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Abstract
The UV and VUV inter-conﬁguration 4fN–4fN15d spectra of rare-earth ions in insulators consist of broad electron-vibrational bands
which sometimes have a resolved ﬁne structure. In the present work, the low-temperature absorption band shapes of the impurity Ce3+,
Pr3+ and Nd3+ ions in LiYF4 crystals have been simulated in the framework of the microscopic theory operating with the real phonon
spectrum of the host crystal lattice. The energy levels and wave functions of the ground (4fN) and excited (4fN15d) electronic
conﬁgurations of rare-earth ions were obtained from the numerical diagonalization of the Hamiltonian containing energies of
electrostatic Coulomb and exchange interactions between electrons, spin–orbit interactions and the crystal ﬁeld interaction. Crystal ﬁeld
parameters and electron–phonon coupling constants were treated in the framework of the exchange charge model. Form-functions of the
spectral bands proportional to the calculated integral intensities of electric dipole transitions are obtained as a sum of convolutions of
spectral densities of multiphonon correlation functions and form-functions of zero-phonon lines with the widths determined by
distributions of random lattice strains and non-radiative transition probabilities. The calculated values of the Huang–Rhys parameters of
crystal ﬁeld states in mixed 4fN15d conﬁgurations vary in the range from 0.1 to 15 and correspond to intermediate or strong
electron–phonon interactions. Results of simulations of the spectral envelopes agree satisfactorily with the experimental data available
from the literature.
r 2006 Elsevier B.V. All rights reserved.
PACS: 71.70.d; 78.20.Bh; 78.40.Ha
Keywords: 4f–5d spectra; electron–phonon interaction; LiYF4

1. Introduction
Studies of spectral properties and excitation dynamics in
rare-earth-doped crystals allow to test theories of the
electron–lattice interaction at different regimes of coupling
strength (weak in the ground 4fN electronic conﬁguration
and strong in the excited 4fN15d conﬁguration). Investigations of mixed 4fN15d conﬁgurations started from the
pioneer works by Feoﬁlov [1] and Kaplyanskii and
Feoﬁlov [2] on the spectra of impurity divalent rare-earth
ions in alkaline-earth ﬂuorides. The quantitative features of
the structural form of electron-vibrational 4fN–4fN15d
spectra for divalent rare-earth ions in alkali-halides
were discussed by Wagner and Bron [3] using a simpliﬁed
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model of electron–lattice interaction. As it has been
shown by Kaplyanskii and Przhevuskii [4] by piezospectroscopic measurements, deformation potentials of
4fN15d states exceed ones for 4fN states by an order of
magnitude.
New possibilities of taking VUV spectra with the use of
synchrotron radiation demonstrated by Yen et al. [5,6]
were widely explored during last 10 years. Systematic
experimental studies of the 4fN–4fN15d excitations and
respective 4fN15d–4fN emission, theoretical modeling of
energy-level patterns and transition intensities in the
4fN–4fN15d spectra were carried out for a lot of systems.
Trends in the atomic parameters were systematized by Reid
et al. [7]. An original theory of 4f–5d spectra of impurity
rare-earth ions based on simulations of molecular orbitals
in large clusters of ions in dielectric crystals was derived by
Ogasawara et al. [8].
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Most of the intensity in the f–d transitions is in broad
vibronic bands with widths up to a thousand of wave
numbers even at the liquid helium temperature contrary to
the sharp zero-phonon lines with widths less than 10 wave
numbers in the intra-conﬁguration f–f spectra. To reproduce the observed spectra, three adjustable parameters are
used: the offset, the bandwidth and the intensity ratio of
the zero-phonon line to the vibronic band. Gaussianshaped bands are usually superimposed on the zerophonon lines. An attempt was done to simulate the real
shape of the 4f–5d spectrum by Liu et al. [9]. The spectral
function for the emission spectrum 5d–4f(2F5/2) of Ce3+ in
Cs2NaYCl6 was ﬁtted to the measured spectrum. However,
the theoretical model is essentially phenomenological and
needs a number of ﬁtting parameters (frequencies of
effective vibrations, effective widths of local mode), and
for the lattice vibrational spectrum as well as for
Huang–Rhys parameters for each local mode and for the
lattice continuous band.
In this work, we compute the low-temperature absorption spectra of Ce3+, Pr3+, and Nd3+ ions in LiYF4 and
compare theoretical results with the experimental data. All
concrete calculations are fulﬁlled for T ¼ 0 in the framework of the cluster approximation (only vibrations of the
impurity ion and its nearest neighbors are taken into
account).
2. Theory of the optical band shapes
The form-function of the optical spectrum related to the
radiative transition between the non-degenerate electronic
states G and G0 of an impurity rare-earth ion in a dielectric
crystal is given by the Fourier integral
Z


