Spurious predictions with random time series:
The Lasso in the context of paleoclimatic reconstructions.
A Discussion of
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The abstract of the article by Blakeley B. McShane and Abraham J. Wyner (hereafter, MW2010)
asserts that “the proxies do not predict temperature significantly better than random series gen-
erated independently of temperature,” a claim that has already been reproduced in the popular
press [The Wall Street Journal, 2010]. If this assertion is correct, then MW2010 have undermined
all efforts to reconstruct past climate, which are based on the fundamental assumption that nat-
ural proxies are predictive of past climate. Such a bold claim warrants more investigation than is
provided in MW2010.

More specifically, MW2010 find that, under certain scenarios and using the LASSO to fit re-
gression models, randomly generated series are as predictive of past climate as the commonly used
proxies (MW2010, Fig. 9). There are (at least) two explanations for this result: 1) the proxies
are no better than random series, or 2) some aspect of the LASSO method fails to make efficient
use of the information in the proxies. The results of a simple experiment with surrogate data
and considerations of the properties of the LASSO shows the latter explanation to be correct: the
LASSO, as applied in MW2010, is simply not an appropriate tool for reconstructing paleoclimate.

The LASSO [Tibshirani, 1996] is a well-established technique for fitting regression models in
which the number of variables is greater than the number of observations (n >> p). As noted in
MW2010, the LASSO generally results in many of the regression coefficients being set to zero, so
acts as a variable selection procedure that “helps reduce the problem of spatial correlation amongst
the proxies.” (Page 13). For these reasons, MW2010 “believe it should provide predictions which
are as good or better than other methods” (page 14), and an investigation of the LASSO’s utility

in the paleoclimate context is certainly welcome.
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To shed the light on the MW2010 result that, using the LASSO, random series are as predictive
of past climate as the actual proxies, I turn to an experiment with surrogate data. The “target”
time series, analogous to the Northern Hemisphere mean temperature time series in MW2010, is
the sum of a simple linear trend and an AR(1) process, y(t) = .25-t+¢€(t),t = 1...149. The AR(1)
coefficient in the € process is 0.4, and the variance of the innovations is 1.

I then generate 1138 “pseudo-proxy” time series by adding white noise to this target series. The
signal to noise ratio (SNR) of these pseudo-proxies, expressed as the ratio of the standard deviation
of the target time series to the standard deviation of the additive white noise, will take on a range
of values (4,2,1,1/2,1/4,1/8). In order to compare the performance of these pseudo-proxies to
random series, I generate 1138 independent AR(1) time series, each of length 149; the common
AR(1) coefficient, «, for these random series will take on a range of values (0, 0.2, 0.4, 0.6, 0.8, 1.0).
Two regression models are then fit using 119 of the 149 observations. The 30 withheld observations,
either from one end or the middle of each data set, are used to calculate the out-of-sample root
mean squared error (RMSE) for each model.

The first model, referred to as “composite regression,” involves averaging across all predic-
tor series (either the pseudo-proxies or the random series), and then using this single, composite
series to predict the target via ordinary least squares regression. The second model applies the
LASSO to all predictor series, and is fit using the algorithm described in Friedman et al. [2007,
2010] and the glmnet package for Matlab (available at http://www-stat.stanford.edu/~tibs/
glmnet-matlab/). I do not perform the cross-validation procedure used in MW2010 to determine
the LASSO penalization parameter (A on page 13 of MW2010). Instead, I use the default setting of
the glmnet package, which sets A to be 0.05 times the smallest value of A for which all coefficients
are zero. The LASSO penalization is thus very small.

I generate 1000 target time series, and run 2 -2 - (6 + 6) = 48 experiments on each. There
are two levels to both the “method” factor (LASSO and composite regression) and “validation”
factor (values withheld from the end or middle of each data set). There are twelve levels to the
“predictor” factor, divided into 2 sub-factors, as the predictors are formed by adding white noise to
the target series (6 different SNRs), or by generating independent AR(1) series (6 different values
of a). Box plots of the out of sample RMSE are shown in Figures 1 and 2, and box plots of the
ratio of the LASSO RMSE to the composite regression RMSE are shown in Figure 3.

First and foremost, composite regression results in lower RMSE values than the LASSO for all
values of the pseudo-proxy SNR, when either the end or the middle of the data set is withheld.
Withholding the end (middle) of the data sets for validation, the LASSO RMSE is about 7.5 (2.5)
times larger than the composite regression RMSE for a pseudo-proxy SNR of 1/4. This is a clear
indication that the LASSO is not making effective use of the information contained in the pseudo-
proxies. If each of the 1,138 proxies from Mann et al. [2008] used by MW2010 is indeed informative
of the Northern Hemisphere mean, but only weakly so, then the LASSO is simply not an optimal
analysis tool for using them to infer past climate.

