PHYSICAL REVIEW B 68, 104201 共2003兲

Isotopic disorder in Ge single crystals probed with

73

Ge NMR

S. V. Verkhovskii
Institute of Metal Physics RAS, Ekaterinburg 620066, Russian Federation

A. Yu. Yakubovsky
Ecole Supérieure de Physique et de Chimie Industrielles, Paris, France
and Russian Research Centre ‘‘Kurchatov Institute,’’ Moscow 123182, Russian Federation

B. Z. Malkin
Kazan State University, Kazan 420008, Russian Federation

S. K. Saikin
Clarkson University, Potsdam, New York 13699, USA
and Kazan State University, Kazan 420008, Russian Federation

M. Cardona
Max-Planck-Institut für Festkörperforschung, D-70569 Stuttgart, Germany

A. Trokiner
Ecole Supérieure de Physique et de Chimie Industrielles, Paris, France

V. I. Ozhogin
Russian Research Centre ‘‘Kurchatov Institute,’’ Moscow 123182, Russian Federation
共Received 5 April 2003; published 8 September 2003兲
NMR spectra of 73Ge 共nuclear spin I⫽9/2) in germanium single crystals with different isotopic compositions have been measured at the frequency of 17.4 MHz at room temperature. Due to the small concentration
(⬃0.1%) of the magnetic ( 73Ge) isotope, the magnetic dipole-dipole interaction is negligible in the samples
studied, and the observed specific features of the resonance line shapes 共a narrow central peak and a wide
plateau兲 are determined mainly by the quadrupole interaction of magnetic nuclei with the random electric-field
gradient 共EFG兲 induced by the isotopic disorder. The second and fourth moments of the distribution function
of the EFG are calculated taking into account local lattice deformations due to mass defects in the close
neighborhood of the magnetic nuclei, as well as charge-density redistributions and lattice strains induced by
distant impurity isotopes. The simulated line shapes, represented by a superposition of Gaussians corresponding to individual transitions between nuclear Zeeman sublevels, agree reasonably well with the measured
spectra.
DOI: 10.1103/PhysRevB.68.104201

PACS number共s兲: 76.60.⫺k, 76.60.Gv, 76.60.Es

I. INTRODUCTION

The elemental semiconductors 共diamond, silicon, germanium兲 contain different stable isotopes, and thus constitute
the simplest type of a disordered solid. All physical properties of crystals depend, to some degree, on their isotopic
composition. Detailed reviews of isotopic effects in the lattice dynamics of elemental semiconductors with a diamond
structure and of binary compounds with a zinc-blende structure have been published recently.1–3 Raman light scattering
has been the main experimental method of studying frequencies and lifetimes of phonons in isotopically disordered crystals, although some inelastic-scattering work has been
reported.4 Comprehensive studies of Raman scattering in
germanium and silicon crystals with different isotopic composition are presented in Refs. 5 and 6. The thermal conductivity and the heat capacity of the isotopically enriched Ge
samples have been reported in Refs. 7 and 8.
Isotopic disorder affects the primary interatomic interac0163-1829/2003/68共10兲/104201共10兲/$20.00

tions through the changes of interion distances only. The
influence of the isotopic composition on the lattice constant
can be described as the combined effect of the third-order
anharmonic terms in the potential energy of the lattice expanded in terms of displacements of atoms from their equilibrium positions and of the correlation functions of dynamic
atomic displacements which depend on atomic masses.9 A
thermodynamic description of this effect based on Grüneisen
parameters has also been used.10 The resulting change in the
lattice constant, like the shift of the phonon frequencies, depends on the average isotope mass of the corresponding atoms. Another type of isotopic effect is produced by the random distribution of isotopes over the crystal lattice. This
randomness causes local fluctuations of a crystal density and
local lattice deformations, which perturb the translational invariance of a crystal lattice. In the disordered lattice, some
selection rules, based on phonon quasimomentum conservation and the symmetry properties of the perfect lattice, are
lifted. In particular, first-order Raman scattering by phonons
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throughout the Brillouin zone may be observed, and nonvanishing components of the electric-field gradient 共EFG兲 appear at the sites of the lattice with nominally cubic symmetry.
The random lattice strains may be studied by measuring
NMR in the magnetic isotopes with the nuclear spin I⬎1/2
and, correspondingly, with a nonzero nuclear quadrupole
moment. Impurity centers disturb the distribution of the electronic and nuclear charges and induce long-range lattice
strains with an r ⫺3 dependence on the distance from the
center. Both the charge redistribution and the lattice distortions bring about random variations of the EFG at nuclear
quadrupole moments. The structural information in disordered solids that may be extracted from the distribution of
the EFG was already considered more than 40 years ago. The
inhomogeneous quadrupolar broadening and profile changes
of NMR lines were used, in particular, for quantitative studies of the lattice strains due to solute ions in alkali halide
crystals with substitutional isovalent impurities11,12 and for
estimations of concentration of vacancy-type defects in
GaAs.13
Remarkable changes of the 73Ge NMR line shape, depending on the isotopic composition of a germanium crystal
and on orientation of the external magnetic field relative to
the crystallographic axes, were observed in previous work.14
They suggest the possibility of monitoring the relative role of
two main mechanisms of line broadening 共magnetic dipoledipole and electric quadrupole interactions兲 in crystals of
high purity by varying the isotopic composition of the
samples. In the perfect monoisotopic germanium crystal, the
EFG is zero at the lattice sites with T d symmetry. The lattice
strains due to mass fluctuations in the isotopically disordered
sample induce random nonzero field gradients and cause the
quadrupole broadening of magnetic dipole transitions between Zeeman sublevels of 73Ge nuclei 共with nuclear spin
I⫽9/2).
In the present work, we compare experimental data taken
from samples with different degrees of isotopic disorder and
with the ineffective magnetic dipole-dipole broadening
mechanism due to a very small concentration of magnetic
73
Ge nuclei. A theoretical discussion of the NMR line shape
and of the quadrupole broadening induced by isotopic deformations in the crystal lattice is given. Both the random EFG
at the magnetic nuclei and random lattice strains are included
in the framework of the anharmonic model of the adiabatic
bond charges.15,16
II. THEORY OF QUADRUPOLE BROADENING OF THE
73
Ge NMR LINE IN ISOTOPICALLY DISORDERED
AND MAGNETICALLY DILUTED
GERMANIUM CRYSTALS

The Hamiltonian of the subsystem of the 73Ge magnetic
nuclei in the germanium single crystal 共the lattice sites are
labeled by k, j) can be written as follows:

H⫽

兺k H Zk ⫹ 兺k H Qk ⫹ j⬎k
兺 H ddjk ⫹H 1 ⫹H 2 .

