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Abstract

In 1985 the second author showed that if there is a proper class of
measurable Woodin cardinals andV B1 and V B2 are generic extensions
of V satisfying CH then V B1 and V B2 agree on all � 2

1-statements. In
modern terms this can be reformulated by saying that under the above
large cardinal assumption ZFC + CH is 
-complete for � 2

1. Moreover,
CH is the unique � 2

1-statement with this feature in the sense that
any other � 2

1-statement with this feature is 
-equivalent to CH. It is
natural to look for other strengthenings of ZFC that enjoy a greater
degree of 
-completeness. For example, one can ask for recursively
enumerable axioms A such that relative to large cardinal axioms ZFC+
A is 
-complete for all of third-order arithmetic. Going fur ther, for
each speci�able segmentV� of the universe of sets (for example, one
might take � to be the least huge cardinal), one can ask for recursively
enumerable axioms A such that ZFC + A is 
-complete for the the ory
of V� , relative to large cardinal axioms. If such theories exist,extend
one another, and are unique in the sense that any other theoryA ′

with the same level of 
-completeness asA is actually 
-equivalent to
A, then this would make for a very strong case for new axioms that
settle the theory of V in 
-logic. In this note we show that uniqueness
must fail. In particular, we show that if there is one such theory that

-implies CH then there is another that 
-implies ¬CH.

In this paper we consider a very optimistic scenario for extending the axioms
of ZFC in such a way to diminish independence and we show that this scenario
must fail. In Section 1 we motivate the scenario we have in mind by discussing
some recent developments in the search for new axioms. In Section 2 we give
a brief overview of 
-logic and restate the scenario in di�erent terms. Unless
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otherwise stated the results in these sections are due to Woodin. For further
discussion of these developments see Koellner (2006). In Section 3 we prove
our main result. The reader who understands the above abstract and is not
in need of motivation can turn directly to Section 3.

1 An Optimistic Scenario

1.1 The Hierarchy of Interpretability
Recall that an axiom systemT1 is (relatively) interpretable in another T2 if,
roughly speaking, inT2 one can de�ne the primitive notions and the range
of variables ofT1 in such a way that under the associated translation every
theorem ofT1 is translated into a theorem ofT2. In such a circumstance we
write T1 ≤ T2.

We assume that all theories under consideration are couchedin the lan-
guage of set theory and contain a minimal fragment T0 (such as ZF−In�nity)
which is essentially re
exive (that is, which is such that T0, and every ex-
tension of T0, has the feature that it proves the consistency of each of its
�nite fragments). Under this assumption the relation of interpretability ad-
mits of a characterization (due to Guspari and Lindstr•om) in terms of \� 0

1

containment", that is, T1 ≤ T2 holds i� every � 0
1-consequence ofT1 is also a

� 0
1-consequence ofT2.

The associated degrees of interpretability have natural algebraic opera-
tions. Under these operations, the structure forms a distributive lattice, a
result due to Lindstr•om. The maximal element of this lattice is, of course, the
inconsistent theory. Using coding tricks one can show that there are incom-
parable elements in the lattice and that it is not well-founded. Surprisingly,
however, the degrees of theories that \occur in nature" forma well-ordered
sequence.

1.2 The Problem of Selection
One can engage in a pure investigation of the structure of degrees of inter-
pretability but there are two respects in which one would like to go beyond
this: First, one would like to have some assurance that a given theory is
consistent and hence that the associated degree is non-trivial; second, one
would like to be able to select from each non-trivial degree those theories
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which are true.
One way to approach the problem of consistency is as follows:Each

theory T (extending T0) is bi-interpretable with T0 + ∪n<! Conn (T ). When
we restrict to \natural" theories, the degrees|which, as mentioned above,
are well-ordered|have as representatives extensions of T0 in terms of \large
cardinal axioms".1 So, in addressing the question of consistency of natural
theories, one can concentrate on those formulated in terms of large cardinal
axioms. Set theory has produced some quite sophisticated techniques which
provide evidence for the consistency of these theories. Forexample, one ap-
proach is through the development of the inner model theory for the large
cardinal axiom (though see Woodin (2007) for the limitations of this ap-
proach). In this way one provides evidence for the truth of T0 + ∪n<! Con(T )
and hence the truth of the � 0

1-consequences of each (any) theory in the asso-
ciated degree. If we take the thus secured �0

1-consequences to be the analogue
of observation statements in physics, the problem of selecting from among
the elements of the degree of interpretability, is the analogue in mathematics
of the problem of selecting from among empirically equivalent theories in
physics.