1 1
F GG0 ðOÞ ¼ 2
I G!G0 ðtÞ exp iðo0GG0  OÞt dt,
(1)
_ 1
where O is the frequency of the emitted light, _o0GG0 ¼
EðGÞ  EðG0 Þ40 is the energy gap between the considered
electronic energy levels in the static crystal lattice, and in
the framework of the adiabatic approximation the generating function has the form [10]
h
0
I GG0 ðtÞ ¼ Spph ðdeÞGG0 expðitH Gph =_ÞðdeÞþ
GG0
i
 expðitH Gph =_ÞrGph .
ð2Þ
The spectral distribution of the emitted energy is
proportional to O4FGG0 (O). Here (de)GG0 is the matrix
element of the projection of the effective electric
dipole moment d of an ion on the polarization vector e
of the radiation (we use the Condon approximation [11]
and neglect the dependence of the electric dipole moment, responsible for the interaction of electrons with the
electromagnetic ﬁeld, on lattice variables), rGph is
the equilibrium density matrix of the phonon subsystem corresponding to the electronic state G with the

Hamiltonian
H Gph ¼ oGjH el2ph jG4 þ

X



_oðGÞ
nðof Þ þ 12 ,
f

(3)

f

the sum is taken over lattice normal modes with
frequencies of(G) and occupation numbers n(of), and Hel–ph
is the Hamiltonian of the electron–phonon interaction. The
latter can be written as a power series in differences
uðLs; RÞ ¼ uðLsÞ  uðRÞ between dynamical displacements
(which are linear in normal mode coordinates) of host ions
(unit cells and ions in the cell are labeled by L and s,
respectively) and the rare-earth ion (R) from their
equilibrium positions RLs, R0 in the lattice
X
H el2ph ¼
V a ðLsÞua ðLs; RÞ
a;Ls

1X
V ab ðLsÞua ðLs; RÞub ðLs; RÞ þ   
2 ab;Ls
1 X
þ
V a ...a ðLsÞua1 ðLs; RÞ . . . uan ðLs; RÞ
n! a ...a ;Ls 1 n
þ

1

n

þ 

ð4Þ

The coefﬁcients in Eq. (4) are the electronic operators. In
the framework of the crystal ﬁeld theory, we can write these
one-particle operators projected on the subspace of states
of the electronic (nl)N conﬁguration through the spherical
tensor operators C ðpÞ
k
V a ðLsÞ ¼

X

Bpk;a ðLsÞC ðpÞ
k ; V ab ðLsÞ

pk

¼

X

Bpk;ab ðLsÞC ðpÞ
k ;...,

ð5Þ

pk

where Bpk;a ðLsÞ, Bpk;ab ðLsÞ . . . are the coupling constants
(Cartesian components of vectors are labeled by Greek
indices); values of coupling constants depend on the
concrete principal (n) and orbital (l) quantum numbers.
In accordance with the deﬁnition (3) of the effective
phonon Hamiltonian, we have to consider only adiabatic
(diagonal in respect the electronic states) terms in the
Hamiltonian (4).
Accounting only for the linear electron–phonon coupling
(the ﬁrst term in Eq. (4)) and neglecting changes in phonon
frequencies in different electronic states, it is possible to
obtain the following form of the generating function [12]
h
i
0
0
I GG0 ðtÞ ¼ ðdeÞGG0 ðdeÞG0 G exp M GG ðtÞ  M GG ð0Þ
 exp½iðE JT ðGÞ  E JT ðG0 ÞÞt.