Applying the LASSO to AR(1) series with sufficiently high a values results in lower out-of-
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Figure 1: Out-of-sample RMSE calculated using 30 values withheld from the end of each surrogate
data set. Left column: using pseudo-proxies as predictors. Right column: using independent AR(1)
series as predictors. Top row: regression using the LASSO. Bottom row: composite regression.

sample RMSE values than applying the LASSO to the noisier pseudo-proxies (compare the two top
panels in Figures 1 and 2). This is the result discussed in MW2010: the LASSO gives better results
when applied to highly structured, random time series than when applied to noisy predictors that
do in fact contain information about the target series.

When values from the end of the data set are withheld (Figure 1), composite regression on the
pseudo-proxies (lower left) results in lower RMSE than regression with the LASSO on the AR(1)
series (upper right), for all values of the pseudo-proxy SNR and AR(1) coefficient. Note, however,
that the limiting case of an SNR of zero for the pseudo-proxies corresponds to using AR(1) series
with @ = 0. For values of & > 0.8, the LASSO on the AR(1) series results in lower RMSE than
using the composite regression on AR(1) series with o = 0 (equivalent to an SNR of 0). Thus, for
very noisy proxies and high values of a, the LASSO applied to random series results in lower out of
sample RMSE than either the LASSO or composite regression applied to the pseudo-proxies. This
result can be explained by the structure of the surrogate data experiment, which sets the target
series to be linear in time, with additive AR(1) noise. Consider applying the LASSO to AR(1)
series with v = 1, which results in non-zero coefficients for only those predictor series that display
strong, unidirectional trends over the calibration interval. By the nature of a random walk, the
expected value of a predictor series during the validation interval is the last value in the calibration

interval. In contrast, as the SNR — 0, composite regression on the pseudo-proxies approaches (in
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Figure 2: As in Figure 1, but withholding 30 observations from the middle of each surrogate data
set. Note the change in vertical scale from Figure 1.

expectation) the intercept model, where the predicted values during the validation interval are given
by the mean over the calibration interval. These features are illustrated in Figure 4, which plots
representative results of applying the LASSO to random walk predictors and composite regression
to white noise predictors. Note that if the target series reverts to the calibration mean during the
validation interval, then the performance of the LASSO using random walk predictors will suffer,
while that of composite regression on white noise series will improve.

When the withheld values fall in the middle of the data set (Figure 2) the intercept model is
actually quite good, as evidenced by the fact that the RMSE box plot for composite regression on
white noise series (v = 0) is centered at the same value as that for composite regression applied
to pseudo-proxies with an SNR of 1/8. As above, for sufficiently high values of o and sufficiently
low values of the pseudo-proxy SNR, applying the LASSO to AR(1) series results in lower RMSE
values than applying either composite regression or the LASSO to pseudo-proxies. This result
The LASSO applied to AR(1)
series picks out those series that have strong, monotonic trends for both the early and late parts
of the data set.

discrete Brownian bridges, pinned by the two values on either side of the calibration interval. In

can likewise be explained by the structure of the experiment.
When a = 1, the predictor series during the validation interval behave like
expectation, then, the predictors picked by the LASSO will display linear trends over the validation

interval, a feature illustrated in Figure 4. If the target series during the calibration interval has a

(roughly) linear structure, as is the case in these experiments, then the LASSO applied to highly
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Figure 3: Ratio of the RMSE values from the LASSO to those from composite regression. Left
column: using pseudo-proxies as predictors. Right column: using independent AR(1) series as
predictors. Top row: RMSE ratio calculated using 30 values withheld from the end of each surrogate
data set. Bottom row: RMSE calculated using 30 values withheld from the middle of each surrogate
data set. Note the change in vertical scale between the left and right panels.

autocorrelated AR(1) series successfully exploits the time series structure of the predictors. The
resulting predictions have generally lower RMSE than either the LASSO or composite regression
applied to sufficiently noisy pseudo-proxies.

These results are (in part) a product of the structure of this experiment, which involves predict-
ing a target series with a constant linear trend. Note, however, that many of the 30 year hold-out
blocks used in MW2010 (their Figure 8) display strong linear trends, so the experiment presented
here is immediately applicable to the interpretation of the MW2010 results. MW2010 point out
that highly structured random series (large «) are well suited to interpolation, and to a lesser
extent extrapolation, on short time scales (page 22). As the variance of the white noise component
of the pseudo-proxies increases, these predictors become both less informative of the target series,
and less structured in time. At a certain SNR, short term interpolations or extrapolations based
on independent, but more temporally structured series, perform better. This threshold SNR is
a decreasing function of the length of the extrapolation/interpolation interval. As the goal in a
paleoclimate context is extrapolation on long timescales, composite regression on extraordinarily
noisy proxies will outperform the LASSO applied to random walks.