The problem of truth is, of course, more involved. Here thereare two
kinds of axioms which have been quite central: Large cardinal axioms and
axioms of de�nable determinacy.

1.3 Large Cardinal Axioms
The large cardinal axioms provide a natural way to climb the hierarchy of
interpretability. They are naturally well-ordered (for the most part) and
play a central role in the program of comparing the interpretability power
of theories: One compares theoriesT1 and T2 through the large cardinal
hierarchy by using the dual methods of forcing and inner model theory to
associate with each theory a large cardinal axiom of the sameinterpretability
degree. In this way the well-ordering of natural theories isinherited from the
well-ordering of the large cardinal axioms.

Large cardinal axioms have received their support largely in terms of their

1The scare quotes are necessary for two reasons. First, the notion of a large cardinal
axiom as employed in set theory is not something which is precisely de�ned. Second, in
local settings, for the statement to be true, the notion of a \large cardinal axiom" would
have to be understood in a liberal sense to include such things as set-theoretic re
ection
principles and even proof-theoretic re
ection principles.
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consequences. As is well known G•odel initiated the programof using large
cardinal axioms to settle questions undecided by the standard axioms and he
chose CH as a test case. This program has (to date) failed at the level of CH
but it has been a remarkable success \below". The failure is due to the fact
(originating in work of Levy and Solovay) that the standard large cardinal
axioms are invariant under small forcing and the size of the continuum can be
altered by small forcing. One striking example of the success of the program
below CH is the fact that large cardinal axioms imply axioms of de�nable
determinacy. For example, combined results of Martin, Steel and Woodin
show that if there are in�nitely many Woodin cardinals with a measurable
cardinal above them all then ADL (R) holds. Moreover, the success of the
program can be quanti�ed in that there is no analogue of Levy-Solovay at,
for example, the level ofL(R):

Theorem 1.1. Assume there is a proper class of Woodin cardinals. Suppose
ϕ is a sentence,P is a partial order andG ⊆ P is V -generic. Then

L(R) |= ϕ i� L(R)V [G] |= ϕ.

In this sense, large cardinal axioms are \e�ectively complete" for the theory
of L(R). This situation generalizes beyondL(R) and, in a sense which can
be made precise, holds strictly \below" �21, the level of CH.

1.4 Definable Determinacy
There are many arguments for axioms of de�nable determinacy. For our
purposes it will be useful to focus on two kinds of argument: (1) the \all
good theories" arguments and (2) the \overlapping consensus" argument.

The \all good theories" arguments have the structure of showing that
certain axioms of de�nable determinacy have certain fruitful consequences
and, moreover, that they are the only such axioms that have these fruitful
consequences. For example, a fruitful consequence of ADL (R) is that it implies
that all sets of reals inL(R) are Lebesgue measurable and have the property
of Baire and that � 2

1 in L(R) has the uniformization property. Moreover,
ADL (R) is the only theory with these features in that ADL (R) is outright
implied by these consequences.

The \overlapping consensus" argument is based on the remarkable fact
that if one chooses any natural theory of su�ciently strong interpretability
power one can generally show (using the core model induction, invented by
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Woodin) that the theory logically implies a corresponding degree of de�nable
determinacy. For example, consider the following two results:

Theorem 1.2. Assume ZFC + there is an ω1-dense ideal onω1. Then
ADL (R) .

Theorem 1.3 (Steel). AssumeZFC + PFA . Then ADL (R) .

These two theories are incompatible and yet both imply ADL (R) . This is
just an instance of a very general occurrence. In this mannerthe problem
of selection is solved for axioms of de�nable determinacy bythe very act
of climbing the hierarchy of interpretability in that all th eories \point to"
de�nable determinacy.

1.5 Conditional Generic Absoluteness
The scenario we have in mind combines features of large cardinal axioms and
axioms of de�nable determinacy. The scenario involves presupposing large
cardinal axioms, as we shall do henceforth. At the heart of the scenario is
the remarkable fact that although one cannot secure genericinvariance at the
level of � 2

1 (the level of CH) one can haveconditional generic absoluteness
(in fact, conditioned on CH):

Theorem 1.4. Assume there is a proper class of measurable Woodin car-
dinals. Supposeϕ is a � 2

1-sentence,P1 and P2 are partial orderings and
G1 ⊆ P1 andG2 ⊆ P2 are V -generics such thatV [G1] and V [G2] satisfy CH.
Then

V [G1] |= ϕ i� V [G2] |= ϕ.