ð6Þ

Z

1
DGG0 ðoÞ eiot ðnðoÞ þ 1Þ
p_

þeiot nðoÞ do=o2 ,

ð7Þ

Here,
0

M GG ðtÞ ¼
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DGG0 ðoÞ ¼

X 



½V a ðLsÞGG  V a ðLsÞG0 G0

177

G and G0 , and

abLsL0 s0



 

 gab ðLs; L0 s0 joÞ V b ðL0 s0 Þ GG  V b ðL0 s0 Þ G0 G0 ,
ð8Þ

M p;GG0 ðoGG0

1
 OÞ ¼
ðp_Þp p!

ð9Þ

is the Jahn–Teller energy (the shift of the electron energy
due to the electron–phonon coupling). In Eq. (8),
gab ðLs; L0 s0 joÞ is the spectral density of the lattice advanced
Green’s function hhua ðLs; RjtÞ; ub ðL0 s0 ; Rj0Þii for relative
dynamic displacements of the rare earth and host ions

gab ðLs; L0 s0 joÞ ¼ Im G ab ðLs; L0 s0 joÞ

G ab ðLs; RjoÞ  Gab ðR; L0 s0 joÞ þ G ab ðR; RjoÞ ,
ð10Þ


p
Im G 0ab Ls; L0 s0 oÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N ms ms0
X

ea ð qjjsÞeb ð qjjs0 Þ exp½iqðRLs  RL0 s0 Þ

qj



d o2  o2j ðqÞ ,

ð11Þ

where ms is the ion mass, e(qj|s) is the polarization vector
for the ion s in the lattice normal mode with the wave
vector q and the frequency oj(q) from the branch j of the
phonon spectrum, N is the number of vectors q in the
Brillouin zone.
As it follows from Eq. (6), probability of any transition
between electronic states G and G0 contains the Debye–
0
Waller factor exp½M GG ð0Þ that accounts for the overlap
between wave functions of lattice oscillators related to
different adiabatic potentials. At zero temperature the
Debye–Waller factor can be expressed through the
Huang–Rhys parameter
Z
0
1
SðGG0 Þ ¼ M GG ð0; T ¼ 0Þ ¼
DGG0 ðoÞ do=o2 .
(12)
p_
The dependence of the generating function I G!G0 ðtÞ on
its  argument
is determined
by
the
factor
0
0
exp M GG ðtÞ  M GG ð0Þ . Expanding the exponent in a power
0
series
in
M GG ðtÞ,
and
collecting
terms
with
1; eiot eiðo1 to2 tÞ ; . . ., it is possible to present the formfunction as a sum of spectra corresponding to p-phonon
transitions (p ¼ 0, 1, 2y). In particular, neglecting phonon
occupation numbers at low temperatures, we obtain the
following emission form-function which corresponds to
simultaneous emission of a photon and creation of one,
two, yp, y phonons:
F GG0 ðOÞ ¼ 2p

1
jðdeÞGG0 j2 SðGG0 Þ X
e
M p;GG0 ðoGG0  OÞ,
2
_
p¼0

(13)

here _oGG0 ¼ _o0GG0 þ E JT ðGÞ  E JT ðG0 Þ is the difference
between the minima of the adiabatic potentials in the states

DGG0 ðo1 Þ . . . DGG0 ðop Þ

 dðoGG0  o1  . . .  op  OÞ

and

Z
1
½V a ðLsÞGG gab ðLs; L0 s0 joÞGG
E JT ðGÞ ¼ 
p


 V b ðL0 s0 Þ GG =o

Z
dop
do1
 2 .
op
o21

ð14Þ

The absorption cross-section is proportional to OFGG0 (O)
with the inverted signs of O and oGG0 . The value of
O ¼ oGG0 presents a singular point of the form-function
ðM 0 ðoÞ ¼ dðoÞÞ that corresponds to the zero-phonon line
with the integral intensity determined by the Debye–Waller
factor [13]. All spectral distributions (14) with p41 can be
simulated using the recurrent relations (oM is the
maximum phonon frequency) [14]
M 1 ðoÞ ¼

1
1
DGG0 ðoÞ 2 ,
ðp_Þ
o

M p ð0ooooM Þ
Z
1 o
¼
M 1 ðo1 ÞM p1 ðo  o1 Þ do1
p 0
M p ðoM oooðp  1ÞoM Þ
Z
1 oM
¼
M 1 ðo1 ÞM p1 ðo  o1 Þ do1
p 0

(15)

