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Jim Greiner Ecological Inference

‘ Motivating Example I

Section 2 of the Voting Rights Act, 42 U.S.C.x 1973

Violation: General Standard: Minority group members \have less
opportunity than other members of the electorate to participate
In the political process and to elect representatives of the
choice"

Remedy: Court order (injunction), an exercise of courts' povers
In \equity" ( exibility in issuance and shape)

Strong policy, perhaps even a\compelling interest" allowng use
of otherwise prohibited means (e.g., districts with highly unusual
shapes raising specter of race-dominated districting) Bush v.
Vera, 517 U.S. 952, 990 (1996) (O'Conner, J., concurring)
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Legal Background, cont'd I

Section 2, cont'd

One Type of Violation: Vote Dilution: Districting schemes t hat
In e ect dilute minority voting strength (need not be intent ional).
Thornburg v. Gingles 478 U.S. 30, 50-51 (1986) establishes 2(3)

prerequisites to state a claim:

{ geopolitical element: minority is \su ciently large and
geographically compact" to constitute majority of a
single-member district

{ racially polarized voting: minority group \politically
cohesive" and majority votes \su cient as a bloc to enable it
. usually to defeat the minority's preferred candidate"
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Legal Background, cont'd I

Section 2, cont'd

Speci ¢ Violation: Vote Dilution, cont'd:

{ If geopolitical and racially polarized voting prongs satis ed,
courts examine \totality of the circumstances" with special
attention to \rough proportionality.” Johnson v. De Grandy
512 U.S. 997, 1020 (1994)
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|Racia||y Polarized Voting Prong I

Secrecy of ballot box prevents direct observation of racialvoting
patterns

Inferences from precinct-level data on racial composition b
voting age population and on Democrat-Republican vote sharg

\Ecological inference" problem: use observed marginals tanake
Inferences about conditionals

Importance of issue means there will be some answer (so hold
your noses)
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Ecological Inference I

\Through me the way into the doleful city,
through me the way into eternal grief;

Abandon hope, forever, all you who enter."

Dante Alighieri, The Inferno, Canto Ill, Ins. 1-2, 9 (Mark Musa
trans. 1995) (inscription on the Gates of Hell)
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‘Ecological Inference in the Law, cont'd I

In countless areas of the law weighty legal conclusions
frequently rest on methodologies that would make
scientists blush. The use of such blunt instruments In
examining complex phenomena and corresponding reliancg

on inference owes not so much to a lack of technical
sophistication among judges, although this is often true,
but to an awareness that greater certitude frequently may
be purchased only at the expense of other values.

LULAC v. Clements, 999 F.2d 831, 860 (5th Cir. 1993) (en banc)
(Higginbotham, J.)
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Smallest Possible Table I

2 X 2 Table

Vote | No Vote

35 65

Note: One such table for each precinct

11 March 2005 Harvard University, Department of Statistics Page 8



Jim Greiner Ecological Inference

Smallest Possible Table, cont'd I

2 X 2 Table

Vote | No Vote

0 65 65
35 0 35

35 65 100

White turnout = 100%, Black turnout = 0%
Conclusion: Voting is racially polarized (whites \win")
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Ecological Inference

Smallest Possible Table, cont'd I

2 X 2 Table

Vote

No Vote

23

42

12

23

35

65

White turnout = 34%, Black turnout = 35%
Conclusion: Voting is not racially polarized
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Ecological Inference

Smallest Possible Table, cont'd I

2 X 2 Table

\Vote

No Vote

35

30

65

0

35

35

35

65

White turnout = 0%, Black turnout = 54%
Conclusion: Voting is racially polarized (blacks \win")

100

Note: This 2 x 2 case is of no direct interest to courts
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‘Realistic Tables in the Voting Context I

2 x 3 Table of Voting By Race:
Counts of Voting-Age Population

Dem Repub No Vote

# blacks

# whites

# Repub | # Novote

Even this table ordinarily too simple
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‘Realistic Tables, cont'd I

3 x 3 Table of Voting By Race:
Counts of Voting-Age Population

Dem Repub No Vote

black # blacks

white # whites

Hispanic # hisps

# Novote
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More Realistic Tables, cont'd I

May be able to estimate any 2 x ¢ or r X 2 set of tables with
successive applications of methods for 2 x 2 (important beasse
few models designed to handle r x ¢ case). Issues:

{ \Overlap" versus \conditioning"

{ Does order of estimation matter?