In other words, assuming large cardinal axioms, all genericextensions
that agree on CH agree on the entire �21-theory. Thus, CH is a \good"
axiom in that it is � 2

1-maximal in the sense that if \freezes" the entire �21-
theory. Moreover, CH is the unique such \good" �21-statement in that any
other � 2

1 statement which is � 2
1-maximal will freeze the same �21-theory as

CH.
The question then naturally arises whether one can generalize this situ-

ation through all of third-order arithmetic and, more optimistically, to ar-
bitrarily high levels of the universe of sets. The scenario we have in mind
proposes that for each speci�able segmentV� of the universe of sets there
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is a recursively enumerable set of axioms A which is conditionally generi-
cally absolute for the the theory ofV� , relative to large cardinal axioms and,
moreover, that the theories extend one another and are unique (in the above
sense in which CH is unique).2 If this were the case it would make for a
compelling case for new axioms that \erase" the kind of independence that
can be generated by set forcing. Our main theorem is that thisoptimistic
scenario cannot succeed. Before stating the result with more precision we
will reformulate the notion of conditional generic absoluteness in terms of a
strong logic.

2 
 -Logic

2.1 The Semantic Relation
Definition 2.1. Suppose thatT is a countable theory in the language of set
theory and ϕ is a sentence. Then

T |= 
 ϕ

if for all complete Boolean algebrasB and for all ordinalsα, if V B
� |= T then

V B
� |= ϕ.

This notion of semantic implication is \robust" in that larg e cardinal
axioms imply that the question of what implies what cannot bealtered by
forcing:

Theorem 2.2. Suppose thatT is a countable theory in the language of set
theory andϕ is a sentence. Suppose that there is a proper class of Woodin
cardinals. Then for all complete Boolean algebrasB,

T |= 
 ϕ i� V B |= \ T |= 
 ϕ."

We say that a statement or theoryT is 
- satis�able if ? 6|= 
 T . It follows
immediately from the above that 
-satis�ability is also generically invariant.
This has an interesting consequence: Suppose that there is aproper class of
Woodin cardinals and letϕ be a � 2-sentence. The statement thatϕ holds
in a generic extension is generically absolute. To see why this is remarkable

2See Steel (2004) for a conjecture along these lines.
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suppose thatϕ is the statement asserting that there is a huge cardinal. Let
V B be a generic extension where the huge cardinal is collapsed.The above
fact has the consequence that it is possible to further forceto obtain a model
V B∗C in which there is once again a huge cardinal.

2.2 The “Syntactic” Relation
To introduce the \syntactic" proof relation which aims to capture the above
semantic notion we �rst need to introduce the notion of a universally Baire
set of reals.

Definition 2.3. SupposeA ⊆ ω! . The setA is δ-universally Baire, where
δ is a cardinal, if for all partial orders P of cardinality δ there exist treesS
and T in ω × κ for someκ such that

(1) A = p[T ] and

(2) if G ⊆ P is V -generic then inV [G],

p[T ] − ω! \ p[S].

The setA is universally Baire if A is δ-universally Baire for all δ.

Universally Baire sets have canonical interpretations in generic exten-
sions V [G]: Choose anyT, S ∈ V such that p[T ] = A and p[T ]V [G] =
(ω! )V [G] \ p[S]V [G] and setAG = p[T ]V [G]. It is straightforward to see (using
the absoluteness of well-foundedness) thatAG is independent of the choice
of T and S.

Definition 2.4. Suppose thatA ⊆ ω! is universally Baire and thatM is a
countable transitive model of ZFC. ThenM is stronglyA-closedif for all set
generic extensionsM [G] of M ,

A ∩M [G] ∈ M [G].

Definition 2.5. Suppose that there is a proper class of Woodin cardinals,
T is a countable theory in the language of set theory andϕ is a sentence.
Then T ⊢
 ϕ i� there exists a set A ⊆ ω! such that

(1) A is universally Baire, and
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(2) for all countable transitive modelsM if M is strongly A-closed and
T ∈ M , then

M |= \ T |= 
 ϕ" .