ðp41Þ,

ðp42Þ,

M p ððp  1ÞoM ooopoM Þ
Z
1 oM
¼
M 1 ðo1 ÞM p1 ðo  o1 Þ do1
p oðp1ÞoM

ð16aÞ

ð16bÞ

ðp41Þ.
ð16cÞ

The form-function (13) contains an inﬁnite number of
terms corresponding to multi-phonon optical transitions.
However, a relative weight of a p-phonon band presented
by the spectral distribution Mp,GG0 (oGG0 O) with an
increasing number p of phonons involved reaches a
maximum value for p  SðGG0 Þ and after that relatively
quickly diminishes. Thus, the number Nb of bands which
we have to consider depends on the value of the
Huang–Rhys parameter for a transition, really it is
enough to include N b p2SðGG0 Þ bands. The inﬁnite lattice
sum in expression (8) may be simpliﬁed when taking into
account interactions between the rare-earth ion and its
nearest neighbors only. For values of SðGG0 Þ less or
comparable to unity, the one-phonon band (15) plays a
dominant role, and a spectrum has a ﬁne structure that
reﬂects the speciﬁc features of the phonon density of states
projected on the relative displacements of the impurity ion
and its ligands. With the increasing order of a band, this
ﬁne structure is quickly smoothed out. It should be noted
that shapes of p-phonon bands for large values of
p (actually, for p45) may be well approximated by
Gaussians of appropriate widths connected by the scaling
transformations
M p ðoÞ

1
ðpD2 pÞ

exp 
1=2

ðo  oeff pÞ2
,
D2 p

(17)
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oeff may be considered as the frequency of the most
effective adiabatic phonon coupled to the electron localized
at the rare-earth ion.
Thus, we have a possibility to simulate the spectral
envelopes by carrying out calculations of energies and wave
functions of the electronic subsystem in the static crystal
ﬁeld, spectral densities of the lattice Green’s functions for a
cluster containing the rare-earth ion and its ligands, linear
coupling constants in the Hamiltonian of the electron–phonon interaction and matrix elements of the electron
radius vector. At the last step we have to account for a
distribution of electron energies due to random lattice
strains (inhomogeneous broadening) and ﬁnite lifetimes of
the excited states (relaxation broadening).
3. Simulations of 4fN–4fN15d absorption spectra in
LiYF4:RE3+ crystals
Impurity rare-earth ions substitute for Y3+ ions in
LiYF4 crystals (C64h space group) in sites with the S4 point
symmetry. In the nearest surroundings of the Y-site, there
are eight ﬂuorine ions which form two deformed tetrahedrons. In the crystallographic system of coordinates with
its origin on the rare-earth ion, ligand coordinates are
(xk yk zk), (xk yk zk), (yk xk zk), (yk xk zk), k ¼ 1,
2. In the perfect lattice, four ﬂuorine ions are at the
distance R1 ¼ 0.2297 nm from the rare-earth ion (x1 ¼
0.1645a, y1 ¼ 0.2183a, z1 ¼ 0.1687c, here a ¼ 0.5164 nm,
c ¼ 1.0741 nm are the lattice constants), and four other
ﬂuorine ions are at the distance R2 ¼ 0.2244 nm (x2 ¼
x10.5a, y2 ¼ y1, z2 ¼ z10.25c) [15].
The vibrational spectrum of the LiYF4 crystal lattice was
studied by Salaun et al. [16,17]. Results of optical and
neutron inelastic-scattering experiments were described
successfully in the framework of the rigid-ion model. The
maximum phonon frequency oM of this crystal equals
560 cm1. Using parameters of this model, we computed
frequencies and polarization vectors of vibrations for 8870
wave vectors distributed uniformly over the irreducible
part of the Brillouin zone. Imaginary parts of the lattice
Green’s functions (11) for the relative displacements of
Y3+ ion and its nearest neighbors were calculated at the
equally spaced 1120 points of ð0pof poM Þ on the
frequency axis by numerical integration over the Brillouin
zone. Examples of the calculated spectral densities of the
displacement–displacement correlation functions were given in Refs. [18,19].
Energy-level patterns of mixed 4fN15d conﬁgurations in
rare-earth-doped LiYF4 crystals were thoroughly studied
in Refs. [20–24]. We used the same procedure and obtained
energies and wave functions of all states of the 4fN15d and
4fN conﬁgurations of Ce3+ (N ¼ 1), Pr3+ (N ¼ 2), Nd3+
(N ¼ 3) from the numerical diagonalization of the Hamiltonian
H ¼ H o þ H ee ð4f4fÞ þ H ee ð4f5dÞ þ H SO ð4fÞ
þ H CF ð4fÞ þ H SO ð5dÞ þ H CF ð5dÞ

