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Summary. Motivated by the statistical inference problem in population genetics, we present a
new sequential importance sampling with resampling strategy. The idea of resampling is key to
the recent surge of popularity of sequential Monte Carlo methods in the statistics and engin-
eering communities, but existing resampling techniques do not work well for coalescent-based
inference problems in population genetics. We develop a new method called ‘stopping-time
resampling’, which allows us to compare partially simulated samples at different stages to ter-
minate unpromising partial samples and to multiply promising samples early on.To illustrate the
idea, we first apply the new method to approximate the solution of a Dirichlet problem and the
likelihood function of a non-Markovian process. Then we focus on its application in population
genetics. All our examples show that the new resampling method can significantly improve the
computational efficiency of existing sequential importance sampling methods.

Keywords: Ancestral inference; Coalescent; Population genetics; Resampling; Sequential
importance sampling

1. Introduction

Suppose that we are interested in estimating the mean of h.x/ under distribution π.x/, which is
known up to a normalizing constant. A standard Monte Carlo method is importance sampling,
in which one draws random samples x.1/, . . . , x.m/ from a trial or sampling distribution q.x/

and estimates Eπ{h.x/} by

µ̂= w.1/ h.x.1//+ . . .+w.m/ h.x.m//

w.1/ + . . .+w.m/
, .1/

where w.i/ = π.x.i//=q.x.i//, i = 1, . . . , m. The main objective of importance sampling is to
design a sampling distribution that has a high probability mass in the region where the function
h.x/ π.x/ takes large values. Since it is difficult to prescribe a good high dimensional sampling
distribution, we must often decompose a high dimensional vector into low dimensional compo-
nents and then build up the sampling distribution by adding in components sequentially—this
is the basic idea of sequential importance sampling (SIS).

SIS is a versatile and powerful tool for solving complex computational problems. The first
SIS algorithm was developed in the 1950s for simulating long chain polymers (Hammersley
and Morton, 1954; Rosenbluth and Rosenbluth, 1955). The ideas of pruning and enrichment

Address for correspondence: Jun S. Liu, Department of Statistics, Harvard University, 1 Oxford Street, Cam-
bridge, MA 02138, USA.
E-mail: jliu@stat.harvard.edu



200 Y. Chen, J. Xie and J. S. Liu

(Wall and Erpenbeck, 1959; Grassberger, 1997) were later developed to improve the method
greatly. These ideas have been widely used for molecular simulations and structural predictions
(Kremer and Binder, 1988; Grassberger, 1997). More recently, the SIS methodology, together
with a few key improvements such as resampling and Markov chain Monte Carlo iterations,
has found a wide range of applications in computer science (Isard and Blake, 1996), financial
data modelling (Pitt and Shephard, 1999), genetic linkage analysis (Irwing et al., 1994), signal
processing (Gordon et al., 1993; Liu and Chen, 1995, 1998; Godsill et al., 2000; Chen, 2001)
and statistics (Kong et al., 1994; Liu, 1996; Berzuini et al., 1997; MacEachern et al., 1999; Chen,
2001). Liu and Chen (1998) provided a general framework for this class of techniques under the
name ‘sequential Monte Carlo’ sampling. Doucet et al. (2001) and Liu (2001) are good sources
for obtaining detailed knowledge of sequential Monte Carlo sampling and its connection with
Markov chain Monte Carlo sampling.

The resampling idea that was introduced in Gordon et al. (1993) and Liu and Chen (1995),
which resembles the pruning and enrichment techniques (Wall and Erpenbeck, 1959; Grassber-
ger, 1997), is crucial for improving the efficiency of an SIS algorithm. However, its standard
implementations in the examples that are considered in this paper did not work well. We intro-
duce a new approach called ‘stopping-time resampling (STR)’, which allows each partially
built Monte Carlo sample to pause at a data-dependent stage for resampling considerations.
In addition to illustrating the usefulness of the method by diverse examples ranging from the
Dirichlet problem to panel data analysis, we focus specifically on statistical inference problems
in population genetics. We show that SIS with STR outperformed its corresponding SIS method
substantially with negligible computational overhead in all the cases that we considered.

The paper is organized as follows. Section 2 gives a brief summary of the general framework
of SIS with resampling. Section 3 motivates our study by using a Dirichlet problem. Section 4
introduces the STR technique. Section 5 applies the SIS approach together with STR to analyse
a set of panel data. Section 6 studies population genetics problems, explains how to incorpo-
rate STR into the SIS algorithms that have been developed in the literature and presents two
examples to demonstrate the advantage of the new method. Section 7 concludes the paper with
a discussion.

2. Sequential importance sampling with resampling

Suppose that x can be decomposed as x = .x1, . . . , xd/. We let xt = .x1, . . . , xt/, 1 � t � d, and
call it a ‘partial sample’. The essence of SIS is to construct the sampling distribution q.·/ sequen-
tially:

q.x/=q1.x1/ q2.x2|x1/. . . qd.xd |xd−1/:

Its importance weight is

w.x/= π.x/

q.x/
= π.x1/ π.x2|x1/. . . π.xd |xd−1/

q1.x1/ q2.x2|x1/. . . qd.xd |xd−1/
, .2/

which can often be computed recursively as

wt.xt/=wt−1.xt−1/ ut.xt/: .3/

An obvious candidate for ut is π.xt|xt−1/=qt.xt|xt−1/. But this choice is infeasible since find-
ing the marginal distributions π.x1/, π.x1, x2/, . . . is perhaps more difficult than the origi-
nal problem. In practice, we often can find a sequence of distributions π1.x1/, π2.x1, x2/, . . . ,
πd.x1, . . . , xd/, such that πt.xt/ is a reasonable approximation to the marginal distribution π.xt/
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for t =1, . . . , d −1, and πd.x1, . . . , xd/=π.x1, . . . , xd/, and let

ut.xt/= πt.xt/

πt−1.xt−1/ qt.xt|xt−1/
: .4/

It is easy to check that the final weight wd.xd/ is the same as that in equation (2). The πt , which
were called auxiliary distributions in Liu (2001), are used here both to help to design an efficient
sampling distribution and to guide the resampling.

