Xgl(r ,t;r’,t") entering Eq.30) are retarded as well. Yet

el g1y — 5UXC(rlt) __ 82Axc[n]
fxc(r t;r' t") = ) D

on(r',t') (349
is formally a second derivative dfxc[n] according to Eq.
(28). van Leeuwerj22,25 assumes that, asc is a second
functional derivative, it must be symmetric int andr’,t’.
Such symmetry is inconsistent with the retarded nature of
x"tandx;*in Eq. (30). van Leeuweri22,25 describes this
inconsistency as a “paradox” and develops TDVR TDDFT
from the Keldysh action instead of the RG action to avoid it.
The second functional derivatives remain symmetric on the
Keldysh time contour but become retarded when mapped
into real time.

Gross, Dobson, and Petersilka9], on the other hand,
suppose that Eq30) holds and thafyc(r,t;r’,t’) must be
retarded and not symmetric mt andr’,t". They then con-
clude by supposing from Schwarz's lemma9] that (1)
fxc(r,t;r’,t’) cannot be a second functional derivative and
(2) the exactvyc[n] cannot therefore be a functional deriva-
tive. They conclude further that this in turn is in contradic-
tion to the principle of stationary action which leadsutg-
as a functional derivative.

To complicate matters further, Harbola and Banefz&
have argued that there is no symmetry-causality dilemma
because whiley is causal,xy ! is symmetric. Amusia and
Shaginyan41], while not disagreeing with this conclusion,
have argued that, in contrast, it is possible to construct a
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causaly™! as well. Harbold42] has responded that R¢fi1]  example,Alv] is defined through Eq11) and the magv,
itself implies a causality in the potential as a functional of theon the function spaca’ within which the potentials) are
density. van Leeuwen, however, has argued fhatmust be  supported orfi® X (ty,t;). For the total functional derivative
rigorously causal in analogy with the properties of discretesA[v]/dv(r,t) to exist and equal A(r ,t), first YV must be
lower triangular matrice$25], an argument which does not smooth enough that variation®(r ,t) exist which can be
take into account the fact thgt! is not a smooth function of tgken continuously to zero. Following LidB], we have de-
t—t' but contains both @ function and the second derivative fined V for this to be the case. Second, the functioAkl]
of a o function att=t'*. We show in Appendix A that myst be smooth enough that the resulting variation in it,
x Xt-t') is causal, consisting of tr_\ose singular functions atsA[y], exists, is linear indu(r ,t), and goes continuously to
t=t"" plus a smooth causal function éf~t'), so that the  zero with du(r,t). Alv] meets that criterion. The functional
dilemma remains. derivative SA[v]/ dv(r ,t) is then defined through Fréchet’s
theory of linear functionals [28]. Similarly, for
on(r,t)/ dv(r’ ,t")=8Alv]/dv(r’ ,t")év(r,t) to exist, n(r,t)
need only meet the smoothness criterion as a functional of
We conclude that in the context of TDDFT at the RG which it does through the definition 0¥/,
|eV€|,X_l is causal. The most forceful argument that the cau- The requirement for the app“cab”“y of Schwarz's
sality of y™* imposes a symmetry-causality dilemma via Ed.lemma, that the second derivative be invariant with respect
(30) is that of Gross, Dobson, and Petersil#®]. The flaw  to interchange of the order of differentiation, is that the first
in their reasoning is the supposition that Schwarz’s lemmaevel of support, the space on which the function is defined,
can be applied to the functionals of TDDFT. Throughout allpe unchanged by the first functional differentiation. That is
of density-functional theory, the Fréchet definitip28] of ot the case here, and Schwarz’s lemma does not apply. In
the functional derivative was implicitly used. In the presentaly], v is supported onR3X (to,t;), but in n[v], the first
instance, the functional derivatives of EqR0), (22), (24),  {erivative,v is supported o3 X (t,,t) precluding the appli-
and(25) are all Fréchet derivatives. Taking a second deriva'cability of Schwarz’s lemmdsee also the discussion in Ap-
tive simply involves a single iteration of the Fréchet Opera-pendix B. If t' >t in ?A[v]/ dv(r’,t')u(r ,1), it must van-
tion [28]. For the first derivative to exist, both the functional g, destroying symmetry while remaining a well-defined
and the function space must meet smoothness criteria. T'l.ee(:,ond functional derivativé28]. In the Keldysh action
first. dgrivative rgmains a func?ional, which fPf the S_econdfunctional used by van Leeuwd22,25, the time-ordered
derivative to exist, must remain smooth. This condition iS¢ontur on which the action is defined provides the support
implicitly assumed fovxc[n] in all of DFT and TDDFT, and (o, the time dependence of the potentiaFunctional differ-
we presume it here as well. We conclude that all of the secgpiation of the Keldysh action does not modify this support,
ond functional derivatives encountered in TDDFT are per-4nq sg the second functional derivative remains symmetric in
fectly well defined iterations of the Fréchet derivative operapat support. Transformation from the Keldysh time contour