ð18Þ

which contained the shift H0 of the excited conﬁguration
relative to the ground one, electrostatic interactions
between electrons, spin–orbit interactions and crystal ﬁeld
energies. Conﬁguration interactions were neglected, and
the ground and excited conﬁgurations were considered
independently. The initial values of Slater parameters
F(k)(4f, 4f), F(k)(4f, 5d), G(k)(4f, 5d) and spin–orbit coupling
constants z(4f) and z(5d) were taken from Refs. [20–24],
the crystal ﬁeld was considered in the framework of the
exchange charge model [25] with parameters ﬁtted to the
experimental data. The crystal ﬁeld affects the 5d-electron
essentially stronger than the 4f electron with the much
more contracted space distribution. We have neglected the
interaction of 4f electrons with phonons as compared with
the 5d-electron–phonon coupling in the mixed conﬁgurations, and below we limit ourselves by a description of
calculationsP
of crystal ﬁeld parameters in the Hamiltonian
H CF ð5dÞ ¼ pk Bpk ð5dÞC ðpÞ
k for the 5d-electron only. These
parameters determine the energy of the 5d-electron
(averaged with the 5d-radial wave function) in the ﬁelds
of point and exchange charges. In a case of ﬁlled outer
electronic ns2, np6 shells of ligands,
Bpk ð5dÞ ¼ e2

X

 qL o5djrp j5d4kp

L

2ð2p þ 1Þ p ð5dÞ
RL S p ðRL Þ
þ
5
pþ1
ð1Þk C ðpÞ
k ðWL ; jL Þ=RL ,

ð19Þ

where the sum is taken over all ions in the host lattice with
charges eqL and the spherical coordinates RL, yL, jL; the
ﬁeld of exchange charges is deﬁned by quadratic forms of the
overlap integrals o5dlz|nllz4 [25] (Ss(RL) ¼ o5d0|ns04,
Ss(RL) ¼ o5d0|np04, Sp(RL) ¼ o5d1|np14)
2
2
2
Sð5dÞ
p ðRL Þ ¼ G s S s þ G s S s þ gp G p S p ;

g2 ¼ 1;

g4 ¼ 4=3;
(20)

kp, Gs, Gs, Gp are the phenomenological parameters of the
model (the coefﬁcient kp has been introduced to account
for the electrostatic interaction between the overlapping
electron densities of ligands and the 5-d electron). The
moments of the 5d-electron density and overlap integrals
were calculated using analytical radial 5d functions of
divalent and trivalent rare-earth ions presented in [26,27]
and the 2s, 2p functions of the F ion from Ref. [28], the
dependences of overlap integrals on the distance between
the rare earth and the F ion were approximated by
polynomials of second order S(RL) ¼ a+bRL+cRL2 for
0.22oRLo0.26 nm (see Table 1). Values of the parameters
k2 ¼ 1/2, k4 ¼ 1, Gs ¼ 1.15, Gs ¼ Gp ¼ 1.3, the f–d excitation energies H0 (44,450; 49,770; 53,330 cm1 for Ce3+,
Pr3+, Nd3+, respectively), atomic parameters (see Table 2)
were obtained from the self-consistent ﬁtting of the
calculated spectra to the experimental data (ion charges
qL were ﬁxed as 1 (F), +1 (Li+), +3 (Y3+)). Radial
expansion of the coordination shells by 3.6% and 3%
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Table 1
Overlap integrals for the rare-earth ion 5d and the ﬂuorine ion 2s, 2p
functions, and 5d-electron radial moments

as
bs (nm1)
cs (nm2)
as
bs (nm1)
cs (nm2)
ap
bp (nm1)
cp (nm2)
o5d|r2|5d4 (nm2)
o5d|r4|5d4 (nm4)

Ce3+

Pr3+

Nd3+

1.3612
8.056
12.35
0.1553
0.9803
4.233
1.0551
6.499
10.47
1.5782  102
3.8628  104

