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Abstract—Recently, Markov chain Monte Carlo (MCMC) been the subject of intense research in the fields of communica-
methods have been applied to the design of blind Bayesian tions and signal processing.
receivers in a number of digital communications applications. The

salient features of these MCMC receivers include the following: * Sequence DetectioAssuming® is known, find the ML

a) They are optimal in the sense of achieving minimum symbol estimate ofX

error rate; b) they do not require the knowledge of the channel

states, nor do they explicitly estimate the channel by employing -

training signals or decision-feedback; and c) they are well suited X = al‘g)lgé%l p(Y | X). (1)

for iterative (turbo) processing in coded systems. In this paper,

we investigate the convergence behaviors of several MCMC

algorithms (both existing and new ones) in digital communica- ¢ Channel EstimationAssumingX is known, find the ML
tion applications. The geometric convergence property of these estimate of®

algorithms is established by considering only the chains or the

marginal chains corresponding to the transmitted digital symbols,

which take values from a finite discrete set. We then focus on three 6= argmax p(Y | ©). )
specific applications, namely, the MCMC decoders in AWGN ®

channels, ISI channels, and CDMA channels. The convergence

rates for these algorithms are computed for small simulated 1y icaly the transmitter first transmits a sequence of known
datasets. Different convergence behaviors are observed. It is seen

that differential encoding, parameter constraining, collapsing, symk_)ols, basgd on Wh_'Ch channelestlmatlon_ is performed gtthe
and grouping are efficient ways of accelerating the convergence receiver. The information Symb0| sequence Is then transmitted,
of the MCMC algorithms, especially in the presence of channel and sequence detection is performed at the receiver using the
phase ambiguity. estimated channel. Such an “estimate-then-plug-in” approach,

Index Terms—Bayesian receiver, duality, eigenvalue, for- although popularin engineering practiceagshocand bears no
ward—backward algorithm, Gibbs sampler, Metropolis algorithm,  theoretical optimality. In fact, the objective of digital communi-
transition function. cation is to reliably transmit information between the transmitter
and the receiver, and channel estimation is not necessarily essen-
tial for achieving this. Indeed, the channel parame®&isan be

o ) . viewed as “hidden” random data, and the ultimate symbol se-
N DIGITAL communications, the transmitter transmits a S&juence detection problem becomes finding

. INTRODUCTION

quence of symbolX = (z1, 2, ..., z,), Wherez; € A
and.A is a finite set of all possible transmitted symbols. At the .
receiver end, the received signal denotetfas »(7; X, ®)is X = arg max E{p(Y |©, X)| X} ®3)

a random continuous function of time which is dependent of

the transmitted symbol sequen&eand some unknown param_whereE{-} denotes the expectation taken with respect to the

eters@. Typically, © |s.amult|d|men5|onal Conm.]u.ous_val.ueddistribution of ®. The inference problem (3) can be solved
quantity used to describe the channel characteristic. In this con-

text, the following two statistical inference problems based Using the expectation-maximization (EM) algorithm [L1]

the maximum-likelihood (ML) principle are of interest and hav%1 is approach to receiver design in digital communications,

Ithough theoretically appealing, suffers from a spectral ef-
ficiency problem. This is because that in order for the EM
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in computing thea posteriori probability distribution of each  Our recent studies [22], [23] have focused on developing

transmitted symbol Bayesian receiver algorithms based on the Gibbs sampler.
However, the convergence behavior of the Gibbs sampler
Plwy = a;|Y) = Z p(X|Y) 4 in these digital communication applications has not been

thoroughly examined. In this paper, we first establish the
general convergence properties of the MCMC algorithms used
_ Z /p(X, O|Y)d® (5) in these Baye3|an_ receivers. We then discuss a few specific
MCMC detectors in AWGN, ISI, and the CDMA channels.
The convergence rates of these algorithms are computed for

A small data sizes, in which different convergence behaviors are
Va; € A, whereX|_;) = X \ z;. Note that the joint posterior observed.

X[_yCAn—1

X[_geAn—1

density in (5) can be written as For a different type of deconvolution problems, [1] proposed
afancier MCMC algorithm that, in addition to the regular Gibbs
p(X,0|Y) xp(Y | X, ©)p(X)p(®). (6) sampler, uses also a reversible-jump proposal. The geometric

convergence of their algorithm was proved by using a method

The computation in (5) is clearly prohibitive, and we therefor ioneered by [17]. A similar technique has also been used in
resort to Monte Carlo method. Suppose we can generate ran ﬁJ [19] t_o bouqd the convergence rate of a MCMC Sf"‘mp'e“
samples (either independent or dependent) n comparison with the!r m_e_thods, the argument_s in this paper
are simpler and more intuitive. Besides proposing a few new

MCMC algorithms and establishing the qualitative convergence

(X(1)7 @(1)) : (X(2)7 @(2)) s (X(m)7 G(m)) properties of these and some Gibbs sampling algorithms pro-

posed earlier in the literature, this paper emphasizes the under-

from the joint posterior distribution (6) or samplesstanding of the nature of these algorithms: What causes their

xW x@ . x from the marginal distribution slow convergence, and how we can improve them.

The rest of this paper is organized as follows. In Section II,

we provide some general convergence results for MCMC sam-

pX|Y)= /p(X, 0]Y)do. @) plers and, in particular, those applicable to the Bayesian digital
communication receivers. In Sections IlI-V, we study the con-

Then, we can approximate the marginal postepior;|Y) by vergence_properties of _several specific MCMC receivers based
the empirical distribution based on the corresponding compd? the Gibbs sampler in AVGN channels, 1SI channels, and

nent in the Monte Carlo sample, i e 2™ ang CDMA channels, respectively. Section VI contains the conclu-
ey, x, o x, !
approximate the inference (5) by sion.
1 © Il. CONVERGENCE OFMCMC SAMPLERS
Plzi = a;|Y) = m Z 6 (xz - aj) (8) In all MCMC algorithms, a Markov transition rule (or kernel)

=t is first constructed so that its limiting distribution is the desired

posterior distribution. Then, a realization of the Markov chain
based on this transition rule is generated, with an arbitrary ini-

x = a, andé(x = a) = 0if = # a. Markov chain Monte Carlo tf'al value. If the Markov chain converges to its equilibrium dis-
(MCMC) methods such as the Gibbs sampler and the Metropot Iﬁ)ution, then after certain burn-in period, the realization of the

algorithm [14] are effective means for achieving the sam Iir}é .
9 [14] 9 P arkov chain can be used aesrrelated sampleom the target

from the posterior distributions (6) or (7). ﬂistribution. The convergence rate of the Markov chain affects