Easy to turn counts into proportions, typically done by divi ding
by the row totals
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Ecological Inference

11 March 2005

Running Example (and Notation) I

2 X 2 Table of Who Votes By Race:
Counts of Voting-Age Population

\Vote

No Vote

N ibV

N ibN

NP

N wV
|

N WN
|

N,"Y

NV

NN

Harvard University, Department of Statistics
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Running Example (And Notation), cont'd I

2 X 2 Table of Who Votes By Race:
Fraction of Voting-Age Population

\Vote No Vote

bV bN
N ; — = | N ; —
N. N P
N-WV NiWN
| —

NW N."
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Running Examples (And Notation), cont'd I

3 x 3 Table of Voting By Race:
Counts of Voting-Age Population

Dem | Repub | No Vote
black NPP | NPR N PN
white - N WR N WY

Hispanic - N R NV

N R NN
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Running Examples (And Notation), cont'd I

3 x 3 Table of Voting By Race:
Ratios of Voting-Age Population

Repub
black a | 5 =

white

Hispanic
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Big Philosophical Issues I

What are we modelling?

Observed tables or superpopulation characteristics (Imai:
\in-sample" versus \out-of-sample™)? Implicates:

{ Include bounds "probabilistically" or deterministically

{ Model measurement error on the column totals, the row
totals, or both

Need we specify an individual level model?

{ Yes: Achen & Shively (1995): failure to do so leads to
misspeci cation, inability to interpret results

{ No: King (1996): we never observe the aggregation process
anyway
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‘Assumption Areas I

1. Cell relationships (Note: constrained by compositionale ects)

E.g. Corr( PN; PP)< 0=) blacks in precincts with high
black turnout tend to vote more Democratic
Eg bV — wV

2. Distributional assumptions, e.g. ?¥ = "  TN(; 2

3. Precinct-precinct assumptions, e.g. ¥ = W " TN(; 2

4. Covariates

(a) \Contextual e ects": E ect of racial composition of pre cinct
on guantities of interest (can lead to identi cation proble ms)

(b) Other covariates, e.g. average age or % homeowners in dac
precinct
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Assumption Areas, cont'd I

5. Relationship among datasets
(a) Simplest case: only one election (never in actual litigéon)
(b) Multiple elections in single election year
(c) Multiple elections, some in di erent years
\Out of eight elections, voting was racially polarized in seven"?
Is racially polarized voting 0-17?

Are the elections \independent"?

6. Presentability: bounds, ease of explanation, pedigree
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\ Fundamental Problem I

NibV Nib N NiWV
VXP+ V(@ XP) 0

wV Xib + TiV
1 xXpP 1 xP

where X P = % black in precinct i

For precinct i, any ( PV; V) pair satisfying the third equation
above cannot be rejected by the data

Literature: the setting is \unidenti ed" or \underdetermi ned"
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‘ Implications of \Underdeterminacy" I

Asymptotics do not apply in familiar ways, e.g., even under

properly speci ed model, no convergence to true parameter
values (at least at the precinct level)

Lack of information compels additional assumptions, to whth
results are sensitive
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Ecological Inference

Visualization: \Tomography Plot" I

More Informative

Less Informative

~
>
Z
<
ml
=
o

eta_iM{wV}

eta_iNbV} eta_iMNbV}

Figure 1. Two Examples of Tomography Plots
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\Old" Methods I

Method of Bounds

1. The \Model"
(a) Intuition: Cannot have negative values in cells, so

certain cell values impossible
(b) Steps:
I. Calculate bounds on cell counts or proportions for
value of interest in each precinct

. Take best guess at a common value for all precincts
(but bounds usually rule out any single number)
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\\Old" Methods, cont'd I

Method of Bounds , cont'd

2. Common Extension: \Extreme Case" or \Homogeneous
Precinct"

(a) Intuition: In 100% black districts, turnout (& party
support, in larger tables) for blacks known exactly

(b) Steps
l. Isolate \essentially" homogeneous precincts (in

VRA literature, > 90% of one race, unless . . .)
Il. Take lower bound on value of dominant race
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‘\Old" Methods, cont'd I

Method of Bounds , cont'd

3. Assessment:

(a) Assumptions? Must be \constancy," i.e.
I. Cell quantities unrelated
Il. Between-precinct variation not permitted
lil. Covariates irrelevant

(b) No distributional assumption. Uncertainty estimate?