1.3491
7.998
12.29
0.1666
0.8683
3.992
1.0476
6.462
10.42
1.5326  102
3.66  104

1.3370
7.94
12.22
0.1780
0.7562
3.751
1.0402
6.425
10.38
1.4911  102
3.48  104

Table 2
Parameters (cm1) used in the calculations of crystal ﬁeld energies and
wave functions of impurity rare-earth ions in LiYF4
Ce3+

F(2)
F(4)
F(6)
G(1)
G(3)
G(5)
z(4f)
z(5d)
B20
B40
B44
B60
B64

Pr3+

Nd3+

4f

5d

4f2

4f5d

4f3

4f25d

—
—
—
—
—
—
625
—
360
1400
1240
+751i
67.2
1095
+458i

—
—
—
—
—
—
—
1082
4678
18008
16722
+16949i
—
—

68878 (ff)
50347 (ff)
32901 (ff)
—
—
—
752
—
433
1068
1145
+655i
67
1095
+458i

21000 (fd)
15939 (fd)
—
10115 (fd)
11812 (fd)
8616 (fd)
780
1062
(5d) 4692
(5d)-17752
(5d)-16512
+16741i
—
—

73519 (ff)
53143 (ff)
34924 (ff)
—
—
—
885
—
372
974
1116
+598i
20
1020
+200i

20852 (fd)
15752 (fd)
—
10043 (fd)
11691 (fd)
8515 (fd)
885
1124
(5d) 4728
(5d)-17528
(5d)-16293
+16506i
—
—

(Ce3+); 3 and 2.5% (Pr3+); 2.5% and 2% (Nd3+) for the
nearest and the next-nearest ligands, respectively) was
taken into account [29,30]. To describe the crystal ﬁelds
affecting 4f electrons in the both ground and excited
conﬁgurations of Pr3+ and Nd3+, we used parameters
Bpk ð4fÞ given in Refs. [31] and [32], respectively.
Analytical expressions of the linear coupling constants in
the Hamiltonian of the 5d-electron–phonon interaction
were obtained by direct differentiation of functions (19)
with respect to the 24 coordinates of eight ligands. The
variation of the crystal ﬁeld due to the ligand L
displacement along the crystallographic a-axis is determined by 14 coupling constants Bpk;a ðLÞ (p ¼ 2,4). Values of
a total number of 24  14 coupling constants were
calculated using the above given parameters of the crystal
ﬁeld model. The computed matrices of the electronic
operators Va(L) in the basis of the eigenfunctions of the
Hamiltonian (18) were used to calculate Huang–Rhys

179

parameters (12) and Jahn–Teller energies (9) for all crystal
ﬁeld states of the considered 4fN15d conﬁgurations.
Because we can neglect the electron–phonon interaction
in the 4fN conﬁguration, all band shapes of transitions
between the ﬁxed state in the excited 4fN15d conﬁguration
and any state in the 4fN conﬁguration are the same, only
relative integral intensities of these bands vary in accordance with the corresponding matrix elements of the
electronic dipole moment (dx ¼ Sex and dz ¼ Sez for the
s- and p-polarized radiation, respectively).
To estimate the relaxation broadening of the
4fN–4fN15d transitions, we calculated probabilities of the
spontaneous one-phonon transitions from each 4fN15d
state
2 X
½V a ðLsÞG0 G gab ðLs; L0 s0 joGG0 Þ
W G!G0 ¼
_ LsaL0 s0 b
 ½V b ðL0 s0 ÞGG0 ðnðoGG0 Þ þ 1Þ