This notion of provability (like the semantic notion of consequence) is su�-
ciently robust:

Theorem 2.6. Assume there is a proper class of Woodin cardinals. Suppose
T is a countable theory in the language of set theory,ϕ is a sentence, andB
is a complete Boolean algebra. Then

T ⊢
 ϕ i� V B |= \ T ⊢
 ϕ" .

Furthermore, the soundness theorem for 
-logic is known to hold:

Theorem 2.7. SupposeT is a countable theory in the language of set theory
and ϕ is a sentence. IfT ⊢
 ϕ then T |= 
 ϕ.

2.3 The 
 Conjecture and 
 -Completeness
The 
 Conjecture is simply the conjectured completeness theorem for 
-logic:

Definition 2.8 (
 Conjecture) . Assume there is a proper class of Woodin
cardinals. Then for each sentenceϕ,

? |= 
 ϕ

if and only if
? ⊢
 ϕ.

The possibility of the optimistic scenario requires the failure of this con-
jecture and, moreover, it requires that it fail in a dramaticfashion. To see
this we �rst reformulate conditional generic absolutenessin terms of 
-logic.
We say that a theoryT is 
- completefor a collection of sentences � if for each
ϕ ∈ �, T |= 
 ϕ or T |= 
 ¬ϕ. In these terms Theorem 1.4 can be restated as
follows:

Theorem 2.9. Assume there is a proper class of measurable Woodin cardi-
nals. Then ZFC + CH is 
 -complete for� 2

1.

Moreover, up to 
-equivalence, CH is the unique �21-statement that is 
-
complete for � 2

1.

8



Lemma 2.10. SupposeA is a � 2
1-sentence which is
 -complete for � 2

1-
sentences. Then

(1) ZFC + CH |= 
 A and

(2) ZFC + A |= 
 CH.

Proof. SupposeP is a partial order and G ⊆ P is a V -generic such that
V [G] |= A. Let H ⊆ Col(ω1,R) be V [G]-generic. Thus

V [G][H] |= CH .

Moreover, since Col(ω1,R) is countably closed it adds no new reals. Thus,
since A is � 2

1 we have, by upward absoluteness,

V [G][H] |= A .

Since both A and CH are assumed to be 
-complete for �21, (1) and (2)
follow.

Two questions naturally arise. First, are there recursive theories with
higher degrees of 
-completeness? Second, is there a uniquesuch theory
(with respect to a given level of complexity)? Regarding the�rst question,
Abraham and Shelah have shown:

Theorem 2.11 (Abraham-Shelah). ZFC + CH is not 
 -complete for� 2
2.

It is open whether there is a strengthening of CH that is 
-complete for � 2
2.

(There is evidence that� is such a statement.) However, if the 
 Conjecture
is true then a recursive theory that is 
-complete for � 2

2 is the most that one
could hope for.

Theorem 2.12. If the 
 Conjecture is true then there is no recursive theory
A such thatZFC + A is 
 -complete for� 2

3.

In fact, one has the following: Let

V
 = {ϕ | ? |= 
 ϕ}.

Theorem 2.13. Assume that the
 Conjecture is true. ThenV
 is either
� 2

2(INS) or � 2
2(INS), that is, it is either � 2-de�nable or � 2-de�nable in the

structure
〈H(c+ ), INS〉,

whereINS is the nonstationary ideal onω1.
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On the other hand if the 
 Conjecture fails then it is possible that V


has the complexity that its natural de�nition suggests, in other words, it is
possible (given our current understanding) thatV
 is recursively equivalent
to the � 2-complete set of truths inV . The simplest way this could happen is
if there is a sentence (or a recursive set of axioms) A such that V |= ZFC+A
and

{ϕ ∈ � 2 | V |= ϕ} = {ϕ ∈ � 2 | ZFC + A |= 
 ϕ}.

This would open up the possibility of recursively enumerable theories with
higher degrees of 
-completeness.

The scenario we have in mind is this: For each large cardinal axiom
�, letting V� be such that λ is the least �-cardinal, there are recursively
enumerable axioms A such that relative to large cardinal axioms ZFC +
A is 
-complete for the theory of V� and, moreover, any other recursively
enumerable theory A′ that shares this feature yields (in 
-logic) the same
theory of V� . Our main result is that uniqueness must fail.

3 Bifurcation
First, we need a precise speci�cation of a large cardinal property, one which
incorporates invariance under small forcing.