(c) Presentability: Can tout lack of assumptions, but
(ironically) usually does not respect the bounds, plus
NO uncertainty estimate suspicious
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\\Old" Methods, cont'd I

Method of Bounds , cont'd

3. Assessment, cont'd

(d) Only one election at a time

(e) Can apply to 3 x 3, IF have homogenous precinct
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\\Old" Methods, cont'd I

\Goodman" Regression (with apologies)

1. The Model
(@) Recall: TV = PVXP+ W1 XP)

(b) \Constancy" assumption:

Extreme version: PV = ®and W = W

Relaxed version:E ?V = P andg "W = W,
Corr( ?V;XP) = Corr( ¥;XP» =0

(c) T = XPH (@D XD+
CCEGIXD) =05 Var( XD = 3
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‘\Old" Methods, cont'd I

\Goodman" Regression , cont'd

2. Assessment

(a) Constancy or uncorrelatedness

I. Cell quantities unrelated
. Generates only a single (vector) estimate
iii. Can incorporate covariates (by making PV and
WV functions of them), but almost never done

(b) Distributional assumptions (on the errors):

. 1.I.d., mathematically impossible
Iil. No feasible proposal for ratios (needed for rpv)
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‘\Old" Methods, cont'd I

\Goodman" Regression , cont'd

2. Assessment, cont'd

(c) Presentability
I. Pedigree: Thornburg v. Gingles 478 U.S. 30, 50-51

(1986); only method \widely adopted in practice"

(Achen & Shively, 1995, p. 73)

. Easy to explain, understand

lii. Estimates often 2 (0; 1): \What is particularly odd
about the Goodman anomalies is that they coexist

with wonderful regression ts..." (A& S, p. 74)
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Figure 2. Goodman Regression Issues
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‘\Old" Methods, cont'd I

\Goodman" Regression , cont'd

2. Assessment, cont'd

(d) Extension to larger tables possible, but impossible
estimates even more frequent

(e) Never extended to multiple elections (possible via
hierarchical model?)

(f) Commonly cited methods of model-checking are
garbage (see neighborhood model, below)
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‘\Old" Methods, cont'd I

Neighborhood Model

1. Preliminary: Allow ;'s to vary linearly in X"'s

ibV: b_|_ bxib iWV: W4 Wxib

(@) Substitution into TY = PXP+ W@ XP)+ |
leads to unidenti ed model
— w_|_( by w W)Xib+( b W)Xib2+ i

(b) Goodman regression: Assumption that®= "Y' =0
allows identi cation
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‘\Old" Methods, cont'd I

Neighborhood Model , cont'd
2. The Model (David Freedman, U.C. Berkeley)

(a) Assume P= W= | P= W= je assume

BV = WV hyt relax constancy

(b) Leadsto TV =( + )XP+ (1 XP)+ ;, ie. same
estimation procedure (& regression line) as
Goodman but wholly di erent interpretation
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‘\Old" Methods, cont'd I

Neighborhood Model , cont'd

3. Assessment

(a) Not o ered as a usable model, so no assessment
(b) Reason for proposal/existence

I. Same regression line as Goodmar) =not possible
to distinguish extreme violation of constancy
assumption via model check

Il. Fact that ts certain datasets well (or at least
better than Goodman) = reminder that contextual
e ects often present, critical
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\New" Methods I

King's \EI"
1. Intuition

(a) Use bivariate modeling structure to allow
precinct-to-precinct variation, incorporation of
covariates, and cell dependencies within an identi ed
model

(b) Use truncated distributions to compel respect for
bounds
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\New" Methods, cont'd I

King's \EI" , cont'd
2. The Model (2 x 2 table)

Jim Greiner

Zb ZW are covariates, one of which may bx "
e e
parameters (the %; % and ) refer to the

correspondinguntruncated normal distribution
TV = PVXP+ W1 XP)=) aboveisa

likelihood for T\, which is observed
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\New" Methods, cont'd I

King's \EI" , cont'd
2. The Model, cont'd
Set =( P W;; 2 2)T A
e e e

Interested in PV = f PVg

| |
ibv' © ibv' i i .
V.TVNT; .vb— ?