The first application of the Gibbs sampler to the desig . .
of Bayesian receiver in digital communications appeared ]ﬂwc’t only the necessary length of the burn-in period but the ef-

[6], where a blind equalizer based on the Gibbs sampler wigiency of the posterior estimation based on the Monte Carlo

proposed for symbol recovery in an intersymbol—interferené@mple$ as well. When the convergence rate is low, the a_uto-
relations among the realized Monte Carlo draws are high,

(ISI) channel. Recently, this approach has been applied to trégt

more complicated communication systems, such as the Coégaultmg in an inaccurate estimate by using (8). In this section,

ISI channel [23] and the coded code-division multiple-acce e provide some simple theoretical results that are directly re-

(CDMA) channel [22], with Gaussian or impulsive ambien ated to the algorithms to be studied. More details can be found
noise. A salient feature of these Gibbs-sampler-based recei\/'QrLM]'

is that they can incorporate tteepriori symbol probabilities,
and they produce as output theposteriorisymbol probabili-
ties—that is, they areoft-input soft-outpualgorithms. Hence, ~ SupposeX™, X® X _  are the realizations of a
these methods are well suited for iterative processing inMarkov chain defined on the state spdéd et£ be the a count-
coded system, which allows the symbol detector to refine igbly generated-algebra onE. Let P(z, -) denote the transi-
processing based on the decoding stage, and vice versa [82] function for the chain. That isP(x, A) = P(X®+D ¢
[23]. A|X® = z)forall A € £ andz € E. To conform with the

whereé(+) is an indicator function such thétx = o) = 1 if

A. Basics of Markov Chain
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general notations in this paper, we also #%e| =) to denote the ax x « matrix P = [a;;], where its entrys,; is equal to the
same function and uge™(z, -) to denote the.-step transition transition probability from statéto state;.

function, i.e., Theory for non-negative matrices [4, (Perron—Frobenius the-
orem)] indicates thaP’’s largest eigenvalue in absolute value
p (z, A) =P (X(n) c Al x© — x) ) 9) is 1 and that it is a simple eigenvalueffifis irreducible (all its

eigenvalues are simple and realRfalso corresponds to a re-

" . . . . versible Markov chain). Thus, we can expréss
A transition kernel is said to bg-irreducible for a measure

on(E, &)ifVz e EandA € £ with ¢(A4) > 0 there exists

an integem > 1 such thatP™(z, A) > 0. When an invariant P=BAB™! (13)
distribution 7 exists for the Markov chain, it is most relevant

to c_or_1§|der whether the cham@swredumble. Intuitively,irre- whereA = diag{1, Jo, ..., i} with I < xandl > || >
ducibility reflects the connectivity of the space under the transi-

- > |\|. Here,Jy, is the Jordan form correspondingtp. As
— O

tion rule P.
For a discrete state space, a state F is said to beperiodic
if the greatest common divider ¢f.: P)(z, x) > 0} is one.

This definition can also be extended to a general state space (1) J()n 0
with a bit more measure-theoretic dressings. Clearly, if a state P'—B 2 B!
x is aperiodic and the chain is irreducible, then every stafé in KR
must be aperiodic. Last, we define the total variation distance 0 Jr
between probability measurésand@ as 1 0 0
n—oo 0 0 —1
|1 — Qllvar = sup |P(4) — Q(A)] — B .. B (14)
ACE :
0 0

2%/|P(da:)—Q(da:)| — P =0l (10)

if and only if [Az| < 1, which holds true ifP is aperiodic. Be-
The following two convergence results are stated withodhyserP" = 7 and the limit of P* asn — oo is of rank 1,
proofs. See a proof of [3, Th. 2], [14] and the proof of [21, Theyery row of the limiting matrix?> must be the same as
2]. Hence, the rate of convergence is exaetly |\2|. As noted
Theorem 1: Suppose the state spakeof a Markov chain is iy [16], the above argument can be extended to uncountable
discrete and finite. If the transition kernel of this chain is irregtate spaces via elementary functional analysis. It can be shown
ducible and aperiodic, theR™ (-, -) as a probability measure that when the conditional expectation operator is compact and
on E converges to the invariant distributiarf-) geometrically has a spectral radiyson the mean-zero functional space, then
in total variation distance, that is, there exi8ts< » < 1 and | P (z, -) — 7(-)|| 2 converges to zero with raje
¢ > 0 such that The convergence rate is also closely related to the sample
autocorrelations. Suppos&®, X .. isarealization of the
HP<") (z, ) — 7rH < e, (11) Markov chain starting from stationary distribution Let h(X)
var be a square-integrable function with respeet t@vithout loss of

Theorem 2 [21]: SupposeP is r-irreducible andrP = 7. generality, we sef/.(h(X)) = 0 and var (h(X)) = 1. Define

Then, P is positive recurrent, and is the unique invariant dis-
tribution of P. If P is algo aperic_)dic, then, for all but a subset pi(h) = corr (h (X(O)) h (X(f,))) ) (15)
whose measure underis zero (i.e.;r-almost allz),

HP(n)(x’ ) - WH -0 (12) For simplicity, we consider only the case of a discrete state
var space. Lev, vs, ... be the orthonormal right-eigenvectors of
P (i.e.,Pv; = \w;). Then, the spectral expansionfof h(X)

Clearly, all of the MCMC algorithms we designed for thgg

signal reception problems in digital communications have (5)

as their invariant distribution. It is also not difficult to see that h=av, + asws+---.

they are irreducible and aperiodic; thus, their convergence to

stationary distribution is guaranteed by Tierney’s theorem.  sinceE, h(X) = 0, a; = 0. Hencep; (h) = as X} + asAi +

---. In the case wheh is chosen aw-, the first autocorrela-

tion |p1(h)| = |A\2| is exactly the convergence rate. Otherwise,
Once convergence is established, the following arguments(2)| is dominated by, | wheni is large. In most applica-

can be used to understand the rate of convergence. tions, itis impossible to observe directly an. A useful way to
Consider a Markov chain on a finite discrete state space. Sggain insight on the convergence rate is to pidgt:) for a number

pose the number of statesdsWe write the transition kernel as of testing functionsh.

B. Convergence Rate and Autocorrelation
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e @ e®» c) The convergence rate of the joint chain is equal to that
/ \ \ / of the marginal chain, and they are equal to the maximal
correlation betwee® and X, which is defined as

xM x@ xG ...