共1兲

Here, the first term stands for the interaction with the external magnetic field H. In the system of coordinates with the z
axis directed along the magnetic field, the nuclear Zeeman
energy is
H Zk ⫽ ␥ បHI zk ,

共2兲

where ␥ ⫽2  ⫻1.493 MHz/T is the 73Ge nuclear gyromagnetic ratio. We consider here the strong magnetic-field approximation when quadrupole splittings and the energy of
the magnetic dipole-dipole interaction are much less than the
Zeeman splitting. In this case the second term in Eq. 共1兲,
corresponding to the energy of the nuclear quadrupole moment Q⫽⫺0.173⫻10⫺24 cm2 共Ref. 17兲 in the static lattice,
is
HQ
k⫽

e 2 QV zz 共 k 兲
2
⫺I 共 I⫹1 兲兴 ,
关 3I zk
4I 共 2I⫺1 兲

共3兲

where V zz (k) is the corresponding component of the EFG
tensor 共in units of proton charge e). The third term in Eq. 共1兲
describes the secular part of the magnetic dipole-dipole interactions (r jk is the vector connecting magnetic nuclei兲:
1

2 2
H dd
jk ⫽ ␥ ប
r 3jk

冉

1⫺

3z 2jk
r 2jk

冊

共 3I z j I zk ⫺I j Ik 兲 .

共4兲

The nuclear-spin-phonon interactions, linear and quadratic in
displacements of atoms from their equilibrium positions, are
represented by the last two terms in Eq. 共1兲, respectively.
The EFG is a functional of the charge density in a crystal.
As mentioned in the Introduction, the static part of the EFG
at lattice sites vanishes in the perfect germanium crystal. The
random distribution of different germanium isotopes lowers
the local lattice symmetry and induces fluctuations of the
EFG. The corresponding fluctuations of the quadrupole energies and the magnetic dipole-dipole interactions contribute
to the NMR linewidth and determine the line shape of the
NMR signal. An analysis of the line shape may be carried
out by using the statistical method18 –20 or the method of
moments.21 As we have shown earlier,14 in the germanium
crystal with a natural isotope abundance 共7.7% of magnetic
nuclei兲,22 contributions to the linewidths of the NMR signals
from the magnetic dipole-dipole interaction and the isotopic
disorder have comparable values.
In the present work, we have measured NMR spectra in
two magnetically diluted isotopically tailored germanium
crystals containing ⬃0.1% of the 73Ge isotope, in order to
single out the quadrupole line broadening due to isotopic
disorder. From estimates of the contributions of the magnetic
dipole-dipole interaction to the second moment of the resonance line, one may expect magnetic linewidths of the order
of 1–10 Hz, thus the observed line shape would be determined mainly by the random EFG. The samples differ essentially in the degree of the isotopic disorder 共see Table I兲 that
can be characterized by moments of the mass fluctuations
g n ⫽ 具 ⌬m n 典 /m n , where m⫽ 兺 i c i m i is the average atomic
mass, c i is the concentration of isotope i, and 具 ⌬m n 典
⫽ 兺 i c i (m i ⫺m) n . It should be noted that in the earlier studies
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TABLE I. Sample characteristics and parameters of the NMR line shapes measured at room temperature.
Columns ⌬  Q contain fitted and calculated 共in parentheses兲 quadrupole widths. Columns  Q display the
calculated ratios of the fourth moment to three times the square of the second moment of the distribution
functions of the quadrupole shifts.
H储 关 001兴

Sample
m
共atomic
units兲

Isotope
content
共%兲

H储 关 111兴

104 g 2

108 g 4

⌬Q
共Hz兲

Q

⌬Q

Q

0.775

27.9

10.28
共9.5兲

4.13

37.04
共24.2兲

1.62

15.32

263.5

46.4
共44.2兲

0.87

144.7
共111.6兲

0.97

70

Ge: 96.3
Ge: 2.1
73
Ge: 0.1
74
Ge: 1.2
76
Ge: 0.3
72

70

Ge
70.03

70

Ge: 43
Ge: 2
73
Ge: 0.1–0.2
74
Ge: 7
76
Ge: 48
72

70/76

Ge
73.20

of nuclear acoustic resonance in single-crystal germanium
with natural 73Ge abundance23 a Gaussian line shape for the
⌬ I z ⫽⫾2 transitions was detected in a magnetic field along
the 关110兴 direction at room temperature, having a second
moment of 0.034 G2 关the corresponding full width at half
maximum 共FWHM兲 is 64 Hz and agrees with our data兴.14
This width was explained in Ref. 23 as the sum of dipoledipole and pseudoexchange contributions. Effects of the isotopic disorder were neglected, and the treatment used for the
pseudoexchange is questionable 共see below兲.
In the bond charge model, a primitive cell of the germanium crystal lattice 共with the translation vectors a1
⫽a 关 0 1/2 1/2 兴 , a2 ⫽a 关 1/2 0 1/2 兴 , and a3 ⫽a 关 1/2 1/2 0 兴 ,
with a⫽0.56575 nm the lattice constant兲 contains two germanium atoms 关at the lattice sites r1 ⫽(0 0 0), r2
⫽a(1 1 1)/4] and four bond charges.15 The EFG at the 73Ge
nucleus located at the lattice site L⫽0, ⫽1 (L is the unitcell label, and  specifies the sublattice兲 can be written as
follows 共here and below, Cartesian coordinates of vectors are
labeled by Greek indices; the summation over the same
Greek indices is always supposed兲:
V ␣␤ ⫽

兺
L,

冉

冊

Z L 共 1⫺ ␥ L 兲 3X ␣ 共 L0,1 兲 X ␤ 共 L0,1 兲
⫺ ␦ ␣␤ ,
R 3 共 L0,1 兲
R 2 共 L0,1 兲
共5兲

where
X ␣ 共 LL ⬘ , ⬘ 兲 ⫽X ␣ 共 L, 兲 ⫺X ␣ 共 L ⬘ , ⬘ 兲

共6兲

are relative coordinates of the lattice sites. In Eq. 共5兲 Z L is
either the atomic charge Z a (⫽1,2) or the bond charge
Z b (⫽3,4,5,6), and ␥ L is the corresponding antishielding
constant that depends on the distance R(L0,1). For the
perfect lattice, it follows from the electroneutrality of a unit
cell that Z a ⫽⫺2Z b ⫽⫺2Z 0 . The value of the bond charge
is determined by the overlapping of electron wave functions

localized on the nearest-neighbor Ge atoms. We assume, following Ref. 16 where dispersion of the Grüneisen parameters
of different lattice modes in homopolar and heteropolar
semiconductors was analyzed, that in the deformed lattice
共under static or dynamic perturbations兲 the atomic charge
equals one-half of the sum over four nearest-neighbor bond
charges with opposite signs, and the bond charge depends on
the length of the corresponding bond r b as follows:
Z b 共 r b 兲 ⫽Z 0