ð21Þ

induced by non-adiabatic phonons. These transitions are
allowed only between the states with the energy gap less
than the maximum phonon energy. The average gap
between the energy levels in the 4fN15d conﬁguration
quickly diminishes with the increasing number N of
electrons in the ground conﬁguration (there are ﬁve
Kramers doublets with the average gap of more than
4000 cm1 in the spectrum of Ce3+, the energy-level
pattern of the 4f5d (Pr3+) conﬁguration contains 70
singlets and 35 non-Kramers doublets with the average
gap of 290 cm1, in the spectrum of the 4f25d (Nd3+)
conﬁguration the average gap between 455 Kramers
doublets diminishes up to 160 cm1), and the role of the
non-adiabatic coupling becomes dominant. The calculated
line widths _W G!G0 for a number of states in the 4fN15d
conﬁgurations (N41) are comparable or even essentially
larger than the energy gap _oGG0 . This means that the
corresponding states G and G0 cannot be considered in the
framework of the adiabatic approximation, and we should
search for a spectral distribution of mixed electron–phonon
states (the same problem arises in a case of non-Kramers
doublet levels). However, we can estimate widths of these
distributions from calculations of transition probabilities
(21), or the Jahn–Teller energies (9) where we have to
substitute ½V a ðLsÞGG0 for ½V a ðLsÞGG . Thus, at the last step
of simulations, the computed form-functions (13) were
convoluted with the Gaussian to take into account the
inhomogeneous broadening (we assumed the corresponding width of 30 cm1) and with the Lorentzian to take into
account the relaxation broadening and the spectral
distribution of electron–phonon excitations. Results of
simulations are presented in Figs. 1–7.
4. Discussion and conclusions
The very ﬁrst analysis of the 4f–5d absorption spectrum
in the simplest system (Ce3+) has revealed general features
of absorption and excitation spectra in LiYF4 crystals
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containing different rare-earth ions. In Table 3, we present
the calculated crystal ﬁeld energies of the 5d-electron
(column 1), the shifts of the electronic energies due to
coupling with the adiabatic phonons (column 2), frequencies of zero-phonon lines in the absorption spectrum from
the ground state (column 3, GSA, the lowest frequency was
ﬁtted to the measured value), positions of the maxima of
the simulated bands (column 4) in comparison with the
experimental data (column 5), the Huang–Rhys parameters
S(G) (column 6), and the relative integral intensities of the
s- and p-polarized bands (columns 7 and 8). In accordance
with the available experimental data [33,34], the lowest
band in GSA is mainly s-polarized, while the next band is
p-polarized. The calculated (with making use of the crystal

Absorption (arb. units)

1.2
1.0
0.8
0.6
0.4
0.2
0.0
35000

40000

45000

50000

55000

Wavenumbers (cm-1)
Fig. 1. Simulated unpolarized absorption in LiYF4:Ce3+ at T ¼ 0. The
dashed envelope was obtained without taking into account the interaction
with the non-adiabatic phonons.

ﬁeld parameters Bpk ð4fÞ given in Table 2) crystal ﬁeld
energies of the 4f electron 0; 242 (216); 514; 2222 (2221);
2320 (2316); 2432 (2430); 3121 (3160) cm1 and g-factors of
the ground state g|| ¼ 2.846 (2.765), g? ¼ 1.552 (1.473) are
consistent with the literature data (presented in brackets)
[34,35]. As it follows from results of calculations (see
Table 3), the lowest 5d state is relatively weakly coupled to
phonons. The similar results are obtained for the lowest
states in the 4f5d and 4f25d conﬁgurations (with the
Huang–Rhys parameters of 3.27 and 2.725, and the
Jahn–Teller energies of 760 and 540 cm1, respectively).
For the next well-separated 5d-state the Huang–Rhys
parameter has its maximum value. It is worthy noting that
the p-phonon spectral densities have the maximum values
at frequencies poeff(G) (see Eq. (17)), and the frequencies of
the most effective lattice vibrations oeff(G) close to
200 cm1 are much smaller than the maximum phonon
frequency oM ¼ 560 cm1. The shift of the maximum of
the form-function FGG0 (O) from the corresponding zerophonon line can be approximated by S(G)oeff(G)
EJT(G). The upper three 5d-states (the orbital doublet
split by the spin–orbit interaction and the orbital singlet)
form a group of closely spaced levels, and the third and
fourth absorption bands are superimposed on each other
(see the dashed curve in Fig. 1). The peaks close to
50,000 cm1 observed in the experimental excitation
spectra [21,36] become resolved in the simulated envelope
after taking into account the mutual repulsion between the
components of the orbital doublet strongly mixed by the
non-adiabatic phonons.
Thus, we can separate out three regions in the considered
4fN–4fN15d absorption spectra (see Figs. 1, 2, 7) related to
the lowest crystal ﬁeld state of the 5d-electron (orbital
singlet) weakly coupled to phonons, to the ﬁrst excited 5dstate strongly coupled to adiabatic phonons, to the

Fig. 2. Simulated unpolarized absorption from the ground state of Pr3+ in LiYF4 (lower curve) and the excitation spectrum measured at T ¼ 6 K [21]
(upper curve).
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Fig. 3. Simulated (lower curve) and measured (T ¼ 8 K) [20] (upper curve) s-polarized absorption from the lowest crystal ﬁeld sublevel of the 1D2
multiplet in LiYF4:Pr3+.