Fig. 1. Graphical illustration of the two-component Gibbs sampler. r 2 sup Var{E{g(X) | 6}} (19)

g Var{g(X)}

The sample autocorrelations directly influence the estimation

L x o where the supremum is taken over all functiosuch that
efficiency of a MCMC algorithm. When estimating,. () by

0 < var:(g) < co.

using the sample average, we have In the Bayesian digital communication receiver design
_ problem, X = (z1, ..., z,), where each symbal; takes
lim nvar(h) ~ 14 2(p1(h) + p2(h) + ) = 21}, value from a finite setd. Thus, the state space of ti&-chain

is the finite space4™. For the three communication channels

considered in this paper, it is easily established in later sections
that the Markov chain corresponding to the Gibbs receiver is
irreducible and aperiodic. Hence, the Gibbs samplers in these

C. Duality of the Two-Component Gibbs Sampler receivers converge geometrically. In practice, however, it is
their convergence rate that matters the most. Note that (19)

Suppose we run the' Eibhbs sample.r on a tWO'COmpom;fé‘tusually difficult to evaluate. However, because of Theorem
random vecto( X, ®) with the target distribution (X, ©), 3(c), we can obtain the convergence rate of the joint chain by

e.g., the _posterior distribution (6). A Qibbs sampler for thiétudying the convergence rate of the margiiiathain. When
problem iterates between two steps: i) Gene@térom the v i"on 5 finite state space, results in Section I1-B can be used.

conditional sampl_ing di;trib_utiqm(@|X), and ii) generate  \ioct of the time, sampling from (X | ®) in one step is
X from the cond|t|onkal distribution (X | ©). More precisely, gt it in which case one may iteratively generate indi-
given the sampleé?(( ), ®®) generated .at théth step, the ;4,3) -, from the conditional distributions (z, | ©, X_y),
(k+ L)th sample is generated as follows: t =1, ..., n. In other words, givetX®), ®®)), the sample

at the next step is generated as follows:

which is large when;(h) decreases to zero slowly. In physics
Ty, is called theautocorrelation time

QK+ L1 (@ ‘X(k))

o (X‘@ W), . 0+ s (© ‘ x®)

x§’“+1) ~T (a:t ‘G(k"'l), XEE%) , t=1,...,n (20)
Fig. 1 shows graphically the relationship among these random

draws. where
It is easy to check that the transition rule determined by the
above iterations has as its invariant distribution [15]. If we Xfi)t1 A (x§k+l)7 o xgljl)7 xgi)b o x;k)) .

look at the componerX marginally,X ¥, X®_ ... also form
a Markov chain (see Fig. 1). Moreover, this marginal chain has | . . ) i api .
the same convergence rate as that of the original chain [1! _th|s| case, the mgrt)ggllnal ch(;al.ﬁ IS St"fl aMarkov chain (bl_J”t o
Note that this is also true for th® component when th& can IS o ongre1r rgyer5|h e), 6|m Its ratg 0 cop\éerr?ence 'S still the
be sampled in one step as in (16). To summarize, we have fijne as the ]0|ntlc aLn. n comparlsonfwrl]t_ ]E ﬁGp_rE\élous tW?'
following theorem due to [15], porrrponen;:anl%er,t e convergence of this full Gibbs sampler
Theorem 3:Suppose the chain(@©, x(@), (@), IS slower [14], [15].
L i - i isi
X _), e resulting from a two compo_nent Gibbs sampler is B Remarks
stationarity. Then, we have the following.

a) For an arbitrary function, In practice, computing the exact convergence rate of an

MCMC sampler is formidable even for very simple problems.
Some recent research has focused on finding a boundfor
COV{h (X(O)) b (X(l))} = var: {E-{h(X)|®}}. (17) One major class of work is built on the geometric techniques
invented for differential geometry problems, e.g., the Poincaré
inequality, Cheeger’'s inequality, and log-Sobolev inequality
[8], [12]. Another class of work uses the coupling technique
gnd follows the approach of [17] to establish geometric conver-
gence or to bound convergence rate [1], [18], [19].
In what follows, we study the convergence behavior of
© (1) the Bayesian MCMC detectors in three digital communica-
Py (X » X ) tion channels, namely, the additive Gaussian noise (AWGN)

B x| @© 60| x®) 46©_ (13 channel, the ISI channel, and the CDMA channel, and we
- ”( ‘ )”( ‘ ) - (18) compute the exact convergence rates of various MCMC

b) The marginal chains{X®,+ = 1,2 ...,} and
{®@® t+ = 1,2, ...} are both reversible Markov
chains. In particular, the transition function for, say, th
first chain is
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samplers in these applications. One distinctive feature of where

many digital communication problems is that the involved

unknown random quantities can be divided into two classes: 1
the transmitted digital symbols, which take values from a finite(k“)(fo) ~x 2 |v+n-1,
set, and the channel parameters, which take continuous values.
For Gibbs samplers that iterate between these two components,
our strategy is to establish convergence properties based only
on the discrete component. For other algorithms, such as the
one-component Gibbs decoder and the Metropolis decoder,
their geometric convergence can be directly established by
Theorem 1 because they operate on the discrete symbol space.

v+n-—1

2
n 1 n )
X |vA+ Z yt2— . <Z i xgk)> (25)
t=1 t=1

2
”-) . (26)

We start with the simplest channel model in digital commu- « Draw a sampleX *+%) from the following conditional dis-
nications: the additive white Gaussian noise (AWGN) channel.  tribution, given(¢p®+1) 52(k+1))
After filtering and sampling of the continuous-time received
waveform, the discrete-time received signal in such a channel

and

I1l. MCMC D ETECTORS INAWGN CHANNELS (Hl)((/) | o’

A. Target Distributions and the Algorithm

( > st

p (X ‘¢(k+1)’ o 200+1), Y)

is given by
_ k41 2(k+1
Yy = Py + vy, t=1,2,...,n (21) —Hp(a:t s ¢, 0% )) 27)
2
k41
where x H eXp[ % 2(k+1) (yt — ot )xt) } - (28)
Yy received signal at time
x¢ € {+1, =1} transmitted binary symbol at tirme . (k1)
¢ €R received signal amplitude; Thatis, fort = 1, ..., nandb € {+1, —1}, drawz;
vt independent  Gaussian noise  with from
zero-mean and variance?, i.e., v; ~ s
2 2b pkt! -
R N(0, o%). R p ($§k+l) _ b) _ [1 +exp <_%)} (29)
DenoteX = [y, ..., ] andY = [yy, ..., y,]. Our problem o2(k+1)

is to estimate the posteriori probability distribution of each

symbol based on the received sigialwithout knowing the In the derivations for the first step, we used the fact that
channel paramete(g, o%). The solution to this problem based) ;" , =7 = » for all possibleX. Note that this step is slightly
on the Gibbs sampler is as follows. Assuming a uniform priatifferent from but more efficient than that in [22] and [23] in

for ¢, a uniform prior forX (on{-1, +1}"), and an inversg>
prior for o2, o2 ~ x72(v, A) (v = 1 and\ = 0.1 were used in
[22], [23]), the complete posterior distribution is given by

p(X,$,0°Y) xp(Y|X, ¢, 0% p(¢)p(c?) p(X). (22)

The Gibbs sampler starts with arbitrary initial valuesxf”
and, fork =0, 1,

., iterates between the following two steps.

which they used separate steps foando?.