D. A way out of the dilemma

tion. These include back to real time introduces the asymmetry without changing
8A[v] the fact that a second functional derivative was taken. Thus,
xrtr't)y=——— (35 van Leeuwen has, in effect, proved that second functional

! !
du(r’,t)éu(r.y derivatives need not be symmetric. We conclude that all
and ys as well asfyc. All have a retarded dependence n functional derivatives in the RG formulation are well de-

andt’ and are decidedly not symmetric int andr’,t’. fined, both first and second, and that E§0), a relation
Similarly, x™* and x;* can be expressed as second deriva@mong second functional derivatives, contains no inconsis-
tives, e.g., tencies. One thus has a choice—one can base TDVR TDDFT
on the RG action or on the Keldysh action. How to general-
M) = = or,)  &Bln] (36) 128 the Keldysh action so as to provide a basis for TDNR

an(r’,t')  on(r',t)en(r,t)’ TDDFT is not now clear. Accordingly, we choose to base our

development of TDNR TDDFT on the RG action.
have retarded time dependen@ppendix A), and are not P

symmetric inr,t andr’,t’.

We therefore agree with the main conlcusion of Amusia IV. N-REPRESENTABLE TDDFT
and Shaginyarf40,41 and Harbola and Banerjde8,47] . . .
that there is no conflict between the symmetry and the cau- Thg HZM_ cc_)n_structlor{S] estabhshe_s that at e_:ach tie
sality. However, the way out of the dilemma is not by findingthere IS an |nf|n|'te set ,Of wave fun.ct|onE(t) which yield
symmetry in the inverse response functions, but by recogniZ2nY Presen(r,t) in N via the mappingVl,: W — N,
ing that second functional derivatives nesat be symmetric - a
functions of the time variables. To understand how this n(r,H = (¥ @),ArF(D) 37
asymmetry can come about in a second functional derivativeyith n(r,tg)=nq(r), Eq. (19). The task in constructing an
consider that functionals are defined on three levels. First\-representable TDDFT is to select a single member of that
there is the space on which the functions are defined; seconsget so thaM, becomes one-to-one and invertible, i.e., to find
there is the function space on which the functionals are deM': N/—W. M;* should meet the following four criteria.
fined; and third, there is the definition of the functional. For(1) It should be universal(2) it should require searching
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only in W and not inW andV; (3) it should subsume the On the other hand, no such minimum can exist in the
mappingM{1 of v-representable TDDFT; an@) it should magnitude of the gradient for aN-representablenC N

provide a stationarity principle. which is notv-representable. A similar situation exists in
time-independent DFT. A minimum exists in the functional
A. Previous work E[V]=(V,H¥) for w—n if and only if n s

Apart from formulations applicable to special classes ofv-representable. If we suppose that a minimum exists under
potentialg 43], there are two proposals for the formulation of the constraint of fixedh for n not v-representable, the con-
NR TDDFT. That of Kohl and Dreizlef30] does not meet Stant can be eliminated by a Legendre transformation. The
criterion 2 and, as a consequence, cannot meet criterion 4agrange multiplier then simply adds to the external poten-
either. That of Ghosh and Dhaf26] does not produce tial contradicting the hypothesis thatis notv-representable
N-representablility, only-representability. Their Theorem 4 as in the arguments associated with E(@8)—(40). For a
can be restated as defining the mdgy: N — W, generalN-representabl@, there is only an infimum in both
(W, HW¥) and (WV,HWV) at the same point. The Levy-Lieb
constrained-search algorithm makes use of this infimum to
define the density functional fa¥-representable densities:

Y[n]=arg .;tat B[V]}. (38)

However, since in Eq.38) one searches only forstationary
point of B[W] in ¥, one is allowed to relax the subsidiary E[n] = inf E[¥], (433
condition (37) by a Legendre transformation. Equati88) ¥—n
then becomes
Yn]= arg{qi,nf E[WV]}. (43b)
—n

ty
\If[n]:arg{sta<B[\P]—J dtf dr A(r,t)n(r,t))}.
v to An analogous constrained-search algorithm can be con-

(39)  structed for TDDFT from the magnitude of the gradip]:

1
inf J dt(ﬁq,*A,ﬂq,*A)vyn}
Y—n to

W[n] = argstatA[V,A]} (40) 4
Y = rg{ inf f dt(&q,*B,&q,*B)n}
with A C V, a potential. Thus, the map defined by E2g) is ¥—n

=a
identical to the mapM,*: N, —® defined by RG. Equa- Q{ t A }
tions (38)—(40) should therefore be rewritten witle[n] re- =arg, inf f dt(W,(ig,—H)>¥) ¢, (449
placing¥[n]. What Ghosh and Dhara have actually accom- Y=nJty

plished is to find a simpler and more direct proof of
v-representability than the original proof of RG.