Fig. 4. Simulated (lower curve) and measured (T ¼ 8 K) [20] (upper curve) p-polarized absorption from the lowest crystal ﬁeld sublevel of the 1D2
multiplet in LiYF4:Pr3+.

continuum of mixed electron–phonon states originated
from the upper 5d-orbital doublet and the highest singlet,
respectively. The Huang–Rhys parameters of the lower
group of energy levels belonging to the 4fN15d conﬁguration are less than 3.5, the relaxation broadening of these
levels does not exceed the broadening induced by random
lattice strains, and only those absorption bands which
correspond to transitions terminating on these levels
exhibit a ﬁne structure due to a relatively high weight of
the one-phonon component (15) in the form-function (13).
In particular, this ﬁne structure is well resolved in the

measured polarized absorption spectra from the excited
states (ESA) of Pr3+ [20] and is well reproduced by
simulations (see Figs. 3–6). In the 4f5d conﬁguration, there
are 19 levels with the Huang–Rhys parameters from 2.3 to
3.3 and energies up to 4200 cm1 (from the lowest 4f5d
state). The next group contains 20 levels with the
Huang–Rhys parameters from 8 to 15.5 in the range of
energies 4900–9900 cm1, transitions to these levels are
represented by structureless wide bands with widths mainly
determined by the adiabatic electron–phonon coupling.
The remaining 65 levels are distributed in the range of
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Fig. 5. Simulated (lower curve) and measured (T ¼ 8 K) [20] (upper curve) s-polarized absorption from the 3P0 state of Pr3+ in LiYF4.

Fig. 6. Simulated (lower curve) and measured (T ¼ 8 K) [20] (upper curve)
p-polarized absorption from the 3P0 state of Pr3+ in LiYF4.

Fig. 7. Simulated unpolarized absorption in LiYF4:Nd3+ (lower curve)
and the measured excitation spectrum (T ¼ 6 K) [21] (upper curve).

energies from 12,900 to 29,600 cm1, parameters S(G) for
these levels vary from 1.5 to 10. However, a small value of
the Huang–Rhys parameter is the necessary, but not the
sufﬁcient condition for the presence of a ﬁne structure. Due
to strong interaction of these electronic states with the nonadiabatic phonons, the observed spectral density of the
electric dipole transitions covers a much broader region as
compared with the result of simulations in the framework
of the adiabatic approximation (see Fig. 2, we have
accounted for the splittings of the non-Kramers doublets

but it is seen that this is not enough to reproduce widths of
the measured bands). In the 4f25d conﬁguration values of
S(G) vary from 0.1 to 14, and energies of electronic states
with relatively small values of the Huang–Rhys parameter
are distributed in the wide range of 50,000 cm1. However,
again only a lower group of 50 levels having values of S(G)
o4 and weakly mixed by non-adiabatic phonons, with
energies up to 9000 cm1 from the lowest state, gives rise to
the ﬁne structure in the spectral bands (see Fig. 7). Neglect
of the conﬁguration interaction, in particular, of the mixing
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Table 3
Spectral parameters of impurity Ce3+ ions in LiYF4
ECF (cm1)

EJT (cm1)

E (ZFL) (cm1)

Frequency of the band maximum (cm1)

Huang–Rhys parameter

Relative intensities of the GSA

1

2

3

Theory
4

Exper. [21]
5

6

p(e||c)
7

s(e||a)
8

34219
41961
49789
50498
53535

788
2526
1076
884
3234

33431
39435
48713
49614
50301

34020
41800
49400
51000
53400

34000
41670
49260
51020
53470

3.37
15.14
6.67
5.58
17.62

1.412
0
0
0.354
0.044

3.106
0.310
0.610
0.997
1.219

of the higher 4f3 states with the 4f25d states, may be a reason
for differences between the upper fragments of the calculated
and measured spectra in Fig. 7, but, ﬁrst of all, a derivation
of the more rigorous theory of the non-adiabatic electron–
phonon interaction remains a challenging problem.
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