It is worthwhile to note that one can integrate guand o
in (22) analytically to get the marginal target distributionXof
which can provide some further insight. More precisely, we have

—(n+v)/2
(30)

2
n 1 n
(X)) x [vA+ Z T - <Z a:tyt>
t=1 t=1

Algorithm III. 1 [Two Component Gibbs Detector in AWGN

Channel]:
« Draw a samplg ¢+ 52(k+1)) from the conditional
distribution (givenX *)

P (¢, o? ‘X(k), Y)
<) el 50z 3 (-0l
t=1

—((v42)/2 VA
x (07) @/ >exp<_202>

o (kD) (¢|02) A D) (02)

(23)

(24)

This defines a distribution on the space of :dimensional
cube. The mode of this distribution is clearly ¥t and —X,
whereX = sign(Y). Intuitively, this is the “obvious solution”
in this simple setting but is not easy to generalize. As will be
discussed below, the difficulty in dealing with( X) is its bi-
modality and the strong separation of these two modes when
the signal-to-noise ratio (SNR) (which is defined¢gy o?) is
large. Based on (30), we can derive another Gibbs sampling al-
gorithm:

Algorithm 111.2 [One-Component Gibbs Detector in AWGN
Channel]:

e Chooset from 1, ..., n by either the random scan (i.e.,
thet is chosen at random) or the deterministic scan (i.e.,
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one cycleg from 1 ton systematically). UpdatX(’“) to as described in Section 1I-C. Now, consider only &igart of
X% wherez™ = 2" for s # ¢t andz{*™ is the above chain, which takes values on the finitg{seit, —1}".
drawn from the conditional distribution Algorithm 1 dictates that the transition probability frokf{*’ to
X*+1 given by (18) is
_ (k)
T (a:t =b ‘X[—ﬂ)

. (a:t Y XEf)t}) P (X(k+1)‘ X(k))

- - (wt " X[(f)ﬂ) o (a:t = X&]) (31) x /p (X(k'i'l)‘ b, o, Y)p (¢, o2 ‘X<k)7 Y) d¢do?

(T 0 (28] 2
wherer(X) is as in (30). When the varianeé is known B /tI:[l b (xt ‘ 0%, yt)

X p (¢, o2 ‘X(’“), Y) dp do?

n (k+1) -1
2y Pyt 2\ —((n+p+2)/2
o</t1_[1 1+exp<—T Ca) ((n+nt+2)/2)
For the deterministic scan, it is conventional to consider a

1 <& N2 A
complete cycle from 1 ta as one iteration, and we will follow X exp [_@ Z (?Jt - ¢$§k)) - @] dgdo?. (34)
this convention. Besides the two Gibbs samplers just described, t=1
an attractive alternative is the Metropolis algorithm applied d
rectly to (30). Suppos& ® = (2 2. Atstepk+1,
the Metropolis algorithm proceeds as follows.

Algorithm 111.3 [Metropolis Detector in AWGN Channel]:

2
1 n
7(X) x exp o2 <tz=; xtyt> . (32)

ftis easily seen thaP’(-|-) > 0 when the true variance of,

in (21) is not zero. This means that the Markov chain is irre-
ducible and aperiodic. As shown in Section Il, the second largest
eigenvalue (in absolute value) of thé x 2™ transition matrix is

* Choosef € {1, ..., n} either by the random scan or byihe geometric convergence rate. The smaller it is, the faster the
the deterkmmlstlc scan.kpeflnz = (#1, ..., zn), Where - Gipps sampler converges. A rate of 0.9 is usually considered to
2 = —ai") andz, = 2" for s # t. Generate indepen- pe fast for most of the problems. Note that this rate depends on
dently ~ unif(0, 1). Let X**1) = 7 if the actual value o¥’; hence, it is is random.

The integral (34) is difficult to evaluate. In order to gain some
) (%) insights on the convergence properties, we consider a simpler
U < minq 1, A(X®) (33) problem that assumes known (this is a reasonable assumption

in practice since it is the noise power of the channel and can

d1etx® D — x® otherwi be measured at the receiver before the communication session
andfe - otherwise. starts). Then, (34) becomes

This Metropolis algorithm differs from the one-component
Gibbs detector only slightly in the way of updatimﬁk) to p (X(k-i—l)‘X(k))
a:§k+1). That is, the Metropolis algorithm always forces the

change (to—azgk)) unless it is rejected, whereas the Gibbs sam- i 2 x§k+1) by -
pler “voluntarily” selects whether to make the change so that no & / H 1+exp| — o2
rejection is incurred. It is shown in [13] that when the random =1 .
scan is used, the Metropolis rule always results in a smaller 1 (k) o?
T . X ; — — | d 35
second-largest eigenvalue (not in absolute value) than the cor- v <¢’ n ; L ¢ (35)

responding Gibbs sampler. Thus, when the target distribution

is_ relatively peaked (high SNR), the Metropolis a!gorithm_i§\,here P(z; p, s2) is the density function of a Gaussian
slightly preferable. However, as observed by [10] in the Ism)gf(u’ s?) random variable. The integral (35) can be easily

model, the Metropolis algorithm may have a large (in absolugs|yated using Monte Carlo integration by samplinigjom
value) negative eigenvalue when the target distribution is flatter

(low SNR). This is consistent with our simulation studies. In 1> o2
practice, however, the large negative eigenvalue is not a serious N <— Z Wﬁ’“), —)
concern. No clear theory is available when a deterministic scan i "

is used for updating. Our simulation suggests that a similar . )

result to that of the random scan samplers seems to hold wefind averaging the corresponding values of

(k+1) -t
2
1+ exp <—%T¢yt>] .

O (1) 2 o . w The transition matriceB(X **+% | X®)) for the one-compo-
X, (</> » O ) s XN (</> » O ) s X nent Gibbs detector and Metropolis detector are easy to obtain.

B. Analysis of the Gibbs Chain "

The two-component Gibbs detector (fdgorithm 1) gener- tI;[l
ates a Markov chain
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Fig. 2. Boxplots of convergence rates in AWGN channels (without differential codingywith5 and¢ = 1. Two-component Gibbs detector, one-component
deterministic scan Gibbs detector, one-component deterministic scan Metropolis detector, and five-step one-component random scan kéet@poissihewn
in (a)—(d), respectively.