Now, the Lagrange multiplieA(r ,t) will exist if and only if
n(r,t) is v-representable, in which case E§9) becomes Y[n]=ar

to

tq R
Aln,v] :f dt(W[n],(i¢, = H[v])W¥[n]). (44b)
B. Our approach to
~ We note that the stationary poi#{n] of B{W]in Eq.(38)  we note that the quantity over which the search in @@a
is unique in the subspack, (¥ —n) of W for n.CNv.- The is done corresponds to the time integral of the McLachlan
partial functional derivative o[V ,v], its gradient in®,,  fynctional for H [45] widely used in formulations of semi-

vanishes uniquely there, classical dynamicp46]. The proposed constrained-search al-
_ . A gorithm expressed in Eq$44g and (44b) meets all of the
dyAV,v])yn= dyB[W],=(ig-H)W=0, criteria imposed abovel) It is universal, not involving.
(4) (20 It requires searching only infP. (3) It subsumes
ncCN, ¥=ad[n]. v-representablen for which the infimum becomes a mini-

Thus the magnitude squared of the gradient, mum and yields the condition

t ! (ig,-H)2¥=0 such that — n, (45)
dt(a\p*A, a\p*A)U'n = dt((g\p* B, (9\1;* B)n, (423)

fo fo which yields the sam& as Eq.(38) or, ultimately, Eq.(5).

has a unique minimum there as well. As the search can bEinally, (4) it provides a stationarity principle singein Eq.

restricted to normalize®’s without penalty, it follows from  (44b) can be varied independently of and the correspond-
Eq. (423 that ing partial functional derivative vanishes via H33),

ty 1 ~ =
f Aty A Gy A) = f At (4, - F)2V) (42b) AN, =0. (46)
o o Stationarity in TDDFT plays the role that minimality does in
holds as well because of the consequent Hermiticitigpf =~ DFT regarding error reduction.
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V. SUMMARY @ 2EF[ 5ﬁ2q2]
Bi(q)=—-—|3+ ,
An N-representable time-dependent DFT has been estab- ° 5n 8mE:
lished, and a time-dependent analog of the Levy-Lieb
constrained-search algorithm has been proposed. The central 16E202 2P
quantity in this search is the norm of the partial functional Cydq) = 175m 3 +35m ,

derivative of the Runge-Gross action in the Hilbert space of
wave functions. The proposed constrained search meets glleren is the number of electrons per unit volume ands
of the requirements we pose: it is universal, requires searchye electron mass. Thug™ has the form

ing only in one Hilbert space, subsumes Runge-Gross

v-representability, and provides a stationarity principle. XM, t—t) == AJQ)8"((t—t')") + Byq) &(t—t')*)
*xslat-t)". (A3)

We are grateful to Kieron Burke for critical and stimulat- N Q- (A3), &" is the second derivative of the delta function.

ing discussions in response to which Appendix B was addefis")’ arises from the branch ds} and is rigorously causal

to the paper. We thank Neepa Maitra for calling relevant?®cause the locations of the branch cutgdt(q,2) are iden-
references to our attention. We also thank A. K. Rajagopalical to those ofys(q,2), being in the upper half z plane.

for bringing his pioneering work on the symmetry-causality ~ The principal change in passing frog(q, ) to x(q, )
paradox to our attention. This research was supported in pal@r the uniform electron gas is that the free-particle excita-
by ONR Grant No. N0O0014-01-1-0365, ONR/DARPA Grant tions are replaced by quasiparticle excitations which have

No. N00014-01-1-1061, and NSF Grant No. CHE-9875091 finite lifetime except agg=0. This causes the branch cuts to
extend to infinity, but causes no change in the formal struc-

ture of y"X(q,t—t’) which is given by Eq(A3) with modifi-
cation of A(q) to A(q), etc.