冉冊
rb

r 0b



,

共7兲

where r 0b ⫽ 冑3a/4 is the length of the undeformed bond. We
do not consider explicitly mechanisms of screening of the
crystal electric field. The static dielectric constant of Ge,
⫽16, is determined mainly by electronic polarization.24 We
used the effective value of the bond charge Z 0 ⫽⫺0.4 determined from the analysis of the phonon spectrum in Ref. 15.
This value is also not far from the average bond charge of
about ⫺0.58 calculated within the local-density approximation in the density-functional theory.25 The exponent  in Eq.
共7兲 and the antishielding constants ␥ a ⫽ ␥ ⬁ for all atomic
charges and bond charges except the nearest-neighbor bond
charges, and ␥ b for the nearest bond charges, are treated as
fitting parameters of the model.
The isolated mass defect at the lattice site (L) with the
mass difference ␦ m relative to the average atomic mass m
induces a totally symmetric local lattice deformation. In the
case of a large distance r(L0,1) between the mass defect
and the 73Ge nucleus at the site L⫽0, ⫽1 under consideration, the effect of this local lattice deformation on the EFG
at the magnetic nucleus may be considered as twofold: The
redistribution of the charge density in the vicinity of the mass
defect that contributes directly to the EFG defined in Eq. 共5兲,
and the strains in the vicinity of the magnetic nucleus which
induce the EFG through the gradient-elastic tensor S: 11
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Here the labels L(⫽1,2) mean that the corresponding
quantity is related to the mass defect at the site (L). In the
Ge crystal lattice composed of two cubic face-centered Bravais sublattices, only the S 11 , S 12 , and S 44 components of
the tensor S 共we use the Voigt notation in the crystallographic system of coordinates兲 are nonzero, and only two
independent linear combinations (S 11⫺S 12 and S 44) can be
obtained from experimental data on nuclear acoustic resonance 共NAR兲.23 A volume change cannot induce an EFG in
the cubic lattice. Thus, S 11⫽⫺2S 12 , and we obtain
1
2

strain
␦ V zz
共 L 兲 ⫽ S 11关 2e zz 共 L 兲 ⫺e xx 共 L 兲 ⫺e y y 共 L 兲兴 ,

共9兲

␦ V strain
共 L 兲 ⫽2S 44e xy 共 L 兲 .
xy

共10兲

These relations are valid only for a homogeneous strain, such
as that found at large distances R(L0,1) from the lattice
point defect.
Displacements of atoms from the perfect lattice sites at
large distances r from the mass defect ␦ m i ⫽m i ⫺m in the
germanium lattice can be represented by26
u ix 共 r兲 ⫽

冉 冊

冋

x
c 11⫹2c 12 2 ␦ a
c 11⫹c 12
a
␦ m i 3 1⫹
 共 1⫺9p 2x
32 c 11
␦m
r
8c 11
⫹15p 4x ⫺15p 2y p z2 兲 ⫹

册

c 12
 共 1⫺3p 2x 兲 ,
c 11

共11兲

where p ␣ ⫽x ␣ /r, c i j are the elastic constants (c 11⫽12.88,
c 12⫽4.83, c 44⫽6.71 in units of 104 J/cm3 ),15  ⫽(c 11⫺c 12
⫺2c 44)/c 44 is the elastic anisotropy parameter 关it is supposed that 兩兩⬍1 in Eq. 共11兲兴, and ␦ a/ ␦ m is the latticeconstant change per unit isotope mass. Within the elastic
continuum approximation, the commonly used expression
for displacements u共r兲 may be obtained from Eq. 共11兲 by
setting ⫽0, and (c 11⫹2c 12)/c 11 ⫽ (1⫹  )/(1⫺  ), where
 is the Poisson ratio. The components of the strain tensor to
be used in Eqs. 共9兲 and 共10兲,
i
e ␣␤
共 L 兲 ⫽

再

冎

1  u ␣i 关 R共 L0,1 兲兴  u ␤i 关 R共 L0,1 兲兴
⫹
,
2
 X ␤ 共 L0,1 兲
 X ␤ 共 L0,1 兲

p

再

Charge coordinates

Displacement

Bond charge a 关 1/8 1/8 1/8兴
Atom a 关 1/4 1/4 1/4兴
Bond charge a 关 1/8 3/8 3/8兴
Atom a 关 0 1/2 1/2 兴

关 ␦ b ␦ b ␦ b 兴 ␦ b ⫽⫺0.218
关 ␦ a ␦ a ␦ a 兴 ␦ a ⫽⫺1.064
关 ⫺0.10 ⫺0.11 ⫺0.11兴
关 ⫺0.133 ⫺0.153 ⫺0.153兴

Let us denote the radial displacements of Ge atoms in the
first coordination shell of the isolated impurity isotope with
the unit mass defect ␦ m i ⫽1 as 冑3 ␦ a , the radial displacements of the nearest bond charges as 冑3 ␦ b , and the displacement vector of the bond charge with coordinates
(a/8)共1,3,3兲 as ( ␦ b1 ␦ b2 ␦ b2 ). The displacements of other
bond charges in this coordination shell can be obtained by
application of symmetry operations. It follows from the results of calculations, described in Ref. 14, that displacements
of more distant atoms and bond charges do not exceed onetenth of the nearest-neighbor displacements. The parameters
of the local lattice deformation ␦ a , ␦ b , ␦ b1 , and ␦ b2 were
calculated using the theory presented in Ref. 14, their values
are given in Table II. The anharmonic force constants used in
the calculations are discussed in the following section.
The anisotropic properties of a cubic lattice reveal themselves by different responses to the external magnetic field
along either tetragonal or trigonal symmetry axes. In the first
case 共H储关001兴兲, we obtain from Eqs. 共5兲 and 共13兲 the EFG
caused by the redistribution of the charge density in the vicinity of the mass defect in the following form:
ch,i
␦ V zz
共 L 兲 ⫽90共 ⫺1兲  共 1⫺ ␥ ⬁ 兲

冋

册

a2
␦mi
64

a
6
⫻ Z 0 ⌬⫹ ␦ Z b V ⫺2
5 关 R共 L0,1 兲兴 /R 共 L0,1 兲 ,
8
共14兲
whereas in the second case (H储 关 111兴 ),

共12兲

are easily obtained from Eq. 共11兲.
The components of the displacement vector ␦ rp of the pth
neighbor of the isolated mass defect in the lattice site (L),
having a charge eq p , are denoted below as ␦ x p , ␦ y p , and
␦ z p . The local lattice deformation induces a change in the
electric field at the site L⫽0, ⫽1 where we place a 73Ge
nucleus. The change of the crystal electric-field potential at
the large distance r from the mass defect, linear in ␦ rp , can
be written in the following invariant form:

␦ V 共 r兲 ⫽⫺ 兺 eq p

TABLE II. Parameters of the local lattice deformation induced
by the impurity isotope center at the site 共0 0 0兲 in the Ge crystal at
300 K 共in units of 10⫺7 nm per unit mass difference兲.