For example, for a deterministic scan one-component Gibbsabrows the boxplotsof the convergence rates. Since the com-
Metropolis sampler, we use putation cost for, random scans is the same as one iteration of
the deterministic scan, the convergence rate for the random-scan
Metropolis algorithm corresponds to th¢h power of the rate
P (X<k+1> ‘ X<k>) of the one-step random scan Metropolis chain.
From Fig. 2, we can see that the one-component Gibbs sam-
7 (x§k+1)‘ x§k+l)7 '_'xgljl)’ xgi)b x;k)) (36) pIe_r p_erform(_ed consi_stently better than the tvvo—com_ponent one.
1 This is consistent with the comparison theorems in [2], [14],
and [15] because the former corresponds to integrating out the
# component in the latter algorithm (i.e., collapsing). The Gibbs
where ¢(|) is implied by (31) for Gibbs and by (33) for performed better than the Metropolis decoders when SNR is
Metropolis. For the random-scan Metropolis decoder, thew, whereas the Metropolis ones were slightly better when
transition forx *+%) £ x®) js SNRis high. These results are in good agreement with the theory
in[10] and [13]. Itis also noted that all the algorithms performed
poorly when SNR is high, which is due to the ambiguity of the
P (X(’““)‘X(’“)) system. Note that

- % min {1, 7 (X<k+1>) /7r (X(k)) } 37) p(X, ¢, 0% |Y) =p(-X, —¢, 02| Y) (38)

for all X, ¢, ando?. Hence, there are two modes of equal size
wherex®+1 differs from X ® only at one coordinate, and in the posterior distribution. As SNR increases, the “energy”
is as in (30) or (32). ’ gap separating the two modes becomes deeper, making it more
d(iafficult for the chain to travel from one mode to the other. In
%act, when the SNR is infinites¢ = 0), the Markov chain is no
az . L o .
onger irreducible; hence, it will be trapped in one mode forever.

n

t

Fig. 2 shows the result of a numerical study. For data si
n = 5 and five different SNR values (which are defined
¢?/o?) at —4, 0, 4, 8, and 12 dB, 50 samples X (Y) are
simulated from the system with= 1 andv, ~ A (0, o2) with 1A boxplot is a simple way to show the distribution of a data set. The two
o2 determined by the SNR. Then. tBiex 22 transition matrixis €nds of the box represents the upper and the lower quartiles; hence, 50% of the
constructed according to (31) an(’j (35)—(37). The second Iargmi dle range data is in the box, 25% is above the box, and 25% is below the

) ) e ) - The middle bar represents the median, and the points beyond the upper and
eigenvalue in absolute value of each matrix is computed. Figth2 lower bounds are regarded as outliers.



262 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 50, NO. 2, FEBRUARY 2002

By denotings; = z; andS 2 [s1, S2, ... s,], we can modify
(30) to give rise to the marginal target distribution for the

7r(317 LR Sn)
n 1 n t 2 —(n-l—z/)/?

X VA yr— = < Yt sz> . (41)
Clearly, s; is independent of all the otherand has a uniform
marginal distribution.

It is trickier to implement an efficient Gibbs sampler
or Metropolis algorithm based on (41). For example, the
single-site update method (i.e., changing epat a time) may
be inefficient because when we propose to change —s;, all
A the signs ony:, 441, - .. have to be changed. This may result
% I o s s inavery small acceptance rate. Since a single update from

to —z; corresponds to changinG:, si+1) (—st, —St41), We
Fig. 3. Marginal distribution op(¢|Y’) in AWGN channels wite = 5, 30 emplov proposals
¢ = 1,and SNR= —4, 2, and 8 dB corresponding to solid, dotted, and dasheda ploy prop
lines, respectively.

(st, st41) = (=8¢, —st41), t<n
_ . . ands,, — —s, for distribution (41).
The bimodality feature can be seen from the 1-D marginal g 4 shows the boxplots similar to those in Fig. 2 for SNR
distribution of¢, as in Fig. 3. Whew? is known, the posterior _ _4.0.4. 8 12. and 16 dB. It is clear that with differen-

marginal distribution of is tial encoding, the convergence rate becomes faster as SNR in-
creases (the bimodality problem is eliminated). The one-compo-
p(p|Y) = Z p(¢|Y, X)p(X|Y) (39) nentGibbs is, again, among the best performers. Itis also inter-
Xe{—1,1}» esting to note that the random-scan Metropolis algorithm con-

verges to afixed nonzero rate as SNR increases, whereas the cor-

wherep(¢| Y, X) is the Gaussian distribution in (26). Henceresponding deterministic-scan samplers converge to a near-zero
' te. This is because that it takes an average(of+ 271 +

the marginal distribution is a mixture Gaussian distribution withf* 1 i
+ n~ ') steps of the single random-scan to update alkthe

2™ components. The effect of SNR on the energy gap between : L
the two modes is evident. components (the coupon collecting problem), which incurs an

additionallog(n) factor than the deterministic-scan samplers in

C. Effect of Differential Encoding the high SNR cases.

To overcome the phase ambiguity, one can either restrict
to be positive or, alternatively, use differential encoding. Let ) ) ) )
the information sequence bg € {+1, -1}, ¢t = 2, ..., n. In this section, we consider the convergence of the Gibbs
In differential coding, we construct the transmitted sequené@mpler for blind equalization in an intersymbol interference
@y € {+1, -1}, t = 1,...,n such thaty, = x,_15:. TO (1S1) channel [6], [23]. After filtering and sampling the contin-
obtain Monte Carlo draws from the posterior distribution gfous-time received waveform, the discrete-time received signal
p(S, ¢, 32| Y), we use one of the MCMC algorithms in theln such a channel is given by

IV. GIBBS EQUALIZER IN IS| CHANNELS

previous subsection to generate a Markov chaifXn ¢, o2) 1
and then convert the samplesXfto S usings") = xg’“)xg’i)l, Y = Z PsTi_s + Vs, t=1,2...,n (42)
t = 2, ..., n. Note that in this wayX and —X result in the =0
samesS. Since{X *)} is a Markov chain, soi§S*)}. The tran- Wwhere
sition probability from$*) to S*+1) is given by (g+1) channel order;
¢ €R value of theith channeltap =0, ..., ¢;
‘ ‘ ‘ ‘ 2¢ € {+1, —1} transmitted binary symbol at time
P (S(Hl)‘ S(k)) =r (X(Hl)‘ X(k)) v ~ N (0, 0?) independent Gaussian noise at titne