As stated in Secs. Il C and Il D, there is a substantial For a nonuniform extended system for which the excita-
spread of opinion in the literature with regard to the timetion spectrum forms continua, be the system ordered or dis-
dependence 01‘:(;1 and y™%, differing as to whether it is ordered, there is no change in formal structure of
causal or symmetric. We argue here that it is unequivocally '(r,r’;t-t') and xy™X(r,r’;t-t’). Each contains the local
causal, with local singularities att’*. It is easiest to see contributionsd’((t—t")*) and §((t-t")*) as well as nonlocal
this explicitly for the x; of the uniform electron gas, which retarded contributions. For finite systems that have at least
has the formyg(|r—r’[,t-t’), from space-time uniformity. one discrete excitation associated with a transition from the
Accordingly, it is diagonalized by Fourier transforming on ground state to a bound excited state, there is a change. Each
space and time yielding the eigenvaluggq,w—id), §|/0.  eigenvalue ofy(r,r’;w) or x(r,r’; ) switches from + to
The wave vectoq is introduced by the Fourier transform on -« as the pole az=w+id with 7w equal to that discrete
r—r’, the frequencw is introduced by that oi+t’, anddis  excitation energy is crossed. This forces the existence of a
introduced by the causality of, xs(Jr —r’|,t=t")=0,t>t"". zero between discrete excitation energies or between the

The explicit form of x{(q,w—id) is known [47]. When highest discrete excitation energy and the continuum thresh-
continued to the entire complex angular frequency plane imld. Each such zero gives rise to a pole in the corresponding
the process of inverting the Fourier transform on time, itseigenvalue of¢™*(r,r’;z) or Xgl(r ,I'";z) at the same. Upon
only singularities are a second-order pole at infinity andFourier transform to the time domaig*(r,r’;t-t’) and
bounded branch cuts just above the real axis.coke (k= x X(r,r’;t-t’) each contains a causal contribution from the
is the Fermi wave numbgrthere is one bounded branch cut pole which oscillates with angular frequency corresponding
at z=w+i5, with [o|<(%/2m)(2keq+q?); for q>2kg there  to the excitation energy far=t’ and vanishes fot’ >t.
are two, with (/2m)(=2keq+0?) < || < (7/2m)(2keq + ). In conclusion, the causality ofy(r,r’;t-t’) and
xs(g,w) has no zeros away from the branch cuts. xs(r,r’;t=t") forces the eigenvalues of(r,r';w) and

x:1is also uniform in space and time and therefore diago+(r,r';w) to have singularities only in the upper half
nalized by Fourier transformation. Its eigenvalues are simply;omp|ex-frequenc)1/ plane. The corresponding eigenvalues of

1 _ X Xr,r";w) andx:}(r,r’; w) can therefore also have singu-
Xs (0,) = 1xe(q, ). (A1) larities only in thé upper half plane apart from the second-
The second-order pole in(q, w) at w= yields the follow-  order pole at. This arises from the fact that entersy and

ACKNOWLEDGMENTS

APPENDIX A: CAUSALITY OF X;l AND X!

ing behavior inxgl(q,w) at ce: Xs only in the combinationw—id, /0, which does not
@ change when their eigenvalues are inverted to obgatrand
_ Cdq -1 iti
Xsl(q,w) — A(Q)w?+ByQq) + 2)2 + ..., (A2) Xs - Those quantities must therefore always be of the form
o0 FUt-t) =AS(t-t)) +Ba(t-t)") + ¥ Ht-1)",
Al == o
(@)= ng?’ wherex X(t-t')" is nonlocal and causal in time.

032515-7



M. H. COHEN AND A. WASSERMAN PHYSICAL REVIEW A71, 032515(2009

APPENDIX B: SECOND FUNCTIONAL DERIVATIVE (h
ASYMMETRY D(t) =7 exp| —i f dt'H{v] [Py, (B2)
t,

In Sec. Il below Eq.(36), we have pointed to the modi- ’

fication of the support of(r ,t) in n[v] by the first functional ~ Where

derivative of Alv] with respect tov as the origin of the ~ ,

asymmetry of its second derivatiye Alternatively, one can Tulv] = H[v], t € (to), 83)

preserve the support on which the functigin ,t) is defined, 0, t' e (t,ty).

but then the second level of definition, the function space on . .

which the functional is defined, must change. Consider, forl "US: by changing the operator space on which the argument

example, the maM;: V— ®, Eq. (7), which, together with  of the functional, now the operatdt[v], is defined, we

Eq. (18) defines the mapl;: V—N,, n=n[v]. A more ex- have formally restored the support ofto (t,,t;). However,

plicit expression of that map would be that does not eliminate the asymmetry; it trivially shifts the
location of its origin, viz.,

n=n[H[o]], (B1) .
according to Eq(7), in whichv(r,t) is supported ority, t). 6h(r’,t2 = m([’t) 577* —=0, t'>t. (B4)
However, Eq.(7) can be rewritten as oo(r',t') sy, ou(r',t')
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