冎

15
共 r␦ rp /r 兲共 rrp /r 兲 2 ⫹O关共 r p /r 兲 3 兴 .
2r 4
共13兲

␦ V zch,i
共 L 兲 ⫽10) 共 ⫺1 兲  共 1⫺ ␥ ⬁ 兲
⬘z⬘

冋

a2
a
␦ m i Z 0 ⌬⫹ ␦ Z b
64
8

册

⫻兵 5V 05 关 R⬘ 共 L0,1 兲兴
6
⫹&V ⫺3
5 关 R⬘ 共 L0,1 兲兴 其 /R 共 L0,1 兲 .

共15兲

2
Here
⌬⫽8 ␦ a ⫺ ␦ b ⫺9 ␦ b1 ⫺6 ␦ b2 ,
V ⫺2
5 (r)⫽42xyz(3z
0
⫺3
2
5
4
2 2
4
5
⫺r )/r , V 5 (r)⫽z(63z ⫺70z r ⫹15r )/r , and V 5 (r)
⫽7y(3x 2 ⫺y 2 )(9z 2 ⫺r 2 )/r 5 , and the components of vectors
R⬘ are given with respect to the coordinates system x ⬘ ⫽(x
⫺y)/&,y ⬘ ⫽(x⫹y⫺2z)/ 冑6, and z ⬘ ⫽(x⫹y⫹z)/) with
z ⬘ 储 关 111兴 . We have included in Eqs. 共14兲 and 共15兲 additional
contributions to the EFG induced by the changes ␦ Z b
⫽(4 ␦ a /a)Z 0  of bond charges localized on the bonds connecting the mass defect with its nearest neighbors.
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The Hamiltonian of the quadrupole interaction of the 73Ge
nucleus at the site L⫽0, ⫽1 in the isotopically disordered
lattice can be represented as
e 2Q
2
⫺I 共 I⫹1 兲兴
␦ V i 共 L 兲 c i 共 L 兲 ,
HQ
关 3I zk
k⫽
4I 共 2I⫺1 兲
L,i
共16兲

兺

where c i (L) are random occupation numbers equal to unity
if the site (L) contains an atom with the mass m i . Additive
contributions to the fluctuations of the EFG from the distant
mass defects are determined by local strains and charge redistributions. For H储关001兴 and H储关111兴, from Eqs. 共9兲, 共11兲,
共14兲, and 共15兲, we obtain, respectively,
i
ch,i
␦ V zz
⫹ 21
共 L 兲 ⫽ ␦ V zz

␦ V zi ⬘ z ⬘ 共 B 3 兲 ⫽ 共 285⫹41.3 兲共 1⫺ ␥ ⬁ 兲 ␦ a Z 0 ␦ m i /a 4 ,
␦ V zi ⬘ z ⬘ 共 C 3 兲 ⫽ 共 ⫺60⫺21.4 兲共 1⫺ ␥ ⬁ 兲 ␦ a Z 0 ␦ m i /a 4 ,
where A 3 , B 3 , and C 3 correspond to three equivalent sites of
the type 关 a/2 a/2 0 兴 , three sites of the type 关 ⫺a/2
⫺a/2 0 兴 , and six sites of the type 关 a/2⫺a/2 0 兴 , respectively.
The simplest signature of the EFG distribution is its
mean-square value

具 ␦ V 2 典 ⫽ 兺 c i 兺 关 ␦ V i 共 L 兲兴 2 ⫽m 2 g 2 兺

i
i
S 11关 2e zz
共 L 兲 ⫺e xx
共 L 兲 -e iy y 共 L 兲兴 ,

共17兲

ch,i
i
i
␦ V zz
共 L 兲 ⫽ ␦ V z ⬘ z ⬘ ⫹ 34 S 44关 e xz
共 L 兲 ⫹e ixy 共 L 兲 ⫹e iyz 共 L 兲兴 .

共18兲

The contributions to the EFG from the mass defects occupying sites in the first and second coordination shells of
the magnetic nucleus were obtained as explicit functions of
parameters of the local lattice deformation directly from the
definition of the EFG in Eq. 共5兲. In particular, mass defects in
the first coordination shell of the magnetic nucleus do not
affect the nuclear quadrupole moment in the magnetic field
H储关001兴. In this case, the main contributions to the EFG are
induced by mass defects in the second coordination shell.
Neglecting shifts of the bond charges 共see Table II兲 and correlations between deformations due to adjacent mass defects,
we obtained for four equivalent defect positions of the type A
( 关 a/2 a/2 0 兴 ) and for eight equivalent positions of the type B
( 关 a/2 0 a/2兴 )
i
i
␦ V zz
共 A 兲 ⫽⫺2 ␦ V zz
共B兲

⫽ 共 ⫺285⫹0.66 兲 ␦ a Z 0 共 1⫺ ␥ ⬁ 兲 ␦ m i /a 4 .

i

共19兲

The largest quadrupole splitting is induced in a magnetic
field H储关111兴 by the mass defect at the nearest-neighbor site
A 1 ( 关 a/4 a/4 a/4兴 ) along the field direction 共the contributions from the three other equivalent sites B 1 in the first
coordination shell are three times smaller兲:

L

L

冋

册

␦ V i 共 L 兲 2
,
␦mi

共21兲

which determines frequency shifts of nuclear transitions. In
particular, the mean-square frequency shift of the ⫾3/2↔
⫾1/2 nuclear transition is

共 ⌬  Q 兲 2 ⫽ 具 共  ⫾3/2↔⫾1/2⫺  0 兲 2 典 ⫽

冋

册

2
3e 2 Q
具 ␦ V 2典 ,
4  បI 共 2I⫺1 兲
共22兲

where  0 ⫽ ␥ H/2 is the NMR frequency.
Due to a large number of random configurations of mass
defects that induce quadrupole shifts of nuclear sublevels of
comparable values in a strong magnetic field, the isotopic
structure of the NMR line is smoothed out, and the NMR
absorption line shape may be approximated by a function
with one maximum at the resonance frequency  0 . Some
information about this function may be obtained from estimates of its second (M 2 ) and fourth (M 4 ) moments. Contributions to these moments due to the random EFG are proportional to 具 ␦ V 2 典 关see Eq. 共21兲兴 and 具 ␦ V 4 典 , respectively,
where