Consider as an example the filtering problem of the non-linear state space model:

yt ∼ft.yt|xt/, xt ∼gt.xt|xt−1/, t =1, . . . , n,

in which we observe x0 and the yt and are interested in estimating E.xn|yn/. The target distri-
bution in this case is the posterior distribution

π.x/=P.xn|yn/∝
n∏

s=1
fs.ys|xs/ gs.xs|xs−1/:

A simple choice of the sampling distribution is qt.xt|xt−1/ = gt.xt|xt−1/, and a more sophisti-
cated choice can be qt.xt|xt−1/ ∝ ft.yt|xt/ gt.xt|xt−1/, which incorporates the newly observed
data point (Liu and Chen, 1998). A sequence of auxiliary distributions can be πt.xt/=P.xt|yt/.

One way to implement SIS is to start m independent chains or paths and to proceed with them
in parallel, i.e. we generate m independent samples {x

.1/
1 , . . . , x

.m/
1 } from q1.·/ at step 1; then we

generate x
.j/
2 from q2.·|x.j/

1 / for j =1, . . . , m at step 2, and so on. The advantage of this parallel
implementation is that we can compare the current weights w.1/

t , . . . , w.m/
t for the m partial sam-

ples x.1/
t , . . . , x.m/

t . A very small weight of w.j/
t suggests that we might want to stop the jth sample

early because it will probably contribute very little to the final estimate. Formally, we can prune
away those samples with small current weights and ‘amplify’ those with large current weights
by resampling. Suppose that at step t we have m independent partial samples x.1/

t , . . . , x.m/
t , with

weights w.1/
t , . . . , w.m/

t . A resampling step can be carried out as follows.

(a) Draw m samples (with replacement) from {x.1/
t , . . . , x.m/

t } with probabilities proportional
to {w.1/

t , . . . , w.m/
t }.

(b) Assign equal weights .w.1/
t + . . . +w.m/

t /=m to each of the m new samples.

Other more efficient resampling schemes, such as residual resampling (Liu and Chen, 1998)
and stratified resampling (Kitagawa, 1996), can reduce the Monte Carlo variation and are
usually preferable to the multinomial resampling strategy that was described above. Recently,
Fearnhead and Clifford (2003) proposed a new optimal resampling method for the discrete state
space case.

Although resampling is essential for an SIS algorithm, doing resampling at every step may
not be desirable (Liu and Chen, 1995, 1998). Two resampling schedules have been proposed:
deterministic and dynamic. In a deterministic schedule, we do resampling at fixed times t1, t2, . . . ,
where ti is often chosen to be i× t1. In a dynamic schedule, we check the square of the coefficient
of variation (denoted as cv2 henceforth) of the current weights wt at each time t and do resam-
pling if cv2 is greater than a certain bound. Our experience shows that the dynamic schedule
tends to be more efficient than the deterministic schedule. In practice, cv2 for wt is estimated
by the ratio between the sample variance and the square of the sample mean of the weights
w.1/

t , . . . , w.m/
t .

In both schedules, we carry all the partial samples in parallel to the same sampling stage (i.e.
all samples have their first t components generated) and then conduct resampling. For some
problems such as the Dirichlet problem in the next section and the likelihood inference problem
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in population genetics, this ‘same stage’ resampling schedule does not improve the efficiency
(see Sections 4 and 6.4). The main reason for its ineffectiveness is that the partial samples at the
same sampling stage may have very distinct features so that a large current weight often does
not lead to a large future weight. In other words, the sampling stage is not a natural ‘timescale’
for the progress of each partial sample. The example in the next section sheds some light on how
to do resampling appropriately.

3. A motivating example: the Dirichlet problem

Solving the Dirichlet problem is one of the earliest applications of Monte Carlo methods (Ham-
mersley and Handscomb, 1964). The following example from Farlow (1993) is to find a function
u.x, y/, defined over the unit square [0, 1]× [0, 1], satisfying

@2u

@x2 + @2u

@y2 =0, on .x, y/∈ .0, 1/× .0, 1/ .5/

with boundary condition

u.x, y/=
{

1, on the top of the square,
0, on the sides and bottom of the square.

.6/

The Monte Carlo approach to solve the equation numerically starts by discretizing the unit
square into n2 equal-sized small squares (Fig. 1) and then uses the finite difference approxima-
tion to replace condition (5) by

u
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where .i=n, j=n/ is an interior point. Suppose that a simple random walk starts from the interior
point u.i0=n, j0=n/ and hits the boundary at .i′=n, j′=n/. It is well known that
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Fig. 1. Discretization of the unit square into equal-sized small squares: the value of u at the point .0:25, 0:25/
can be estimated by running many random walks starting from .0:25, 0:25/ and resampling if cv2 for the par-
tial weights at Ti is greater than B, where Ti is the stopping time when all random walks hit the thick line with
height .25C5i/=100, for i D1,. . . ,14
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Hence, we can run m independent simple random walks from .i0=n, j0=n/, record the ending
points of these random walks as .i.1/=n, j.1/=n/, . . . , .i.m/=n, j.m/=n/ and use

m∑
k=1

u.i.k/=n, j.k/=n/

m

to estimate u.i0=n, j0=n/. We call this strategy the naı̈ve Monte Carlo method.
For the boundary condition (6), the naı̈ve Monte Carlo estimate is equal to the proportion

of random walks that hit the top edge of the unit square. A potentially better strategy is to
encourage the random walks to move up towards the top edge. This can be realized by assign-
ing a higher probability to move up at each step of the walk, and then using the importance
weight to correct the bias. For example, we can implement a random walk that moves to its
four neighbours ..i−1/=n, j=n/, ..i+1/=n, j=n/, .i=n, .j +1/=n/ and .i=n, .j −1/=n/ with prob-
abilities 0:25, 0:25, 0:25+ δ and 0:25− δ respectively, where 0 < δ < 0:25. If we use xt to denote
the path of a random walk up to time t, the importance weight wt.xt/ that is associated with xt

can be computed by using equation (3), where π.xt|xt−1/=0:25 and qt.xt|xt−1/ is the probabil-
ity of moving from the current position to xt according to the proposal distribution. The final
estimate of u.i0=n, j0=n/ is the average of the importance weights.