+P (—X(k'i—l)‘X(k)) (40) Let X = [T1-gs -5 Tnl, ¥ 2 i, - Ul @ 2

[¢0, -+, g™ With a uniform prior for¢, a uniform prior

for X, and an inverse? prior for o2 (e.g.,02 ~ x;3), the
where bo&r)]X(’“*l) and—X(’“(r:)) result inﬁsz:)(Hl)’ and)%f;“) re- complete posterior distribution is 7
sults in$*"’. Note that bothX**' and— X" result in§*"/, but
since P(—XU+D | _X®)y — p(x0+D | x(®) either one P X+ & 77 1Y) ~p (Y X, 6. 5%) p(§) p(o") p(X). (43)
can be used. Agai?(X**1 | X ¥y andP(— X+ | X*))  The Gibbs sampler approach to this problem starts with an ar-
can be obtained from (31), (33), (35), or (36) according to th®trary initial value ofX ©) and iterates between the following
sampling scheme used. two steps.
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Algorithm V.1 [Two-Component Gibbs Equalizer in ISI

Channel]:
« Draw a sampleg*+Y)
distribution [givenX ']

p (¢, o2 ‘X“‘), Y)

—(n 1 .
x (o) "2 exp l—@ (yt - ¢T$§k))

—((r+2)/2 A
x (02)(@F )exp<—ﬁ>

n

2.

o2(k+1)) from the conditional

21

o 7r(k-l—l) (¢|O’2) 7T(k+1) (0_2) (44)
wherez® 2 [z a:yi),]]T fork=0,1, ..., and
] B A 4+ W+
e R e I
(k+D) (¢]02) NN( (k+1) 2(k+1)) (46)
WD) Z W2 — [Z o yt]
x@ﬁ%ﬂlzwqmn
t=1 t=1
1 B
S+ — .~ > ztzt] (48)
t=1
‘ I o &
prtD = (k41 <§ > :cﬁ”y) (49)
t=1

« Draw a sampleX **+%) from the conditional distribution,

given (¢ Y| 52(k+1)) through the following iterations.
Fort=1—gq, ..., n, generater’*™ from

p (xt ‘¢<k+l)a 02(k+1)a Y’ X[(f)ﬂ)

- L+1)T (k)
X exp EEy=Te=sy) 2(k+1) Z( ¢( ) ) (50)
j=1
where
k) A k—+1 k—+1 k k
X2 [0 o]
and
(k) A (k)
z: = |X .
’ [ [‘ﬂL’—q:j
The above algorithm generates a Markov chain
xX© (¢<1>7 02<1>) XD (¢<k>7 0—2<k>) CXW
Now, consider only theX part of the above chain. It is

again a first-order Markov chain taking values on a finite
set{+1, —1}+7+1 with transition probability fromX*) to
X*+1 peing

p (X<k+1> ‘ X(k))
x /p (X(’““)‘ x®_ 4 o2, Y)

X p (qS e ‘X('“) Y) d¢do?

t=—¢q

X p (qS, o? ‘X(k), Y) dédo?. (51)
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With a2 known, (51) is simplified to where

. n T —1
P (X(k-i—l)‘X(k)) . / H P (wgk-i—l) b Y, X[(f)ﬂ) W = ny — [Z :ctyt} [Z :ct:cﬂ [Z :ctyt} . (57)
t=—g Asimilarideainthe ISI channel framework also appeared in[2].
X1p (¢; pk D g(k+1)) d¢ (52) We can then derive the one-component Gibbs and Metropolis
. . ] ~algorithms accordingly. The phase ambiguity (i.e., likelihood
where ¢(z; p, ) is the density function of a multivariate ynchanged wheX is changed te-X) can be clearly seen from
Gaussian distributiod/ (g, X). The integral (52) can be easilyig joint distribution.

evaluated using Monte Carlo integration by sampihgrom  A|gorithm 1V.3 [One-Component Gibb/Metropolis Equalizer
N(p®, :2+1)) and average the corresponding values of i, |g Channel]:

- R+ |y x®) 53 « Choosé from 1, ..., n by either the random scan or the
tgq g (xt »Y [_ﬂ) ' (53) systematic scan. Lex **1 = Z wherez, = 2{* for

Another interesting Gibbs sampling scheme, which can S 7 fandz = —a;") with probability
help alleviate the channel memory problem, is based on the m(Z) (58)
“grouping” idea [5], [7], [9], [15]. In particular, Carter and x (XU“)) +7(Z)

Kohn [5] utilize a forward—backward algorithm to sampte ) ) ) N
jointly, conditional onY and the parameters. This scheme is  for the Gibbs equalizer or with probability
shown to be effective when thE¥ forms a Gaussian Markov w(Z)
model or a Markov chain whose state variable takes on only min < 1, W

Qo

a few values. In the ISI channel decoding problem, theare
for the Metropolis equalizer, where(X) is as in (56).

(59)

i.i.d. symbolsa priori, but they are correlated posteriori
because of the observed sigvahnd the relationship (42). The Otherwise. letx *) — x® \When the variance? is
induced correlation among thg vanishes after lag. More

; ; i ; : known
precisely, instead of using (50) to samgXeteratively, one can
draw X altogether. x 1
Algorithm V.2 [Grouping-Gibbs Equalizer in ISI Channel]: (X)) o 7|72
» The first few steps are identical to the previous Gibbs ‘thzt

equalizer. 1 T o1t
» Thelast stepis replaced by the forward—backward schemé. eXp(ﬁ [Z xtyt} [Z T } [Z xtyt} - (60)
Conditional on¢ ando (we suppress the superscript for 1 gvercome the phase ambiguity, we use differential coding

iteration numbers), we have the joint distributionXf in all of our algorithms. Denots A [s2, ..., 5] as the infor-
1 & r \2 mation bits. Lets") = 2™+ =2 .. n. Sincex®
p(X [, 0,Y) o exp ) Z (yﬂ' —¢ ‘”J') forms a Markov chain$®) is a Markov chain as well. The tran-
=t sition probability fromS™® to §*+%) is

=exp{oi(x1) +--+gul®n)y (54 p ( S<k+1>‘ S(k)) _p ( X<k+1>‘ X(k))
wherez; = (z;_q, ..., x;). Thus, eack; can take2?*? D] ()
possible values. The following two steps produce a sample +P (—X ‘ X ) (61)
Xfromp(X |, o ¥). where bothx *+Y and — x*+1) result in§*+Y and x®*
—  Forward SummationDefine fi(z1) = exp{g1(z1)} results inS™®).
and compute recursively Fig. 5 shows the result of a simulation study for sample size