A T gy ) (T xkZ T T

with known parameters, andp(TVj ; XP?;Z;) =
Ru:b: ibV € €

I:b: bv
i

TN( ibV;TiVje;Xib;%i) d v
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\New" Methods, cont'd I

King's \EI" , cont'd

2. The Model, cont'd
Grinding the math

p( *5 iX;T;2) = p( Vi X;

Z)p( jX:T;2)
ee e

.
e e
(VXTI Z)p(T) X Z)p( X Z)
e Ype e e ee e e e
p( Vi X2 T Zop(Tij (X2 Z0)
. e e e e
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\New" Methods, cont'd I

King's \EI" , cont'd

2. The Model, cont'd

Drawing from the posterior
{ King: draw from p( jX;T;Z) w/ normal

approximation to meoge,elmportance sampling;
then from p( Vj ;X ;T;Z) with inverse cdf or

L e e e
rejection sampling

{ Lewis (2004). Gibbs + Metropolis
{ Key: regardless of method, enforce the bounds
when sampling ?Vs from posterior
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\New" Methods, cont'd I

King's \EI" , cont'd

3. Assessment

(@) ( PV: "W)T ® TN actually several assumptions

I. Cell dependencies allowed in theory (but
assumption = 0 \widely used" (Lewis, 2004))
. Precinct to precinct variation modeled
lii. 2 questionable (but extensions?)

(b) Covariates, including race, can be incorporated
(although identi cation concerns if race a covariate)
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\New" Methods, cont'd I

King's \EI" , cont'd

3. Assessment, cont'd

(c) Bivariate modelling structure o ers exibility
I. Extension to hierarchical model handling multiple

elections in same year possible

E.g., Lewis (2004) allows precinct e ects:
31
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\New" Methods, cont'd I

King's \EI" , cont'd

3. Assessment, cont'd

(c) Bivariate modeling structure, cont'd

Ii. Extension to multiple election years possible (e.qg.
Quinn, 2004, using variant)

(d) Presentability. Respects the bounds
(e) Extension to 2 x 3, 3 x 3 tables? Possible, but . . .
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\New" Methods, cont'd I

King's \EI" , cont'd

4. Question: Does King overstate model's bene ts?

(a) Claim of robustness to aggregation bias disputed

(Freedman et al., 1996; Cho, 1998) and responded t¢

(King, 1999)

(b) Claim that diagnostics can tell when to reject model
disputed, responded to (same references)

(c) Claim of robustness to spatial e ects not disputed
w.r.t. point estimates, but e ects on s.e.'s alleged
(Anselin & Cho, 2002; response: King, 2002)
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\New" Methods, cont'd I

Dirichlet-Multinomial (Rosen et al. (2001))

1. Preliminary

(a) Advantage: easily extendable to r x ¢ table, will
llustrate with 3 x 3

(b) Models counts at bottom level of hierarchy

No Vote

black

white

Hispanic
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\New" Methods, cont'd I

Dirichlet-Multinomial Model
2. The Model

(@) Recall in 3 x 3 caseTP = PPXP+ WDXW4 hDXH

(b) Set P=(d° PP: bRY similarly for Y, ". Assume
e e e

e €

(NP:NFCNM) XNy 7 Multi (NG TP TR, ™)
e
_bD; _bR; _ ) 7! Diri (dbeéibDT ebD ;dbeéPRT eWR ,db)

WDTW WRT

Diri (d"e2"" o :d"él!

ezt T dh

)
. D
Diri (d"e5" &
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\New" Methods, cont'd I

Dirichlet-Multinomial Model

2. The Model

(c) Improper priors on 's, proper on d's

(d) Intuition: E log-tej b= ZibDT bD
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\New" Methods, cont'd I

Dirichlet-Multinomial Model

3. Assessment
(a) Cell dependencies di cult to articulate
(b) Precinct to precinct variation modelled

(c) Hierarchical model replaces i.i.d assumption from
King's El (but is this what we want? not, e.qg.,
spatial)

(d) Can incorporate covariates, including race, while
remaining identi ed
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\New" Methods, cont'd I

Dirichlet-Multinomial Model

3. Assessment, cont'd

(e) Hierarchical structure should allow extension to
multiple elections, including over time

(f) Presentability: hard to explain, does not respect the
bounds deterministically, little pedigree

(g) Real strength is ease of extensiontor x c
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\New" Methods, cont'd I

Wake eld's Convolution Model

1. Intuition and notation (illustrate with 2 x 2 case)

(a) Superpopulation for each precinct, observed data in
that precinct a sample from the superpopulation