Because of the sequential nature of the random walk, resampling might be incorporated to
increase the efficiency. The standard resampling strategy runs all the walks the same number
of steps and decides whether to do resampling by checking cv2 for the partial weights wt . How-
ever, this strategy does not improve the accuracy of the estimate (see the numerical results in
Section 4) because different random walks take different numbers of steps to reach the top edge
and only those that hit the top edge contribute to the estimate. At time t (i.e. the length of each
random walk is t), some walks with large weights might be far from the top edge and their final
weights when hitting the top edge tend to be very small because moving up will decrease the
importance weights. In contrast, some samples with small weights may be very close to the top
edge. Although their ‘current’ weights are small, they are already very close to the end so their
final weights tend to be large comparing with other samples. Since large current weights often
imply small future weights and vice versa, resampling according to the natural time ‘t’ actually
prunes away many ‘good’ samples.

A more natural timescale for this problem is the time that random walks hit the thick hori-
zontal lines (see Fig. 1), because it roughly determines how far the sample is from the top edge.
Thus, an alternative strategy is to run the m walks until the first time that they all reach the line
indexed by T1 in Fig. 1. Then we check cv2 for the importance weights of all the walks: if it is
greater than a certain bound, we do resampling; if not, we continue to run all the random walks
until they all reach line T2, and so on. The next section gives a formal description of this idea
and proves that this resampling approach is proper.

4. Sequential importance sampling with stopping-time resampling

Now we describe the general method of sequential importance sampling with stopping-time
resampling (SISSTR), whose preliminary version was first used in Chen and Liu (2000). In SIS,
we obtain each sample x by generating its components x1, x2, . . . sequentially. A sequence of
stopping times 1 <T1 < . . . <TL <d is defined on the sample path {x1, x2, . . .} so that the event
{Tl = t} is measurable with respect to the σ-field that is generated by {x1, . . . , xt , T1, . . . , Tl−1}.
In other words, after we observe {x1, . . . , xt , T1, . . . , Tl−1}, we know whether we have reached
the stopping time Tl. We check cv2 for the weights at these stopping times and do resampling if
cv2 is greater than a certain bound B. More precisely, we start by running in parallel m sample
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paths until they reach their respective first stopping time T1. If cv2 is greater than a certain
bound at this stage, we do resampling; otherwise we continue to run these partial samples until
they reach their second stopping time T2 and check cv2 again and so on.

The following argument shows that SISSTR produces a consistent estimate of Eπ{h.x/} as
the sample size m goes to ∞. Without loss of generality, we consider only a fixed and finite
number d of components and one stopping time T satisfying the condition that P.T � d/ = 1.
We would need that P.T <∞/= 1 if d is infinite. Under these settings, our SISSTR procedure
produces a population of weighted samples .wT , xT / at the stopping time and then resamples
from this population. As m → ∞, resampling is equivalent to letting each xT survive with a
probability c wT .xT /, where c is a constant. The survived xT is given a constant weight c−1. If
xT with T = t survives the resampling, it is continued with SIS to produce x= .xt , xt+1, . . . , xd/.
Its weight at the end of the process is

w′.x/= 1
c

×ut+1 ×. . .×ud = 1
c

π.x/

πt.xt/ qt+1.xt+1|xt/. . . qd.xd |xd−1/
:

Thus, for any integrable function h.x/, we have

E{h.x/ w′.x/|x survived}=
∑
t

E{h.x/ w′.x/, T = t, x survived}
P.x survived/

= c′ ∑
t

E{h.x/w′.x/ c wt.xt/} P.T = t/

= c′ ∑
t

Eπ {h.x/}P.T = t/= c′ Eπ{h.x/},

where c′ =1=P.x survived/. Therefore, it is valid to estimate Eπ{h.x/} by equation (1).
If we choose Tl ≡ l, SISSTR is identical to the standard dynamic resampling schedule that

we discussed in Section 2. The new SISSTR method enables us to choose appropriate stopping
times, so that at these stopping times all the samples tend to have ‘similar’ futures. Therefore
the current weights can better reflect the future weights. The value of this method for applica-
tions of SIS in molecular population genetics and other fields is demonstrated in Sections 5 and
6.4. The examples differ slightly from the current setting by having a non-fixed number (d) of
components, but the same theory applies.

To examine the effectiveness of the SISSTR method, we revisited the Dirichlet problem of
Section 3 and compared different algorithms on estimating the value of u at the point .0:25, 0:25/

(the dot in Fig. 1) for the Dirichlet problem (5). The unit square was discretized into 100×100
equal-sized small squares. We chose δ = 0:01 in the SIS procedure so that the probabilities of
moving to the four directions left, right, up and down are 0.25, 0.25, 0.26 and 0.24 respectively.
For each method, we generate 100 estimates with each based on 5000 samples. In Table 1, we
report the mean of the 100 estimates and the standard error of the mean.