Definition 3.1. A large cardinal property is a � 2-formula ϕ(x) such that
(as a theorem of ZFC) ifκ is a cardinal andV |= ϕ[κ] then κ is strongly
inaccessible and for all partial ordersP ∈ V� and all V -genericsG ⊆ P,
V [G] |= ϕ[κ].

This directly captures most of the standard large cardinal axioms|for ex-
ample, \κ is measurable", \κ is a Woodin cardinal", \κ is the critical point
of a non-trivial elementary embeddingj : V� → V� ". It does not capture
\ κ is supercompact" directly. However, one can remedy this by considering
\ ∃δ V� |= κ is supercompact".

Definition 3.2. Supposeϕ is a large cardinal property. Let PC(ϕ) be the
conjunction of the statements \there is a proper class of Woodin cardinals"
and \there is a proper class ofϕ-cardinals".

Above we de�ned 
-completeness relative to a �xed pointclass � (such as
� 2

1) but now we shall be dealing with much larger fragments of theuniverse
of sets and so it will be necessary to extend this de�nition.
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Definition 3.3. Let � 0(λ) be the formula \λ > ω and |V� | = λ". Suppose �
is � 0 or a large cardinal property. Let Th(V� ) abbreviate \the theory of V�

whereλ is the least ordinal such that �( λ)." Let Th( V� 0 ) abbreviate \the
theory of V� whereλ is the least ordinal such thatλ > ω and |V� | = λ".

Definition 3.4. Let � be � 0 or a large cardinal property. Letϕ be a large
cardinal property and let A be a recursively enumerable set of axioms. Then
ZFC + A + PC( ϕ) is 
- complete for Th(V� ) if for all sentencesS of the
language of set theory,

ZFC + A + PC( ϕ) |= 
 \ S ∈ Th(V� )"

or
ZFC + A + PC( ϕ) |= 
 \ ¬S ∈ Th(V� )" .

Notice that we are allowing the degenerate case in which ZFC+A+PC( ϕ)
is not 
-satis�able, in which case both of the above diplayed equations hold.
In particular, the theory ZFC+0 = 1 is trivially 
-complete f or Th(V� ). This
choice is merely one of convenience and, of course, in all cases of interest there
will be su�cient large cardinals to ensure that the theory will be 
-satis�able.

Notice that conditioning on a recursively enumerable theory A can be
subsumed by conditioning on a single �2-sentence: Suppose ZFC+A+PC(ϕ)
is 
-complete for Th( V� ). Let ψ be the � 2-sentence which asserts that there
exists α such that V� |= ZFC + A + PC( ϕ). Then ZFC + ψ + PC( ϕ) is

-complete for Th( V� ). (To see this suppose thatβ1 and β2 are ordinals
and B1 and B2 are complete Boolean algebras such thatV B1 and V B2 satisfy
ZFC + ψ + PC( ϕ). Let α1 and α2 be the least ordinals witnessingψ in V B1

and V B2 , respectively. By hypotheses,

(Th( V� ))V B1
α1 = (Th( V� ))V B1

α1 .

But of course

(Th( V� ))V B1
β1 = (Th( V� ))V B1

α1 and (Th(V� ))V B2
β2 = (Th( V� ))V B2

α2 .

Thus,

(Th( V� ))V B1
β1 = (Th( V� ))V B1

β1 ,

which completes the proof.)
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Theorem 3.5. Assume ZFC and that there is a proper class of Woodin
cardinals. Let ψ be a� 2-sentence, letϕ be a large cardinal property, and let
� be either� 0 or a large cardinal property such thatPC(ϕ) proves that there
is a � -cardinal. Suppose thatZFC + ψ + PC( ϕ) is 
 -complete forTh(V� ).
Let that P be a homogeneous, de�nable partial order inV� and let ψP be the
� 2-sentence:

There exists(κ,N,G) such thatκ is strongly inaccessible,N |=
ZFC + ψ + PC( ϕ), G is N-generic for PN , and V� = N [G].

Then ZFC + ψP + PC( ϕ) is 
 -complete forTh(V� )..

Proof. Without loss of generality we may assume that ZFC +ψP + PC( ϕ) is

-satis�able, otherwise there is nothing to prove.

Our goal is to prove that the following Lemma holds in all generic exten-
sionsV B of V such that for some ordinalα, V B

� |= ZFC + ψP + PC( ϕ).