1
' N o ' ' n = 5, ¢ = [1, 0.5], and five different SNR values (which
fra(mie) = D Uiz explgimz4)}].  (55) are defined agl¢||2/o2) at —2, 0, 2, 4 and 6 dB. Fifty sam-

— Backwargj_ézgrﬁblingFirst, drawz, = (z,_,,..., PlesoftheX,Y are simulated withy; ~ N(0, 02), where
) from distribution  P(x,,) ~ o2 is determined by the SNR. Then, the transition matrix is
fo(zn). Then, forj = n — ¢ — 1,...,1, constructed according to Algorithms IV.1-IV.3 (for the one-
draw P(z;| 2415 -+ - ) X fiag(Zjy -y Zjag). component deterministic scan Gibbs equalizer). Then, second-

Although the grouping idea is attractive for overcoming thidrgest eigenvalues in absolute ya]ug are obtqined. Itcan be seen
channel memory problem, the additional computation cost miipt the one-component deterministic-scan Gibbs [see Fig. 5(b)]
offset its advantages. More precisely, the forward—backwapitPerformed all other algorithms. The grouping-Gibbs equal-
procedure needs abo@t times more memory and abopt  1Z€r [see Fig. 5(c)] is better than _the_two-comp(_)nent_ Gibbs [see
times more basic operations. Fig. 5(a)]. However, its computation is apout twi@é (ith ¢ =
Similar to the previous section, we can integrate out the coh- that of the two-component Gibbs. Fig. 5(d) plots the results

tinuous parameters and write down the marginal target distrid@! the two-step transition of the two-component Gibbs, which
tion of X: requires about the same computation as the grouping-Gibbs. It

shows that the standard two-component Gibbs equalizer is com-
(X)) o [pA + W]~ (/2 (56) parable with the grouping-Gibbs in this example. We can also
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Fig. 6. Boxplots of convergence rates in ISI systems with 1, n = 3, SNR= 6 dB, and¢ = [1, ¢,]. From (a) Two-component Gibbs. (b) One-component
deterministic scan Gibbs. (c) Grouping-Gibbs. (d) Two-step two-component Gibbs detectors.

see that as the SNR increases, the convergence becomes slaviem ¢, is close to 0. This is due to the fact that the shift am-
This is contrary to that in the AWGN channel (Fig. 4), wherbiguity increases wheu, is close to 0. Note that the posterior
higher SNR results in faster convergence. The key reason is th&ribution evaluated ap = [, 0] and¢ = [0, ] have the
“channel memory” problem and the shifting ambiguity to be disame value. When data is generated fgbea [1, 0], the poste-
cussed later. rior modes forg will be around bothp = [1, 0] and¢ = [0, 1]

Fig. 6 shows the boxplots of the same setting as that in Figwth the same height, corresponding(te;, =2, ..., x,) and
for SNR=6dB andp = [1, ¢1]. The boxplots show the conver-its shifted versior(zs, ..., 2,, z,+1), respectively. If SNR is
gence rates fop; = —0.7, 0.01, 0.1, 0.5, 0.9 for Algorithms large, the Gibbs sample will have difficulty moving from one
IV.1-1V.3. We can see that the Gibbs sampler converges slowsode to the other, resulting in slow convergence rate. Wang and
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Fig. 7. Autocorrelations of the MCMC equalizers for an ISI system wite 4, n = 50, and SNR= 8 dB. (a) Two-component Gibbs. (b) One-component
Gibbs. (c) Group-Gibbs. (d) Eight-step transition for two-component Gibbs. (e) Two-step one-component Gibbs.

Chen [23] showed that an effective method is to impose cofor each iteration. We observed that all the algorithms were
straints on the channel parametérand to employ rejection trapped in a shift mode in 20 000 iterations if no constraint was
sampling in combination with shift operation to generate Monfmposed.

Carlo samples. In the MCMC framework, one can also incorpo-As discussed in Section Il, sample autocorrelations of a
rate a shift proposal and use the general Metropolis—Hastingst function can be used as an alternative measure of con-

rule [14] to guide the Markov transitions. vergence rate. The autocorrelation of the sequémGeafter
To compare the algorithms more realistically, we simulategiscarding the first 2000 iterations, were calculated and shown
50 observations from model (42) with in Fig. 7(a)-(e). [Note that the scales for Fig. 7(a)-(e) are
= [~0.1987, 0.4812, 0.9162, —0.1833]T. different.] Fig. 7(c) shows the eight-step autocorrelation of

the two-component Gibbs, which is comparable with that of
Algorithms IV.1-1V.3 were performed under the constraint thatig.7(b). Since the computation cost for the grouping-Gibbs
¢3 is positive and has the largest magnitude. Each algorithm wiasabout eight times as much as the two-component Gibbs,
run 20 000 iterations, and the statisti¢ in (57) were recorded we conclude that for this example, the two-component Gibbs
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is as efficient as the Grouping-Gibbs. It is also seen that where
the one-component deterministic-scan Gibbs sampler again

-1

performed the best (which is about four times more efficient Gen a |1 N o) e ()
than the two-component one) in this example. % T |2 ; X RX, (65)

V. GIBBS MULTIUSER DETECTOR INCDMA CHANNELS i) A (4 1 & p

- . . Il’(1+1) 2 i+ <_2 Z ng)yt> ) (66)

Consider a CDMA system witlk users, employing normal- g

ized modulation waveforma,, ..., hx and signaling in the
-Fort_ 1,....,nandk = 1,..., K, draw a sample

presence of additive white Gaussian noise. After filtering and G+1)

sampling the continuous-time received waveform, the received %k, + from the following:
signal at timet is given by
plows=+1|v, o, 20, ]

T = H@.’L’t + v (62) P [$k7t =—1 ‘Y, ¢(‘1+1), X[(J_)k7_t1:|

A . . (G+1)
whereH = [hy h, - - - hi] contains the spreading waveforms of _ exp{ 2¢;; (Uk . eTR@(J“) O(J))} (67)
O'

all users,® 2 diag{¢1, ¢2, ..., ¢} contains real amplitude
of each uset, 2 [1 ¢ 22,4 -k, )7 contains the binary sym-
bols sent by all users at timg andwv; ~ N(0, o%Iy) is the where
zmblentl Gaussian noise vector at tlmeCI(_aarIy, the CDMA L0 A [x(ﬂ”rl) ' (1+1) 0. ROt }
ystem is a generalization of the AWGN in that the multiuser kot 1t —1,t1 k1t Kt
symbol can be viewed as a “supersymbol.”
At the receiver, the received signalis correlated with each ande;, denotes théth unit basis vector oR™.
of the spreading waveform to obtain the following sufficient The one-component Gibbs detector can be derived easily
statistic: as in the AWGN cases and is omitted here. Again, to cope
A with the phase ambiguity, we use differential encoding for
y, = H'r, = R®x, +u, (63) each user. Let the information sequence of kftie user be
st € {+1, =1}, ¢t =2, ..., n; then, the transmitted sequence
where for this user is given byey + = @p 156 ¢, t = 1, ..., n.
A Denotes, = [s1,; -+~ sx.¢]T andS = [sy, ..., s,], and let
R=H"H diff(X) = S.
w ~N(0, 0° R). The foregoing Gibbs iteration generates a Markov chain