Table 1. Comparison of different methods on estimating
u.0:25, 0:25/

Method Estimate Standard error

Naı̈ve Monte Carlo 0.0677 0.0035
SIS without resampling 0.0686 0.0029
Traditional SIS with resampling 0.0673 0.0037
SISSTR 0.0681 0.0021
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In traditional SIS with resampling, we checked cv2 at every 100 steps and do resampling
if cv2 >B. In SISSTR we choose Ti as the first time that all samples hit the horizontal line with
height .25 + 5i/=100, for i = 1, . . . , 14 (see the thick lines in Fig. 1) and do resampling at the
stopping time Ti if cv2 for the partial weights at Ti is greater than B. We chose B = 0:3, which
incurred about 33 resamplings for traditional SIS and two resamplings for SISSTR. All the
methods took about 5 min on a 3 GHz Dell workstation and gave estimates that were close to
the true value. (A long simulation showed that u.0:25, 0:25/≈0:0683.) From Table 1, we can see
that SISSTR gives the smallest standard error among the four methods. SIS without resampling
is better than both the naı̈ve method and traditional SIS with resampling, indicating that doing
resampling in a wrong way may decrease the efficiency of SIS. We observed similar patterns
when estimating the values of other points in the unit square.

To see how sensitive the performance of SISSTR is to the choice of B, we ran the simulation
for B ranging from 0:1 to 1. The number of resamplings incurred ranged from 1 to 5 and the
corresponding standard error ranged from 0:0021 to 0:0024. If we choose B> 1, then the aver-
age number of resamplings is less than 1 and the standard error is close to that of SIS without
resampling.

5. Another example: inference in a non-Markov binary process

A common scientific objective in studies of episodic phenomena is to characterize the duration
in and between episodes. Many examples can be found in the study of chronic diseases, chronic
infections and life history events (de Stavola, 1988). It is often not possible or not practical to
observe the episodic process continuously. Instead, panel studies are often used in which the
current state of the episodic process is observed at a number of predetermined points. Although
there is an extensive literature on the analysis of panel studies under the assumption that the
episodic phenomena follow a continuous time Markov process (Kalbfleisch and Lawless, 1985),
many episodic phenomena exhibit duration dependence and are hence non-Markovian, e.g.
spells of employment and unemployment (Jovanovic, 1979; Lippman and McCall, 1976). The
likelihood for panel studies of non-Markov processes generally does not have a computationally
tractable closed form expression. Chen et al. (2004) developed Monte Carlo methods that are
suitable for analysing such panel studies.

As a concrete example, we consider here a two-state process Y = .Yt : 0 � t � τ / where the
duration X in state j .j =0, 1) has probability density function

fj.x/= cj

bj

(
x

bj

)cj−1

exp
{

−
(

x

bj

)cj
}

, x> 0, bj, cj > 0: .8/

This is the probability density function for the Weibull family of distributions, which is
widely used to model duration. The parameters of interest are θ = .b0, c0, b1, c1/. Let tÅ.Y/ =
{tÅ1 .Y/, tÅ2 .Y/, . . . , tÅK.Y/} be the times at which Y moves between states, where K is a random
variable denoting the total number of transitions. Assume that the process Y is in equilib-
rium. Let P.j/, j = 0, 1, denote the probability that Y0 = j. Then the density function of Y for
Y0 = j, j =0, 1, is

p.y/=P.j/
Gj{tÅ1 .Y/}

µj,X
f1−j{tÅ2 .Y/− tÅ1 .Y/} fj{tÅ3 .Y/− tÅ2 .Y/} f1−j{tÅ4 .Y/− tÅ3 .Y/}. . .

where Gj.X/=P.X>x/, j =0, 1, denotes the survivor function of the duration X for state j and
µj,X, j =0, 1, denotes the mean of the duration X in state j, which can be found from equation (8)
(Cox and Isham, 1981). In panel studies, instead of observing the exact transition times into
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and out of states, we observe the states at predetermined times t1, t2, . . . , tk, .Yt1 , Yt2 , . . . , Ytk / :=
.Z1, . . . , Zk/ :=Z. The likelihood function of Z1, . . . , Zk|θ is

π.z1, . . . , zk/=
∫

p.y/ 1{yt1=z1,:::,ytk
=zk} dy: .9/

Conceptually, we can draw m samples y.1/, . . . , y.m/ from p.y/ and estimate π.z1, . . . , zk/ by

π̂.z1, . . . , zk/= 1
m

m∑
i=1

1{y.i/
t1

=z1,:::,y.i/
tk

=zk}:

However, this naı̈ve Monte Carlo method will be very inefficient because 1{yt1=z1,:::,ytk
=zk} will

be 0 for most y drawn from p.y/. Instead, as indicated in algorithm 1 below, we may sample
y.1/, . . . , y.m/ from a trial distribution q.y/ whose support is {y : yt1 = z1, . . . , ytk = zk} and then
correct the bias by importance weights.

5.1. Algorithm 1

Step 1: set initial time x0 = t1, initial state s0 = z1 and Yx0 = s0.
Step 2: suppose that the current time is xi and Yxi = si. Let l=min{j : xi < tj and zj 	= si, 1�
j �k} and assume that min.∅/=∞.

(a) In case I, l is a finite number. If {.tl −xi/=bsi}csi <c, where c is a chosen constant, draw
a random time t from a scaled beta distribution g.t/∝{t=.tl −xi/}csi

−1 .0 <t<tl −xi/.
Otherwise, draw a random time t from a truncated Weibull distribution which is pro-
portional to fsi.t/ 1{t<tl−xi} (see equation (8)). Set xi+1 =xi + t and si+1 =1− si.

(b) In case II, l=∞. Draw a random time t from the Weibull distribution fsi.t/ (see equa-
tion (8)). Set xi+1 =xi + t and si+1 =1− si.