Lemma. For each sentenceS the following are equivalent:

(1) S ∈ (Th( V� ))V

(2) \1 P ‖ S ∈ (Th( V� ))" ∈ (Th( V� ))N

(3) V |= \ZFC + ψ + PC( ϕ) |= 
 \ \1 P ‖ S ∈ (Th( V� ))" ∈ Th(V� )" "

This will tie the theory of V� as computed inV B to the 
-consequence
relation and so the generic invariance of the former will be inherited from that
of the latter. More precisely: LetB1 and B2 be complete Boolean algebras
such that for someα1 and α2, V B1

� 1
and V B2

� 2
satisfy ZFC+ ψP +PC( ϕ). Thus,

S ∈ (Th( V� ))V B1

↔ V B1 |= \ZFC + ψ + PC( ϕ) |= 
 \ \1 P ‖ S ∈ (Th( V� ))" ∈ Th(V� )" "

↔ V B2 |= \ZFC + ψ + PC( ϕ) |= 
 \ \1 P ‖ S ∈ (Th( V� ))" ∈ Th(V� )" "

↔ S ∈ (Th( V� ))V B2 .

This �rst and third equivalence hold by the Lemma and the second equiva-
lence holds by the generic invariance of 
-logic.

But PC(ϕ) proves that there is a �-cardinal and clearly

(Th( V� ))V B1
α1 = (Th( V� ))V B1 and (Th(V� ))V B2

α2 = (Th( V� ))V B2 .
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Thus,
(Th( V� ))V B1

α1 = (Th( V� ))V B2
α2 .

In other words, ZFC + ψP + PC( ϕ) is 
-complete for Th( V� ).
It remains to prove that the Lemma holds in all generic extensions V B

of V such that for some ordinalα, V B
� |= ZFC + ψP + PC( ϕ). For notation

convenience we shall writeV̀ ' for `V B'.
Let (κ,N,G) witnessψP. Thus

N |= ZFC + ψ + PC( ϕ)

and so by the generic persistence ofϕ-cardinals for small forcing,

V� |= PC( ϕ).

Claim 1. For each sentenceS the following are equivalent:

(1) S ∈ (Th( V� ))V

(2) S ∈ (Th( V� ))Vκ

(3) \1 P ‖ S ∈ (Th( V� ))" ∈ (Th( V� ))N

Proof. (1) ↔ (2): This is immediate provided that V� satis�es that there is
a level satisfying �. In the case where � is � 0 this is immediate. In the case
where � is a large cardinal property it follows from the fact that V� satis�es
PC(ϕ) and we have assumed that PC(ϕ) proves that there is a �-cardinal.
(2) ↔ (3): This follows sincePN is homogeneous.

Notice that sinceκ is strongly inaccessible there are co�nally manyγ < κ
such that

(N
 , V
 ) ≺ (N, V� ).

In particular, each suchN
 satis�es ZFC + ψ + PC( ϕ).

Claim 2. For each sentenceS the following are equivalent:

(1) S ∈ (Th( V� ))N

(2) N |= \ZFC + ψ + PC( ϕ) |= 
 \ S ∈ Th(V� )" "

(3) V� |= \ZFC + ψ + PC( ϕ) |= 
 \ S ∈ Th(V� )" "
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(4) V |= \ZFC + ψ + PC( ϕ) |= 
 \ S ∈ Th(V� )" "

Proof. To begin with notice each ofN , V� and V satis�es that \ZFC + ψ +
PC(ϕ) is 
-satis�able" and hence that the 
-implication in quest ion is non-
trivial. For N this is immediate since there are co�nally manyγ < κ such
that N
 |= ZFC + ψ + PC( ϕ). To see that this is also true ofV� (and hence
V ) notice that since N satis�es that \ZFC + ψ + PC( ϕ) is 
-satis�able"
and sinceN |= PC( ϕ) and V� = N [G] it follows (by Theorem 2.2) that V�

satis�es that \ZFC + ψ + PC( ϕ) is 
-satis�able".
(1) ↔ (2): It su�ces to show that N satis�es that ZFC+ ψ+PC( ϕ) is 
-

complete for Th(V� ). But the statement \ZFC+ ψ+PC( ϕ) is 
-complete for
Th(V� )" is absolute betweenN and all of its generic extensions. Therefore,
if it fails in N if fails in V� and so it fails in V .

We caution the reader that we arenot assuming thatV� and V agree on

-logic. In fact, this is false.