具 ␦ V 4典 ⫽

冓冋兺
i

册冔
4

c i 共 L 兲 ␦ V i 共 L 兲

⫽3 共 具 ␦ V 2 典 兲 2 ⫹ 共 g 4 ⫺3g 22 兲 m 4

␦ V zi ⬘ z ⬘ 共 A 1 兲 ⫽⫺3 ␦ V zi ⬘ z ⬘ 共 B 1 兲 ⫽ 关共 1100⫺215 兲共 1⫺ ␥ ⬁ 兲

兺
L

冋

册

␦ V i 共 L 兲 4
.
␦mi

共23兲

⫺ 共 10 510⫺788 兲共 1⫺␥ b 兲兴 ␦ a Z 0 ␦ m i /a 4 .
共20兲
In this case the magnetic nucleus is displaced from the tetrahedron center, and the EFG includes the contribution from
the corresponding term in the crystal-field potential of the
perfect lattice. The diagonal EFG components along the
关111兴 crystallographic axis induced by mass defects in the
second coordination shell of the magnetic nucleus are

␦ V zi ⬘ z ⬘ 共 A 3 兲 ⫽ 共 ⫺165⫹1.42 兲共 1⫺ ␥ ⬁ 兲 ␦ a Z 0 ␦ m i /a 4 ,

It is well known that the fourth and the second moments
of the resonance signal are connected by the simple relation
M 4 ⫽3(M 2 ) 2 for a Gaussian. The calculated ratios  Q
⫽M 4 /3M 22 ⫽ 具 V 4 典 /3( 具 V 2 典 ) 2 共see Table I兲 do not differ much
from unity in the samples studied in this work. The sum of
Gaussians corresponding to magnetic dipole transitions
I z ↔I z ⫾1 with widths determined by the mean square 具 ␦ V 2 典
of the EFG fluctuations at the 73Ge nuclei is used below to
describe the isotopically induced quadrupole broadening of
resonance lines:
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f 共  兲⫽

冏冓 冏 冏 冔冏
1
1
I ⫺
2 x 2

m⫽9/2

2

␦共 ⫺0兲⫹

2 兩 具 m 兩 I 兩 m⫺1 典 兩 2

x
兺
2
2
1/2 exp
m⫽3/2 关  共 2m⫺1 兲 ⌬  Q /2兴
m⫽9/2

兺

m⫽⫺7/2

Here the transition ⫹1/2↔⫺1/2 is represented by a ␦ function because it is not affected by the EFG. To compare it with
the experimental results, the calculated line shape of the
function determined in Eq. 共24兲 must be convoluted with the
form function describing additional broadening of the NMR
line due to magnetic interactions linear in nuclear-spin operators, such as a residual inhomogeneity of the static magnetic field within the sample.
III. PARAMETERS OF THE MODEL

The quadrupole broadening of the NMR line affected by
the isotopic disorder is determined by parameters that can be
divided into two sets. The first set includes parameters of
anharmonic interactions in the crystal lattice. These parameters are used in the calculations of the local lattice deformations induced by the isolated impurity isotope in the homogeneous crystal. The second set includes antishielding
constants for the nearest bond charges ( ␥ b ) and all other
distant point charges ( ␥ ⬁ ), introduced in our model of the
quadrupole interaction, and the exponent  that determines
the changes of bond charges with the bond length. Both sets
of parameters may be obtained in the framework of the bond
charge model15,16 from the theoretical analysis of independent additional experimental data.
The parameters of anharmonic interactions can be fitted to
the measured temperature dependence of the expansion coefficient of germanium,27 and the isotopic effects on the lattice constant and its temperature dependence28,29 which have
been investigated recently with the use of the x-ray standingwave30,31 and backscattering32 techniques. The lattice constant at different temperatures and its dependence on the isotopic composition can be calculated from the minimum condition of the crystal lattice free energy.9,33 The full symmetric
deformation of the germanium crystal lattice is determined
by the trace of the strain tensor,
e ␣␣ ⫽⫺ 共 c 11⫹2c 12兲 ⫺1 T ␣␣ / v 0 ,

兩 具 m 兩 I x 兩 m⫺1 典 兩

再

⫺

共 ⫺0兲2
2
/2兴
关共 2m⫺1 兲 2 ⌬  Q

冎

.

共24兲

2

and the bond charges, and between the bond charges, respectively. We have been able to describe the temperature dependence of the germanium thermal expansion 关see Fig. 1共a兲兴
and of the lattice constant changes in the isotopically enriched germanium crystals 关Fig. 1共b兲兴 using the spectral densities of the correlation functions for relative dynamic displacements of Ge atoms and bond charges, obtained in the
framework of the bond charge model in our previous work,34
and the following values of the parameters defined above:
m ab ⫽8 (12.27),
m b ⫽⫺5
m a1⫺a2 ⫽⫺12 (⫺12.73),
(⫺1.18), and  ⫽⫺12 (12.55) 共values of the corresponding
parameters from Ref. 16 are in parentheses兲. The calculated
temperature dependence of the difference between linear coefficients of thermal expansion in the 70Ge crystal and in
the natural Ge crystal divided by the difference between
average atom masses 共this difference equals 2.59 a.u.兲, displayed by the dotted curve in Fig. 1共b兲, agrees satisfactorily with the experimental data of Ref. 29 in the range of

共25兲

where v 0 is the volume of the unit cell, and T ␣␤ is the internal stress tensor, a functional of spectral densities of
displacement-displacement correlation functions9 which depends on the temperature and the concentrations of the different Ge isotopes. In the framework of the anharmonic bond
charge model,16 the deformation tensor can be represented by
a linear function of the charge redistribution parameter 
defined in Eq. 共7兲 and of the parameters that characterize the
linear scaling of the central non-Coulombic atom-atom
(m a1⫺a2 ,) and atom-bond charge (m ab ) interactions, and of
the Keating bond-bending interaction (m b ) with the relative
change in the distance among the nearest-neighbor Ge atoms