Step 3: the process stops when the current time xi > tk.

At step 2, when {.tl −xi/=bsi}csi <c is small, the truncated Weibull distribution tends to give
a low acceptance rate. Thus, instead we draw samples from a scaled beta distribution since the
truncated Weibull distribution with large truncation is roughly proportional to the scaled beta
distribution. Simulation results (c = 0:1 in the example below) show that adaptively choosing
between truncated Weibull and scaled beta distributions as the proposal distribution greatly
improves the efficiency. Drawing samples from the scaled beta distribution g.t/ can be realized
by first drawing a sample from beta.csi , 1/ and multiplying it by tl −xi. Drawing from truncated
Weibull distributions can be realized by drawing samples from the Weibull distribution and
rejecting those that are not within the range .0, tl −xi/.

To incorporate resampling to improve algorithm 1, we need to define an appropriate time-
scale to reflect the trend of the importance weights. If two neighbouring observations zi and
zi+1 are different, then for every sample there is at least one transition between ti and ti+1. Thus,
we define a stopping time as the first transition between ti and ti+1. At this stopping time, all
samples are roughly the same distance from the end. The total number of stopping times is equal
to the total number of neighbouring pairs with different values.

To show that STR can indeed help algorithm 1, we simulated a two-state process Y with
b0 =1:1, c0 =0:8, b1 =0:9 and c1 =1:2. The observations taken at times 0, 1, . . . , 34 were

01110011000000010000100101100100010:

For ease of comparison, we solely consider inference for c1 conditional on the true values of
b0, c0 and b1. We simulated the two-state process by using algorithm 1 with a guessed value of c1,
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denoted by cÅ
1 =1:5. A by-product of this approach is that we can use one sampling distribution

qcÅ
1

to estimate πc1.z1, . . . , zk/ for a range of c1 close to cÅ
1 , and thus the likelihood curve, by

π̂c1.z1, . . . , zk/= 1
m

m∑
i=1

pc1.y.i//

qcÅ
1
.y.i//

: .10/

Fig. 2(a) displays the estimated likelihood curves for c1 by algorithm 1. We ran it five times,
with each run based on 50000 samples, which took about 15 min on a 3 GHz Dell workstation.
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50000 samples by using algorithm 1 without resampling; (b) five independent likelihood curve estimates
based on 50000 samples by using algorithm 1 with STR
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The large variability of the curves indicates that algorithm 1 without resampling is not very
efficient for this problem. We also implemented algorithm 1 with STR, which has 16 stopping
times, and observed a significant improvement. With sample size m = 50000, and cv2 bound
B=1, about 10 resamplings were incurred in each of the five independent runs. The additional
computational cost of STR was negligible. Fig. 2(b) displays the likelihood curves that were
estimated from five runs of the SISSTR method. As a comparison, an ‘accurate’ estimate of the
likelihood curve (the bold curves in Figs 2(a) and 2(b)) was obtained on the basis of 500000
samples by using algorithm 1 with STR which took about 2 1

2 h.
We also ran simulations for various values of B ranging from 0 to 100. The number of resam-

plings ranged from 2 to 15 and the performance of SISSTR did not change much (with slightly
large variation for B =100). This shows that the performance of SISSTR is quite robust to the
choice of B.

6. Applications to population genetics

Population genetics studies genetic variations within and between species. It seeks to understand
the evolutionary process that produced these variations and provides the genetic foundation for
evolutionary biology (Hartl and Clark, 1997). Statistical methods have played an important
role in studying population genetics throughout its development (Ewens, 1979; Donnelly and
Tavaré, 1995; Nordborg, 2001). Recent advances in biotechnology have provided an abundance
of data on genetic variations of deoxyribonucleic acid within a population. These data facilitate
population genetics studies and help to address a broad array of biological questions concerning
topics such as the rate of mutation, the time to the most recent common ancestor (MRCA) and
the demographic history of a population.

A typical data set in a population genetics study consists of chromosomes that are randomly
sampled from a population. Since these chromosomes share ancestry, they are not independent.
Consequently the amount of information that is contained in the data grows very slowly as the
sample size increases, typically proportional to the logarithm of the sample size (Donnelly and
Tavaré, 1995; Ewens, 1972). It is thus desirable to employ a likelihood-based inference method
to make the most efficient use of the limited information. However, the distribution of a random
sample of chromosomes depends on the model parameters in a complicated way, and calculating
the exact likelihood of these parameters is usually infeasible. Griffiths and Tavaré (1994a, b, c)
pioneered the use of importance sampling in population genetics. Kuhner et al. (1995) intro-
duced a Markov chain Monte Carlo approach, which was further studied in Wilson and Balding
(1998) and Markovtsova et al. (2000). It has been shown that importance sampling and Markov
chain Monte Carlo methods often complement each other (Felsenstein et al., 1999; Stephens
and Donnelly, 2000; Liu, 2001), suggesting that both will continue to play an important role in
population genetics. We focus our discussion here on importance sampling.

6.1. The coalescent
Consider a sample of chromosomes, An = .a1, a2, . . . , an/, drawn from the current population
completely at random, where ai denotes the genetic type of the ith chromosome in the sam-
ple. The simplest model to describe the data is the celebrated Wright–Fisher model (Hartl and
Clark, 1997), which assumes that the number of offspring of each individual is independent
and identically Poisson distributed, and the population has a fixed number N of chromosomes
throughout its history and evolves in non-overlapping generations. To avoid the complication
of recombinations, we assume that the samples are from a very small chromosomal segment so
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Fig. 3. Illustration of a genealogical tree

that we can view the population as being haploid, i.e. each individual has a single parent. Let
E denote the set of possible genetic types, which is assumed to be countable. To accommodate
mutations, we postulate that, for a chromosome of type α, the genetic type of its child is α with
probability 1−µ and is β ∈E with probability µpαβ , where µ is the mutation rate per chromo-
some per generation and P = .pαβ/ is the probability transition matrix, which is known and has
a unique stationary distribution. In this paper we sometimes call the chromosomal segment in
consideration a ‘gene’.