(b) Parameters of superpopulation

Y = 1 if individual votes; 0 else
p(Y = VjX! =b;i); "1 similar

fraction black in superpopulation
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

1. Intuition and notation, cont'd

(c) Parameters of physical precinct

v — NV o owv — N
A A R i unobserved

X P:NP; N" observed
(d) The idea
i. Build likelihood for TY building from
iIndividual-level model in superpopulation

. Make inferences about the superpopulation
parameters
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\New" Methods, cont'd I

Wake eld's Convolution Model ., cont'd

2. The Model
(@) AssumeX Pt = X P (?), NP;N" all observed, xed

(b) If internal cell counts were observed, we would have
NPViND;, PV1 - Bin(NP; PV1) and

NWVJN wV 1 Bln (N wV 1

(c) Set —(N., )T

(d) Sampllng from superpop.) NPYj 2 NWYj
e e
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

2. The Model, cont'd
(e) Derive a likelihood forN .Y, which is observed

l. Independence allows
PNV NG )= p(NPY] )p(N"™Vj )
i. Use NY = N® + N" {5 transform to
P(NPY;NY  NPYj )
iii. Sum out NP to obtain likelihood
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

2. The Model, cont'd
(e) Likelihood, cont'd

u:B'(NibV Nib N W

p(N;Yj ) = |
| e . NibV Niv NibV
bv1 )NibV (1 bv1 )Nib N PV
I I
wV 1 )NiV N PV
I

(1 wV 1 )NiW (NY NPV)
I
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

2. The Model, cont'd

(e) The likelihood, cont'd
iv. Plot of this likelihood on 2Vl : WV1 ragylts in

I LU |
almost (but not) at ridge over tomography line
that maximizes on a boundary of parameter space

v. Higher counts yield steeper climb to the ridge
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

2. The Model, cont'd
(f) Approximations to the likelihood for large counts

(i) For "Y1 & "1 not near 0 or 1, use

| I
NV P N( i ?) where
i:eNib bVl 4 NW W1 gpg
i2: Nib ibVl (1 ibVl )_|_ NiW iWVl (1 ival )

i. For V1 & W1 near0orl, use

NVj "™ Poi( ;), where ; de ned above
e
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

2. The Model, cont'd

(g) Use second-level hierarchies, hyperpriors, convenien
forms depend on approximation (if any employed)

(n) Other key statistical insights

I. Take a hard look at priors (sample from them if
necessary)

Il. Can incorporate simple random sample data in
precinct I into likelihood, demonstrates 5% from
each does wonders for aggregation bias (but . . .)
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

3. Assessment
(a) Cell dependencies di cult to articulate

(b) Precinct to precinct variation modelled

(c) Hierarchical model (so precincts not i.i.d.), but not
spatial
(d) Can incorporate covariates; race not speci cally

discussed (does model remain identi ed under with
normal approximation?)
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\New" Methods, cont'd I

Wake eld's Convolution Model . cont'd

3. Assessment

(e) Hierarchical structure should allow extension to

multiple elections, times

(f) Presentability: Hard to explain, does not respect the
bounds deterministically, little pedigree,
superpopulation derivation counterintuitive for
election modelling

(g) Extension to r x ¢ case possible
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\Conclusions I

One-size- ts-all models? No. In rpv setting:

{ 2 x 3, 3 x 3 tables (insu cient attention in literature)
{ Spatial e ects likely (lessons of neighborhood model)

{ Voting behavior rarely near O or 1 across entire jurisdictian
(not like disease rates)

Covariates important (at least politicians think so)

{
{

Often reasonable coverage oK space

{ Often plenty of precincts

{ Should/Do care about good uncertainty measurements
{ Presentability important

{ Universal \don't know" conclusion, or \use sample surveys
only," not an option
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\Conclusions I

Suggests following model characteristics desirable

Handles 2 x 3, 3 x 3 cases

Defaults to spatial model

Allows within precinct dependency (no = 0 if at all possible)
Models covariates, including race

Includes information in the bounds (deterministically)

Less emphasis on

{ Handling large numbers of precincts with extremely low/high
proportions (contrast: epidemiology)

{ Extrapolating in the X space
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\Conclusions I

\People will be doing ecological regressions

whether we like It or not."
Gelman et al. (2001)
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