FIG. 1. 共a兲 The thermal-expansion coefficient of Ge, and 共b兲 the
temperature dependence of the lattice-constant change per atomic
mass unit. Experimental data are shown by triangles 共Ref. 27兲,
circles 共Ref. 31兲, and squares 共Ref. 32兲; solid curves are obtained
from calculations 共see also Ref. 33兲. The dotted curve in 共b兲 represents the derivative of the solid curve 共the corresponding scale is
given on the right y axis兲.
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30–100 K. However, the experimental data above 100 K in
Fig. 2 of Ref. 29 are not correct. The parameters  of the
charge redistribution in the present work and in Ref. 16 have
been defined with different signs. In our model, the bond
charge increases with decreasing bond length; such a behavior correlates with the overlapping of atomic wave functions
and allows us to determine reasonable values of antishielding
factors 共see below兲. Using the expression 兩 Z 0 兩 ⫽Z/ for the
bond charge15,16 we also find an increase of 兩 Z 0 兩 with decreasing bond length since the latter induces a decrease in
.35
The parameters of the interaction between the 73Ge quadrupole moment and the crystal electric field can be obtained
from experimental data on nuclear-spin-lattice relaxation and
NAR. In our previous work,34 we were able to interpret the
temperature dependence of the spin-lattice relaxation time in
Ge single crystals in the framework of the anharmonic bond
charge model by introducing two different antishielding constants: ␥ b for bond charges, which are the nearest neighbors
of the 73Ge nucleus, and ␥ ⬁ for all other charges localized on
atoms and bonds. Additional information about the shielding
constants may be obtained from the measured components of
the gradient-elastic tensor,23 and the corresponding analysis
of this tensor in the framework of the bond charge model is
given below.
The displacements of atoms and bond charges u ␣ (L)
under uniform crystal lattice deformation are determined by
elastic strain tensor components e ␣␤ and sublattice internal
displacements w共兲:
u ␣ 共 L 兲 ⫽e ␣␤ X ␤ 共 L 兲 ⫹w ␣ 共  兲 ,

共27兲

The internal displacement w共兲 equals zero at the sites of
the sublattice  which are centers of inversion. The bond
charges in the perfect Ge crystal are at centers of inversion,
and their displacements under a uniform stress are determined entirely by components of the macroscopic strain tensor only. At the Ge atom sites with tetrahedral symmetry, the
components ⌫ xyz (1)⫽⫺⌫ xyz (2)⫽a  /8 of the tensors ⌫ 共1兲,
⌫ 共2兲 in the crystallographic system of coordinates are different from zero 共 is the single dimensionless parameter of
the internal displacements of atomic sublattices兲. The values
of these components were found from studies of the lattice
dynamics using the long-wave method. The parameters of
the quasiuniform lattice deformation induced by the longwave acoustic vibration with the wave vector q→0 and the
polarization vector e(q 兩 ) can be written as follows 共 is
the label of acoustic branches of the phonon spectrum兲:
1
e ␣␤ ⫽ 关 q ␣ Re e ␤ 共 0  兩  兲 ⫹q ␤ Re e ␣ 共 0  兩  兲兴 m 共  兲 ⫺1/2,
2
w ␣ 共  兲 ⫽m 共  兲 ⫺1/2q ␤


Im e ␣ 共 q 兩  兲 兩 q⫽0 .
q␤

S 11⫽

S 44⫽

共28兲

兺
L,

再

V zz,z 共 L 兲 Z 共 L0,1 兲 ,
兺
L,

1
关 V 共 L 兲 Y 共 L0,1 兲 ⫹V xy,y 共 L 兲 X 共 L0,1 兲兴
2 xy,x

冎

⫹V xy,z 共 L 兲关 ⌫ zxy 共  兲 ⫺⌫ zxy 共 1 兲兴 .

共29兲

With the third-order force constants V ␣␤ , ␥ (L)
⫽  V ␣␤ /  X ␥ (L0,1), calculated in the framework of the anharmonic bond charge model, we obtain
S 11⫽⫺1.161共 1⫺ ␥ b 兲 ⫹0.203共 1⫺ ␥ ⬁ 兲 ,
S 44⫽⫺

冉

共30兲

冊

1
5
1⫺  S 11⫺0.29共 1⫺ ␥ b 兲共 1⫺  兲 
2
2

⫹0.3 共 1⫺ ␥ ⬁ 兲 .

共26兲

where internal displacements are linear in components of the
strain tensor:
w ␣ 共  兲 ⫽⌫ ␣␤␥ 共  兲 e ␤␥ .

From calculations of imaginary parts of polarization vectors of acoustic modes at different points near the Brillouinzone center, we obtained the value of the dimensionless parameter ⫽0.523. A listing of the various values of the strain
parameter  found in the literature is given in Ref. 36. For
our calculations we took the typical value ⫽0.52.
According to Eqs. 共8兲–共10兲, we can express the nonzero
components of the gradient-elastic tensor in terms of antishielding factors for the nearest and distant charges, parameters
of internal displacements, and lattice sums:

共31兲

The absolute values 兩 S 11兩 ⫽7.08 and 兩 S 44兩 ⫽26.04 in units of
1024 cm⫺3 of the gradient-elastic tensor components in Ge
crystals were obtained from the NAR experiments in Ref.
23; the spin-lattice relaxation times at different temperatures
were measured in Refs. 34, 37, and 38. By fitting to the
experimental data the simulated rates of the quadrupole
NMR relaxation 共the corresponding theory was derived in
Ref. 34兲 and the components of the gradient-elastic tensor,
we obtained 1⫺ ␥ b ⫽9, 1⫺ ␥ ⬁ ⫽86.2 共for the fixed value of
⫽⫺12兲. The values of the gradient-elastic tensor components, as calculated with Eqs. 共30兲 and 共31兲, are S 11
⫽⫹7.08, S 44⫽⫹17.8 共in units of 1024 cm⫺3 ). It was shown
in Ref. 39 that simple ionic models cannot explain the observed ratio 兩 S 11兩 / 兩 S 44兩 in the tetrahedral III-V semiconductors. The discrepancy between experimental and calculated
values is due to the covalent character of interatomic bonds.
In the framework of the anharmonic bond charge model, this
effect is partly accounted for by the charge redistribution 共7兲
that accompanies shifts of Ge atoms from their equilibrium
positions. The simulated spin-lattice relaxation times T 1
agree fairly well with the measured data 共see Fig. 2兲.
The parameters of the anharmonic and quadrupole interactions presented above were used to calculate the second
关Eq. 共21兲兴 and fourth 关Eq. 共23兲兴 moments of the EFG distribution induced by the isotopic disorder in the samples studied in this work. The corresponding parameters of the quadrupole broadening of NMR lines are compared with the
experimental data in Table I.
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FIG. 2. Dependence of the spin-lattice relaxation time on temperature in Ge single crystals with natural isotope abundance. The
solid line represents the results of calculations; the black and open
circles correspond to experimental data from Ref. 34 and Refs. 37
and 38, respectively.