Since the Wright–Fisher model is too cumbersome to make inference from, the coalescent
process was introduced by Kingman (1982) as a continuous time approximation. It is shown that,
if time is measured in units of N generations, the ancestral process of the Wright–Fisher model
converges in distribution to the coalescent as N →∞. As opposed to the ‘prospective’ viewpoint
of classical population genetics that considers the future of a population given its current state
(Ewens, 1979), the coalescent is ‘retrospective’, looking backwards in time and describing how
chromosomes merge at times of common ancestry. A recent review of the subject can be found
in Nordborg (2001).

The coalescent describes the ancestral process of the sampled chromosomes by a binary tree,
with the MRCA as the root and the sampled chromosomes as the leaves. The tree can be con-
structed backwards. Each ancestor of the sample is represented by a branch of the tree. Starting
from the chromosomes sampled, when there are j branches in the tree, we wait for a random
time Tj, which has an exponential distribution with mean j.j − 1/=2, until two branches that
are chosen at random coalesce. When coalescences occur, the number of branches decreases
by 1. Mutations occur as a Poisson process with rate θ=2 =Nµ along the branches of the tree,
where µ is the mutation rate per chromosome per generation. The Poisson rate is Nµ since time
is measured in units of N generations.

Fig. 3 is a simple genealogical tree illustrating the coalescent process. There are only two
genetic types E = {C, T}. The current sample, {C, T , T , C}, is given at the bottom of the tree
and {T} is the root of the tree. Each vertical line represents an ancestor. The horizontal full
lines denote the occurrences of coalescences. The dots represent mutations.

6.2. Sequential importance sampling for the coalescent process
Our observed data consist of a random sample An of n chromosomes from the population in
equilibrium. Of interest is the estimation of the mutation rate θ=2. We denote the likelihood
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function, i.e. the probability of obtaining the sample under the coalescent model, as πθ.An/.
Although we cannot calculate πθ.An/ analytically, algorithm 2 below can be used to generate
An from πθ (Griffiths and Tavaré, 1994a).

6.2.1. Algorithm 2

Step 1: generate one genetic type according to the stationary distribution of the transition
matrix P , and then immediately split it into two copies.
Step 2: if there are currently k genes (chromosomal segments), 2�k�n, choose one at random
from them. Then, with probability .k−1/=.k+θ−1/ split this gene into two of the same type,
or with probability θ=.k +θ −1/ mutate this gene according to P .
Step 3: if there are fewer than n + 1 genes, go back to step 2. When there are n + 1 genes,
delete the last duplicated gene to form a sample of size n and stop.

Stephens and Donnelly (2000) used H= .H−M , H−.M−1/, . . . , H−1, H0/ to denote the split and
mutation events in the ancestry, where H0 is the current sample (i.e. H0 =An/, H−M is the MRCA
of the sample and H−i is the set of unordered genetic types after the ith coalescent or mutational
event. In Fig. 3, the dotted lines indicate the time when coalescences or mutations occur. The his-
tory H in this case can be recorded as .{T}, {T , T}, {T , C}, {T , T , C}, {C, T , C}, {C, T , T , C}/.
Thus, the probability of a particular genealogical tree H = .H−M , H−.M−1/, . . . , H−1, H0/ can
be written as

pθ.H/=pθ.H−M/ pθ.H−.M−1/|H−M/. . . pθ.H0|H−1/ .n−1/=.n−θ +1/, .11/

where pθ.H−M/ is the probability of genetic type H−M under the stationary distribution of the
transition matrix P . In equation (11), the transition probability is given by

pθ.Hi|Hi−1/=




|Hi−1|α
|Hi−1|

θ

|Hi−1|−1+θ
Pαβ , if Hi =Hi−1 −α+β,

|Hi−1|α
|Hi−1|

|Hi−1|−1
|Hi−1|−1+θ

, if Hi =Hi−1 +α,

0, otherwise,

.12/

where |Hi| denotes the number of individuals (genes) in Hi and |Hi|α is the number of genes of
type α in Hi. The probability of obtaining the observed sample An is the sum of the probabilities
of all trees that are consistent with An, i.e.

πθ.An/= ∑
{H:H0=An}

Pθ.H/=∑
H

πθ.An|H/ Pθ.H/, .13/

where

πθ.An|H/=
{

1, if H0 =An,
0, if H0 	=An.

Therefore, we can estimate πθ.An/ by

π̂θ.An/= 1
m

m∑
i=1

πθ.An|H.i//, .14/

where H.1/, . . . , H.m/ are independent and identically distributed samples from Pθ.H/.
Because algorithm 2 simulates forwards from the MRCA, it is extremely unlikely that its sim-

ulated tree will have An as its leaves. Consequently, the naı̈ve estimator (14) is very inefficient and
it is preferable to sample the ancestry backwards starting from the current sample An. More
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precisely, we need first to choose a sequence of backward transition functions qθ0.Hi−1|Hi/,
whose support includes the set {Hi−1 : pθ.Hi|Hi−1/> 0}. Then we generate m independent and
identically distributed genealogical trees H.1/, . . . , H.m/ from the distribution

Qθ0.H/=
−M+1∏

j=0
qθ0.Hj−1|Hj/

and estimate πθ0.An/ by

π̃θ0.An/= 1
m

m∑
i=1

πθ0.An|H.i//
Pθ0.H.i//

Qθ0.H.i//
:

We can estimate πθ.An/ for a range of θ by using one sampling distribution Qθ0 because

π̃θ.An/= 1
m

m∑
i=1

πθ.An|H.i//
Pθ.H.i//

Qθ0.H.i//
: .15/

It is noted that the Griffiths–Tavaré algorithm corresponds to using the trial distribution

qθ.Hj−1|Hj/∝pθ.Hj|Hj−1/, .16/

where the pθ are defined in equation (12). From a Bayesian point of view, the scheme that is
based on expression (16) is equivalent to putting a uniform prior distribution on Hi−1, so that
qθ is the posterior of Hi−1 conditional on Hi.