(2) ↔ (3): This follows sinceN |= PC( ϕ) and V� = N [G]. Thus, by
Theorem 2.2, the relation \T |= 
 S" is absolute betweenN and V� .

(3) ↔ (4): It is clear that if (4) holds then (3) holds. To see the converse
suppose for contradiction that (3) holds and (4) fails. Since V satis�es that
ZFC+ ψ+PC( ϕ) is 
-complete for Th( V� ) (note that V satis�es that ZFC+
ψ + PC( ϕ) is 
-satis�able, since V� satis�es this) it follows that

V |= \ZFC + ψ + PC( ϕ) |= 
 \ ¬S ∈ Th(V� )" " .

But as we saw aboveV� satis�es that ZFC + ψ + PC( ϕ) is 
-satis�able. Let
Q ∈ V� be such that for someα < κ, V Q

� satis�es ZFC + ψ + PC( ϕ). Since
V� = N [G], it follows that V Q

� must satisfy S by (3), which contradicts the
fact that it must satisfy ¬S by the displayed formula above.

The Lemma now follows. The equivalence of (1) and (2) is just the
equivalence of (1) and (3) from Claim 1 and the equivalence of(2) and (3)
is just the equivalence of (1) and (4) of Claim 2 with \1P ‖ S ∈ (Th( V� ))"
for S. As noted earlier, this completes the proof.

Remark 3.6. In the statement of the above theorem we have not assumed
that ZFC + ψP + PC( ϕ) is 
-satis�able. Under appropriate large cardinal
assumptions this theory is 
-satis�able and the theorem applies in a sub-
stantive way.
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Theorem 3.7. Assume ZFC and that there is a proper class of Woodin
cardinals. Let ψ be a� 2-sentence, letϕ be a large cardinal property, and let
� be either� 0 or a large cardinal property such thatPC(ϕ) proves that there
is a � -cardinal. Suppose thatZFC + ψ + PC( ϕ) is 
 -complete forTh(V� ).
Then there is a� 2-sentenceψ′ such that ZFC + ψ′ + PC( ϕ) is 
 -complete
for Th(V� ) and the �rst theory 
 -implies CH if and only the second theory

 -implies ¬CH.

Proof. If ZFC + ψ + PC( ϕ) |= 
 CH then let H = Add( ω2, ω) and if ZFC +
ψ + PC( ϕ) |= 
 ¬CH then let H = Col( ω1,R). Notice that in either caseH is
homogeneous and de�nable. Now letψ′ be the � 2-sentenceψP from Theorem
3.5. It follows that

ZFC + ψ + PC( ϕ) |= 
 CH i� ZFC + ψ′ + PC( ϕ) |= 
 ¬CH,

which completes the proof.

The above theorem is, of course, just a sample. One can replace CH by
anything that can be forced with a de�nable, homogeneous partial order.
Thus, if there is one theory with the above degree of 
-completeness then
there is a \bifurcation" into a host of incompatible 
-compl ete theories with
the same degree of 
-completeness.

Remark 3.8. Our choice ofV� where � is � 0 or a large cardinal property
was merely one of convenience. The above theorems hold in more local
settings. For example, one can replaceV� with H(c+ ), the reason being that
the partial orders used in Theorem 3.7 are inH(c+ ) and H(c+ ) as computed
in the generic extension is a generic extension ofH(c+ ) as computed in the
ground model.

3.1 Conclusion
There is evidence that the 
 Conjecture holds in all inner models of large
cardinals. Moreover, assuming a proper class of Woodin cardinals, the 

Conjecture is invariant under forcing. When conjoined withthe speci�c na-
ture of the 
 Conjecture this can be taken as evidence for the 
Conjecture.
(See Woodin (2007) for more on this subject.) Thus, given Theorem 2.12, one
can expect of a recursively enumerable theory that it be at most 
-complete
for � 2

2.
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However, without a proof of the 
 Conjecture it is a (remote) possibility
that the 
 Conjecture fail and, moreover, that it fail in a way which opens
the way for recursively enumerable theories that are 
-complete for large
fragments of the universe of sets. Were all such theories to agree (in 
-
logic) on the theory of the fragment of the universe of sets then this would
make a strong case for new axioms completing the axioms of settheory.
Unfortunately, the above result shows that this will not happen. Instead
there would be a radical \bifurcation" of such theories.
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