It should be noted that it is possible to obtain almost the
same absolute values of S 11 and S 44 components of the
gradient-elastic tensor 共with opposite signs兲 and a satisfactory description of relaxation rates using a positive value of
the parameter  ⫽12.55 共from Ref. 16兲 and the same value of
1⫺ ␥ b , but with 1⫺ ␥ ⬁ ⫽16, which might be compared with
the value 7.8 of this factor used in Ref. 23 together with the
Ge charge ⫹4. However, a comparison of phenomenological
parameters of models based on different physical grounds
cannot be justified.
IV. EXPERIMENTAL RESULTS AND DISCUSSION

NMR spectra of 73Ge have been measured in two single
crystals (6⫻6⫻6 mm3 ) of highly pure germanium 共carrier
concentration n carr⬃1012 cm⫺3 at 290 K兲 with different isotopic compositions 共see Table I兲. The density of dislocations
in the Ge crystals was less than 103 cm⫺2 as followed from
the decoration-etching test.40
The measurements were performed at room temperature
(T⫽300 K) with a Bruker ASX 500 NMR spectrometer that
operated at the resonance frequency of the 73Ge isotope
(  Ge⫽17.44 MHz in a field H⫽11.7 T). The free-inductiondecay 共FID兲 signal of the 73Ge isotope was detected after
applying a single exciting pulse with a duration of ⬃5  sec,
corresponding to a /3 exciting pulse. The spectral width of
the exciting pulse was enough to excite uniformly the whole
spectrum of 73Ge. The experimental procedure was repeated
many times after the time interval t⬃T 1 (300 K)⫽11 sec, 34
until the required signal-to-noise ratio (⬎50) had been
achieved. Approximately 4000 accumulations were necessary for getting the required performance. The spectra were
obtained by a Fourier transformation of the accumulated

FIG. 3. NMR spectra of 73Ge in single crystals, 70Ge and
Ge. The experimental data are represented by circles; the solid
lines correspond to the calculations.
70/76

FID. The experimental results are shown in Figs. 3共a兲 and
3共b兲 and Figs. 3共c兲 and 3共d兲 for H储 关 001兴 and H储 关 111兴 , respectively. Before carrying out the measurements, the inhomogeneity of the static magnetic field was minimized, with
the standard shimming procedure, to 0.2 ppm within the
sample, using the NMR signal of 39K nuclei (  K
⫽23.33 MHz) in an aqueous solution of KBr placed in a
capsule of the same shape as the crystals to be studied. The
resulting NMR line of 39K, which could be well represented
by a Lorentzian with the FWHM ⌬  app ⫽7 Hz, scaled in
width like the ratio of (  Ge /  K), was used to estimate the
parameters of the form function, which determined the spectrometer resolution.
In Figs. 3共a兲–3共d兲, the NMR lines in the 70Ge, 70/76Ge
samples are compared with the simulated signals, corresponding to the function of Eq. 共24兲 convoluted with a
Lorentzian profile whose width ⌬  app ⫽5.2 Hz was determined from the spectrometer resolution. The observed line
shapes depend strongly on the magnetic-field orientation and
are characterized by a plateau whose width increases with
increasing degree of isotopic disorder and with the rotation
of the magnetic field in the 共0 1 1兲 plane from the tetragonal
to the trigonal symmetry axis.
The parameters of the quadrupole broadening ⌬  Q of the
NMR lines extracted from the fits to the measured spectra for
orientations of the external magnetic field along the 关001兴
and the 关111兴 crystallographic directions are compared in
Table I. The calculated widths agree very well with the
widths of the fits of the simulated signals to the experimental
spectra for H储 关 001兴 . For H储 关 111兴 , the relative differences
between experimental and theoretical values of ⌬  Q are
similar to the relative difference between the measured and
calculated values of the S 44 component of the gradientelastic tensor 共see preceding section兲, and must have their
origin in the crude treatment of the covalent bond contribu-
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V. SUMMARY

FIG. 4. Measured 共filled symbols兲 and calculated 共open symbols兲 NMR linewidths as functions of the isotopic disorder parameter g 2 in magnetic fields H储 关 111兴 共squares兲 and H储 关 001兴 共circles兲.

tions to the EFG in the framework of the bond charge model.
As seen in Fig. 4, the measured linewidths ⌬  Q are proportional to the square root of the second moment of the isotopic
mass distribution. This fact justifies the use of Gaussian line
shapes to describe individual transitions between the nuclear
Zeeman sublevels. The ratio of the linewidths R
⫽ 关 ⌬  Q (H储 关 111兴 ) 兴 / 关 ⌬  Q (H储 关 001兴 ) 兴 , which determines
the anisotropy of the line shape due to the isotopic disorder,
should not depend on the sample. In the 70Ge and 70/76Ge
samples, the measured values of R equal 3.60 and 3.12, respectively 共preliminary data on NMR spectra in the 70Ge
sample, presented in Ref. 14, yielded a lower R value because of misorientation of the sample兲. The average R
⫽3.36 coincides with the R value extracted from the NMR
spectra of a natural Ge crystal (g 2 ⫽5.88⫻10⫺4 ), 14 where
the concentration of magnetic nuclei 关 c( 73Ge)⫽7.73% 兴 is
high and the magnetic dipolar broadening becomes important. In this case, we used the same superposition of Gaussians 关Eq. 共24兲兴 to describe the measured NMR signals, but
the second moment of each transition 共including the 1/2
↔⫺1/2 transition兲 was taken to be the sum of the magnetic
broadening term 具 ⌬  2 典 M and the quadrupolar one:

具 ⌬  2 典 m→m⫺1 ⫽ 共 2m⫺1 兲 2 ⌬  Q2 /4⫹ 具 ⌬  2 典 M ,
共 m⫽9/2,7/2,...,⫺7/2兲 .

共32兲

Quadrupolar and magnetic contributions to the linewidths of
comparable magnitudes were found by fitting the model line
shape to the observed ones. The corresponding values of
⌬  Q are presented in Fig. 4. In natural Ge crystals, the calculated second moments of the resonance lines corresponding to magnetic dipole-dipole interactions agree satisfactorily
with the experimental values of 具 ⌬  2 典 M . 14 Thus, the magnetic dipole-dipole interaction and the quadrupole interaction
with the random EFG due to the intrinsic isotopic disorder
are the most important sources of NMR line broadening in
Ge crystals.