The ‘ideal’ trial distribution, however, is QÅ
θ .H/ = Pθ.H|An/, the posterior distribution of

genealogical trees given the random sample An, because this will result in equal importance
weights and, consequently, the exact value of πθ.An/. Using the ‘particle representation’ of
Donnelly and Kurtz (1996) for algorithm 2, Stephens and Donnelly (2000) developed a clever
characterization of QÅ

θ in terms of its backward transition probabilities and constructed a better
trial distribution.

Both Griffiths and Tavaré’s and Stephens and Donnelly’s sampling distributions can be put
in the framework of SIS since both have the form

qθ.H/=
−.M−1/∏

i=0
qθ.Hi−1|Hi/:

The weight function can be written in a sequential form as

w = Pθ.H/

Qθ.H/
= pθ.H0|H−1/. . . pθ.H−.M−1/|H−M/

qθ.H−1|H0/. . . qθ.H−M |H−.M−1//
c1,

where c1 = pθ.H−M/.n − 1/=.n − θ + 1/. The numerator (including c1) is the probability of a
certain genealogical tree under the actual distribution. The denominator is the probability of
constructing the tree backwards by using the trial distribution. If we define the current weight
w−t as the weight that we have at time −t (for t �M),

w−t = pθ.H0|H−1/. . . pθ.H−.t−1/|H−t/

qθ.H−1|H0/. . . qθ.H−t|H−.t−1//
=w−.t−1/

pθ.H−.t−1/|H−t/

qθ.H−t|H−.t−1//
,

we can update the current weight recursively; the final weight is

w =w−M pθ.H−M/.n−1/=.n−θ +1/:
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6.3. Resampling genealogical trees
Suppose that we simulate in parallel m genealogical trees according to Qθ.H/, i.e. we first gener-
ate m samples{H

.1/
−1 , . . . , H

.m/
−1 } from qθ.H−1|H0/. Then we recursively generate{H

.1/
−t , . . . , H

.m/
−t }

from qθ.H−t|H−t+1/, for t = 2, 3, . . .. The simulation stops when all the samples reach their
MRCA. Standard resampling procedures (Liu and Chen, 1998), which stop all the m partially
generated trees at the same sampling step t for resampling, do not work well because genea-
logical trees differ in their speeds of coalescence. At time −t, trees with large current weights
tend to be those that are still very far from their MRCA. Their final weights when reaching the
root tend to be very small. In contrast, trees with small current weights are often those that
have advanced much more in their coalescence process and will result in large final weights.
Resampling according to the natural time t actually prunes away many ‘good’ samples.

A more natural timescale for this problem is the number of coalescences because it determines
how far the sample is from its MRCA. By defining the stopping time Ti as the time that a total
of i coalescences have occurred in each sample (Fig. 3), we implemented the SISSTR method
for this problem as follows. We wait until all the m parallel samples reach their first coalescence.
The size of each sample at this point becomes n − 1. Then, we check cv2 for the weights and
conduct resampling if cv2 is greater than a certain bound B. Otherwise we continue the usual
sequential sampling for all the samples until they reach their second coalescence and check cv2

again. The process continues till all the samples reach their MRCA.

6.4. Data analysis under the coalescent model
We applied the SISSTR method to two data sets, under the coalescent model with fixed popu-
lation size and compared its performance with existing importance sampling algorithms.

6.4.1. An example from Stephens and Donnelly (2000)
The space of genetic types in this example is E={0, 1, . . . , 19}, where i denotes an allele with i rep-
etitions of a short deoxyribonucleic acid motif at microsatellite loci. The mutation model is a sim-
ple random walk, in which the number of repetitions increases or decreases by 1 with probability
1
2 each. For alleles with 0 or 19 repetitions, the mutation will only increase or decrease one repeat
respectively. The data consist of alleles with repetitions An ={8, 11, 11, 11, 11, 12, 12, 12, 12, 13}.

Fig. 4(a) shows the estimated likelihood curves for θ based on the Griffiths–Tavaré method
without resampling, with θ0 = 10. We ran SIS five times, with each run based on m = 10000
importance samples, which took about 2 min on a 1.2 GHz Athlon workstation. The large
variability of the curves indicates that Griffiths and Tavaré’s trial distribution is not very effi-
cient for this problem. Fig. 4(b) shows the estimated likelihood curves based on their method
with standard resampling methods. We tested the dynamic schedule resampling method with
different cv2 bounds, but none of these schedules helped much in this problem.

Fig. 4(c) displays the likelihood curves estimated from five runs of the SISSTR method based
on Griffiths and Tavaré’s sampling distribution. With m=10000 and bound B=4, two resam-
pling steps were incurred in each of the five independent runs. The additional computational
cost due to resampling was negligible. Fig. 4(c) is almost indistinguishable from Fig. 4(d), which
resulted from the use of Stephens and Donnelly’s (2000) sampling distribution without resam-
pling (with m=10000), demonstrating the significant effect of the new resampling method.