As evidenced by the modeling and analysis approach adopted in Section 5, MW2010 clearly

favor Bayesian methods. It is both apt and revealing to consider the Bayesian interpretation of
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Figure 4: Example fits from applying the the LASSO to random walk predictors and composite
regression to white noise predictors. Values are withheld for validation from either one end (left
panel) or the middle (right panel) of the surrogate data set.

both the LASSO and the composite regression approaches considered here. Following the notation
of MW2010, the basic model for both analyses is,

p
yi=Bo+ > wiiB+ e (1)

j=1
e ~ N(0,0?), iid Vi.

The LASSO results from placing a flat prior on fy and a common double-exponential prior on
each 8,7 > 1:

p(Bo) x 1 (2)
A AlB;]
P(Bj) = Jzcap (— 507 > :

Under these priors, the posterior distribution of the regression coefficients (conditional on A and
0?) takes the form,

n
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The posterior mode (conditional on A and ¢2) results from minimizing the argument of the exponent
with respect to the ;,5 = 0...p. This is equivalent to the LASSO optimization problem [Park
and Casella, 2008, cf. MW2010, page 13]. It is difficult to imagine a scientifically defensible reason
for specifying such a prior in the paleoclimate context. In a Bayesian analysis, draws from the
conditional posterior for the 8 will never result in any of the coefficients being exactly equal to

zero: the posterior mode (i.e., the LASSO) is structurally much different from all draws.



Now consider an alternative parameterization, 8; = u + d;,7 = 1...p, which expresses each
regression coefficient as the sum of a term common to all and a deviation. Place flat priors on (5

and p, and a common double-expoential prior on the 4;:

p(Bo) o 1 (4)
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The posterior of fy, p1, and the 0; is then (conditional on A and o),
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where Z;. is the average across the p predictors for the i*" observation. This hierarchical model
shrinks the regression coefficients, 3; = u + 9d;, towards a common, data determined value. In the
limit as all ; — 0, the J; drop out, and the mean across the design matrix is the sole predictor:
this is the simple composite regression model used in the surrogate data experiments. Setting u to
zero (i.e. replacing the flat prior with a unit mass at zero) results in the LASSO model used by
MW2010.

Both the LASSO and the composite regression approach are shrinkage estimators that can be
understood in terms of the priors placed on the regression coefficients. The LASSO shrinks the
predictors towards zero, and use of the posterior mode results in many of the coefficients being set
to exactly zero. If each of the predictors is informative (even weakly so) of the target, then the
LASSO does not use all available information. Composite regression is a limiting case of placing a
common double-exponetial (or normal, for that matter) prior distribution on the deviations of the
regression coefficients from their mean value, and placing a flat prior on this mean value. This prior
shrinks the regression coefficients towards a common, data determined value. If all predictors share
a similar relationship with the target series, then this is a reasonable assumption. Put crudely, the
LASSO is an, “if in doubt, throw it out” estimator, while placing the double exponential prior on
the ¢; is an “if and doubt, shrink it to the average” estimator.

As demonstrated here, the LASSO gives inferior results in situations where each of a large
number of predictors is only weakly correlated with the target series, but the mean across all pre-
dictors is highly correlated with that target. As an analogy, consider the music produced by a large
orchestra. Each individual instrument may be only weakly correlated with the overall sound of the
orchestra, but (ignoring differences in volumes) the simple average across all instruments gives the
performance heard by the audience. The LASSO, is contrast, picks out only those few instruments
that are most correlated with the overall composition during a calibration interval, and these few
instruments can be poorly correlated with the performance as a whole outside of this interval.

Within the paleoclimate context, where the expectation is that each proxy is weakly correlated to



the northern hemisphere mean (for two reasons: proxies generally have a weak correlation with
local climate, which in turn is weakly correlated with a hemispheric average) the LASSO as used
by MW2010 is simply not an appropriate tool. It throws away far too much information.

More generally, MW2010 have perhaps missed a larger point. The presence of a large number of
correlated predictors is intrinsic to the paleoclimate reconstruction problem, and has a geophysical
basis. MW2010 state that, “it is unavoidable that some type of dimensionality reduction is necessary,
even if there is no principled way to achieve this” (page 8-9). This is simply not the case. A more
scientifically sound approach recognizes that the proxies are related to the local climate, which in
turn displays both spatial and temporal correlation. These ideas can be encoded in hierarchical
statistical models, which can combine the specification of a parametric spatiotemporal covariance
form for the target climate process (e.g., surface temperature anomalies) with reasonable forward
models that describe the conditional distribution of the proxy observations, given the climate
process. Such approaches naturally account for the p >> n problem, and for the strong correlations
between the proxies. These models are derived from the rich development of Bayesian statistics
over the past twenty years, and are being adapted by the paleoclimate community. See Tingley

and Huybers [2010] for a specific example, and Tingley et al. [2010] for a comprehensive discussion.
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