The isotopic disorder in crystals primarily affects the vibrations of the crystal lattice. Complementary information
about random lattice strains induced by isotopic disorder in
semiconductors may be obtained from studies of NMR in
magnetic isotopes. NMR techniques may be also used in
nondestructive investigations of isotopically engineered
semiconductor structures.41,42 The results of the present work
demonstrate that NMR spectral lines of nuclei with quadrupole moments have a characteristic shape in crystals with
isotopic disorder.
The isotopic disorder lifts the cubic symmetry of the perfect Ge lattice and produces random electric-field gradients
at the lattice sites. We applied a unified theoretical approach
based on the adiabatic bond charge model15 to describe both
lattice deformations induced by mass defects in the anharmonic crystal and random electric fields accompanying these
deformations in the isotopically mixed Ge crystals. All
model parameters used in calculations of the NMR line
shapes were obtained from the analysis of experimental data
found in the literature for the thermal expansion of the crystal lattice, the gradient-elastic tensor, the temperature dependence of the nuclear-spin-lattice relaxation, and the isotopic
effect on the lattice constant of germanium. A reasonable
agreement is obtained between experimental NMR spectra
and simulated absorption lines for different orientations of
the magnetic field. The quadrupole broadening of resonance
lines due to the isotopic disorder reaches its maximum and
minimum for the magnetic field along the trigonal and tetragonal symmetry axes of the Ge crystal lattice, respectively,
contrary to the case of impurities in alkali halide crystals,
where these extremal directions of the external magnetic
field correspond to a minimum and maximum of the NMR
linewidth.11,12 In both cases, the largest effect is observed
when the magnetic field is directed along the bonds connecting the magnetic nucleus with its nearest neighbors.
In conclusion, it should be noted that, in contrast to the
specific quadrupolar broadening of the NMR transitions, the
isotopic structures of narrow optical f - f transitions in impurity rare-earth ions in crystals with intrinsic isotopic disorder
have been observed.9 The crystal-field energies of the localized f electrons are determined mainly by their interaction
with nearest-neighbor ions, and the isotopic structure is resolved due to the prevailing role of the isotopic disorder in
the first coordination shell of the rare-earth ion. In an external magnetic field, similarly to the broadening of the NMR
lines discussed here, the isotopic structure may be smoothed
out because different nearest-neighbor sites become nonequivalent.
It has been recently reported that the edge emission of
silicon is strongly broadened by isotopic disorder.43 The theoretical treatment of this disorder bears a resemblance to that
reported for NMR lines in the present work.
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A. Göbel, D. T. Wang, M. Cardona, L. Pintschovius, W. Reichardt, J. Kulda, N. M. Pyka, K. Itoh, and E. E. Haller, Phys.
Rev. B 58, 10 510 共1998兲.
6
F. Widulle, T. Ruf, M. Konuma, I. Solier, M. Cardona, W. Kriegseis, and V. I. Ozhogin, Solid State Commun. 118, 1 共2001兲.
7
M. Asen-Palmer, K. Bartkowski, E. Gmelin, M. Cardona, A. P.
Zhernov, A. V. Inyushkin, A. Taldenkov, V. I. Ozhogin, K. M.
Itoh, and E. E. Haller, Phys. Rev. B 56, 9431 共1997兲.
8
W. Schnelle and E. Gmelin, J. Phys.: Condens. Matter 13, 6087
共2001兲.
9
N. I. Agladze, M. A. Koreiba, B. Z. Malkin, V. R. Pekurovskii,
and M. N. Popova, Zh. Eksp. Teor. Fiz. 104, 4171 共1993兲 关Sov.
Phys. JETP 77, 1021 共1993兲兴.
10
A. Debernardi and M. Cardona, Phys. Rev. B 54, 11 305
共1996兲.
11
Y. Fukai, J. Phys. Soc. Jpn. 18, 1580 共1963兲.
12
Y. Fukai, J. Phys. Soc. Jpn. 19, 175 共1964兲.
13
R. K. Hester, A. Sher, and J. F. Soest, Phys. Rev. B 10, 4262
共1974兲.
14
S. V. Verkhovskii, A. Yu. Yakubovskii, A. Trokiner, B. Z. Malkin,
S. K. Saikin, V. I. Ozhogin, A. V. Tikhomirov, A. V. Ananyev, A.
P. Gerashenko, and Yu. V. Piskunov, Appl. Magn. Reson. 17, 557
共1999兲.
15
W. Weber, Phys. Rev. B 15, 4789 共1977兲.
16
R. Eryigit and I. P. Herman, Phys. Rev. B 53, 7775 共1996兲.
17
A. F. Oluwole, S. G. Schmelling, and H. A. Shugart, Phys. Rev. C
2, 228 共1970兲.
18
W. J. C. Grant and M. W. P. Strandberg, Phys. Rev. 135, A715
共1964兲.
19
A. M. Stoneham, Rev. Mod. Phys. 41, 82 共1969兲.
20
M. A. Ivanov, V. Ya. Mitrofanov, L. D. Falkovskaya, and A. Ya.
Fishman, J. Magn. Magn. Mater. 36, 26 共1983兲.
21
A. Abragam, The Principles of Nuclear Magnetism 共Clarendon,
Oxford, 1961兲.
1
2

22

P. DeBievre and P. D. P. Taylor, Int. J. Mass. Spectrom. 123, 149
共1993兲.
23
R. K. Sundfors, Phys. Rev. B 20, 3562 共1979兲.
24
R. M. Martin, Phys. Rev. 186, 871 共1969兲.
25
Ming Yu, C. S. Jayanthi, David A. Drabold, and S. Y. Wu, Phys.
Rev. B 64, 165205 共2001兲.
26
M. A. Krivoglaz, Theory of X-ray and Thermal Neutron Scattering in Real Crystals 共Science, Moscow, 1967兲, p. 69.
27
S. I. Novikova, Thermal Expansion of Crystals 共Science, Moscow, 1974兲.
28
R. C. Buschert, A. E. Merlini, S. Pace, S. Rodriguez, and M. H.
Grimsditch, Phys. Rev. B 38, 5219 共1988兲.
29
V. I. Ozhogin, N. A. Babushkina, L. M. Belova, A. P. Zhernov, E.
Haller, and K. Itoh, Zh. Eksp. Teor. Fiz. 115, 243 共1999兲 关Sov.
Phys. JETP 88, 135 共1999兲兴.
30
A. Kazimirov, J. Zegenhhagen, and M. Cardona, Science 282,
930 共1998兲.
31
E. Sozontov, L. X. Cao, A. Kazimirov, V. Kohn, M. Konuma, M.
Cardona, and J. Zegenhagen, Phys. Rev. Lett. 86, 5329 共2001兲.
32
M. Y. Hu, H. Sinn, A. Alatas, W. Sturhahn, E. E. Alp, H.-C. Wille,
Yu. V. Shvyd’ko, J. P. Sutter, J. Bandaru, E. E. Haller, V. I.
Ozhogin, S. Rodriguez, R. Colella, E. Kartheuser, and M. A.
Villeret, Phys. Rev. B 67, 113306 共2003兲.
33
P. Pavone and S. Baroni, Solid State Commun. 90, 295 共1994兲.
34
B. Z. Malkin, S. K. Saikin, and V. I. Ozhogin, Appl. Magn. Reson. 14, 513 共1998兲.
35
M. Cardona, W. Paul, and H. Brooks, J. Phys. Chem. Solids 17,
138 共1960兲.
36
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