The performance of the Stephens–Donnelly algorithm is nearly perfect for this example,
which makes it difficult to assess whether SISSTR can further improve it. We consider next a
more complicated microsatellite example in which the Stephens–Donnelly algorithm does not
perform as well.
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Fig. 4. Comparison of estimated likelihood curves for the microsatellite data in Section 6.4.1: (a) five independent likelihood curve estimates based on
10000 samples by using the Griffiths–Tavaré method without resampling; (b) five independent likelihood curve estimates based on 10000 samples by using the
Griffiths–Tavaré method with traditional resampling according to cv2; (c) five independent likelihood curve estimates based on 10000 samples by using the
Griffiths–Tavaré method with STR according to Ti ; (d) five independent likelihood curve estimates based on 10000 samples by using the Stephens–Donnelly
method without resampling
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6.4.2. A larger data set
For a sample of 296 brown bears from the Western Brooks Range of Alaska, the allele counts at
locus G10M are {0, 0, 0, 0, 0, 24, 134, 16, 32, 81, 0, 8, 0, 1, 0, 0, 0, 0, 0, 0} (Paetkau et al., 1997), in
which number n in the ith .0� i�19/ position indicates that n bears have i+98 microsatellite
repeats at that locus. Under the same setting as in Section 6.4.1, we are interested in estimating
the likelihood function of θ. We chose θ0 =6 in the following computation.
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Fig. 5. Comparison of estimated likelihood curves for the microsatellite data in Section 6.4.2 ( , accu-
rate estimate of the likelihood curve based on 1 million samples): (a) five independent likelihood curve esti-
mates based on 10000 samples by using Stephens and Donnelly’s (2000) method without resampling;
(b) five independent likelihood curve estimates based on 10000 samples by using SISSTR
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Fig. 5(a) shows five estimated likelihood curves by using the Stephens–Donnelly method
without resampling with each curve based on m=10000 samples, which took about 3 min on a
1.2 GHz Athlon workstation. cv2 for these runs were between 100 and 9000. Fig. 5(b) gives five
estimated likelihood curves after using STR, which took about the same amount of computing
time. On average four resamplings were incurred for each run with B =9. We also obtained an
‘accurate’ estimate of the likelihood curve (the bold curves in Figs 5(a) and 5(b)) based on 1
million samples by using the Stephens–Donnelly method without resampling, which took about
4 h. These figures indicate clearly the advantage of STR for this example.

We also tested a few different values of B. For B ranging from 1 to 99, the number of resam-
plings ranged from 1 to 15 and the performance of SISSTR did not change much, showing that
the algorithm is robust to the choice of B. See Section 7 for more discussion.

7. Discussion

In this paper, we described a general sequential Monte Carlo method, SISSTR, and applied it to
problems in population genetics and other fields. The examples in Sections 3, 5 and 6.4 demon-
strate that substantial gains in efficiency can be obtained by the new method without incurring
additional computational cost. The method can be applied not only to standard Monte Carlo
estimation problems but also to solving linear equations and integral equations (Rubinstein
(1981), chapter 5). In fact, πθ.An/ in the coalescent model can be viewed as the solution to a
system of linear equations (Sawyer et al., 1987; Lundstrom et al., 1992; Griffiths and Tavaré,
1994a). Griffiths and Tavaré’s algorithm was originally designed to solve this linear system
numerically. When a resampling step is incurred at a stopping time, there are several ways to
resample from the current partial sequences. We used the simple multinomial resampling scheme
in the examples. The new STR strategy can also be used in conjunction with other resampling
strategies, such as residual resampling or stratified resampling, to improve the efficiency.

In SISSTR as well as other resampling algorithms, there is a tuning parameter B, which is the
threshold value for determining whether to do resampling at a certain stage. B=0 corresponds
to the case that we do resampling at almost every check point, and B =∞ corresponds to SIS
without resampling. We see from the examples that both SIS without resampling and that with
too many resamplings can be inefficient. For all the examples in this paper, we found that the
performance of SISSTR is insensitive to the choice of B within a reasonable range. In practice,
we can run a few samples and see how cv2 for the importance weights behave, and then choose
an appropriate bound so that a reasonable number of resamplings will be incurred. In the four
examples that we studied, we incurred two, 10, two and four resamplings. For other problems
in which the history is more quickly forgotten, such as certain non-linear state space models
(Doucet et al., 2001), the number of resamplings incurred can be even larger.

Several ideas that are similar to resampling have been proposed in the population genetics
literature. Griffiths and Tavaré (1994a) and Nielsen (1997) noticed that, in their coalescent sim-
ulations, discarding trees with too many mutations ‘seems particularly promising’. Stephens
and Donnelly (2000) also pointed out that their importance sampling scheme may be viewed as
sequential imputation of the ancestral states, and they suggested applying the rejection control
idea (Liu et al., 1999), which has a similar effect to that of resampling. The motivation behind
resampling is to avoid wasting computational efforts on samples that will contribute very little
to the final estimate. By resampling according to the weights of partial samples at certain stages,
we implicitly assume that there is a ‘trend’ in the weight sequence: samples with small current
weights are likely to have small final weights. If this is not true, then resampling can only have
the adverse effect of increasing variability. The new resampling scheme that is developed in this
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paper, which allows us to use a more appropriate timescale to pause the samples for resampling,
is a way to capture the future trend more accurately.

The population genetics model that we have considered is the simplest evolutionary model.
More realistic assumptions would include population structure, selection and recombination,
which make it much more difficult to estimate the likelihood function. We expect that the insight
that we have gained from the simple model will be helpful for studying these more complex
problems. In fact, we have successfully applied the new SISSTR scheme to estimate the popu-
lation growth rate and mutation rate in the infinite sites model for varying population size. The
results are not presented here for brevity. Recently Fearnhead and Donnelly (2001) extended the
Stephens–Donnelly method to estimating likelihood surfaces for the mutation and recombina-
tion rates. It is of interest to investigate whether an appropriate resampling scheme can be
designed to improve estimation efficiency in this case.
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