5(0)7 ¢(1)7 5(1)7 e ¢(")7 S("), o
The multiuser waveform correlation matri is known at the

receiver. For equiponderated signals, it is given by The transition matrix is
1 p o p P (5(]’4—1)‘5(1')) -p (X(j+1)‘ X(j))
p 1 p _ <j+1>‘ )
R= _ +P ( XU x ) (68)
o where diff X)) = 89, diff(xUtY) = diff(—axUtY) =
pp KxXK SUHD and
wherep (0 < p < 1) is the correlation between the signaling G+1)| ()
PlX X
waveform of any two users.
A . n
Denotep = [¢; -+ i)t andX, = diag{z1 ¢, ..., zx, ¢} / (J-I—l) ‘ o
; / : ’ Y, X .
Denote alsot’ £ [zy, ..., z,] andY = [y, ..., y,]. With a 11_11 kl_[l p( AR S —ﬂ)
flat prior for ¢ and knowns2, a Gibbs sampler starts with an
initial value X® and iterates between the following steps for x 1 (¢; plth, E(i+1)) } dé. (69)
j=0,1,...
Algorithm V.1 [Gibbs Multiuser Detector in CDMA
Channel]: To investigate the convergence property of this algorithm, we

carried out a small simulation study. Hoe= 2,n = 4, p = 0.5,
¢1 = ¢ = 1, and four different levels of SNR (defined as
¢#3/0?) (SNR= 2, 4, 6, 8, 10, 12 dB), we simulated fifty se-

. ) ) quences each and calculated their convergence rate. Fig. 8(a)
p (¢ ‘X(]), Y) ~N (H(HI), E(HI)) (64)  shows the boxplots of the convergence rate for different SNRs.

« Draw a samplg¥ ™" from the following conditional dis-
tribution [givenx¥]:
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(a) CDMA unknown channel: different SNR (b) CDMA unknown channel: different rho
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We can see that as SNR becomes larger, the Gibbs samplertbence, we can simply consider the case that 1. The Gibbs
comes stickier, with slower convergence rate, due to the fact tladgorithms for interference cancellation becomes the following.
z,'s are sampled conditioning on the othes as that in the ISI Given initial valuese(?’, a Gibbs sampler iterates between the
channel (see Fig. 5). following steps for; = 1, 2,

The next simulation is designed to see the effect of the cor-Algorithm V.2 [Gibbs Interference Canceler in CDMA
relationp. ForK = 2, n = 4, ¢1 = ¢» = 1, and SNR= Channel]:
2 dB and four different values o¢f = [0.1, 0.3, 0.5, 0.7, 0.9], e Fork = 1,..., K, draw a samplegjﬂ) from the fol-
we simulated 50 samples each and calculated their convergence |owing.
rate. Fig. 8(b) shows the boxplots of the convergence rate fo _ )
eachp. Itis seen that the high correlation of user signals resul?s’[x’“ =+l ‘Y’ z[—k]}

in a slower convergence of the Gibbs multiuser detector. [a:k -1 ‘Y 29 }
Another interesting situation is the detection of the multiuser P A]
symbols when the channel conditions (iggando?) are known 94+ ol
to the receiver [20]. In this case, the system (63) becomes inde- = exp # (yk - CfR‘i’xk(J)) (70)
pendent for different. That is
where
8O 2 [ gD 0,50, ]

n
p(X|Y) = (= | y,) . .
| E v ande;, denotes thésth unit basis vector aR’*.
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The transition matrix then becomes 2]
K
i i j+1 j
p ($<J+1>‘$<J>) ~II» (a:Ej ) ‘Y, wf’_)M)- (71) B
k=1
[4]
Differential coding is not necessary since there is no phase ambi[—S]

guity when® is known. Note that the above Gibbs sampleris de-
fined on the{—1, 1} cube and is, thus, geometrically conver- [6]
gent. To get some insights on its convergence rate, we simulated
50 samples from the system witti = 5, ¢; = --- = ¢5 = 1, 7]
andp = 0.5 for SNR= —4, 0, 4, 8, 12 dB, respectively. The
corresponding convergence rates were calculated and shown i
Fig. 9(a). Again, it can be seen that for small SNR, the conver-
gence is faster, whereas for large SNR, the range of the conver€l
gence rate becomes larger. It depends significantly on the 0131—0]
served signals, with many rates close to 1.

To obtain some insights on the effect of the correlappwe
simulated 50 samples fdf = 5, ¢; = --- = ¢5 = 1, SNR= [11]
0dB, andp = 0.4, 0.5, 0.6, 0.7, 0.8, 0.9. Fig. 9(b) shows the
boxplots. We can see clearly thatgiscreases, the convergence
becomes slower. [12

(13]

VI. CONCLUSIONS [14]
In this paper, we investigated the convergence properties &%
Bayesian MCMC receivers in AWGN channels, ISI channels,
and multiuser CDMA channels. We have shown that thesél6]
MCMC receivers converge geometrically. The rate of the
convergence depends on various characteristics of the channgl;)
particularly the SNR, the correlation between the observations,
and various ambiguities. Among many possible mMcmcte
designs, we found that the idea of integrating out continuous
parameters [2], [15] provides a consistent performance imk]
provement for the standard two-component Gibbs sampler in
all examples we have tested. The grouping technique based g
the forward—backward method [5] can be useful for decoding
the ISI channels. However, its additional computation cost may,
be more than offset its benefits when the number of channel
taps are large. [22]
The differential coding is efficient in removing the phase am-
biguity and can be used to accelerate the convergence of ties
Gibbs sampler. When applied to more complicated problems
such as ISI and CDMA channels, however, the effect of differ-
ential coding diminishes, and some other tricks, such as using a
shift proposal or imposing appropriate constraints, are needed.
By implementing various tactics to accelerate the convergence,
the Bayesian receivers can be more efficient and accurate. (i £
study also shows that although the exact convergence rate o
MCMC sampler or even a reasonable bound of it is difficult t
obtain, results based on small and simple systems and on a
correlation plots often yield important insights on the conve
gence properties.
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