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Abstract

I examine the performance of the Generalized Method of Moments (GMM) and

Empirical Likelihood (GEL) in an empirical example. I find GMM provides estimates

that vary widely depending on the set of moment conditions used and cannot be rec-

onciled with one another, while GEL estimates are statistically indistinguishable. I

calibrate simulations to match the sample and show that GMM is substantially biased

in this setting and GEL is not. GMM’s performance degrades under weak identification

more quickly than EL. Expansions giving the asymptotic bias of GEL and GMM are

helpful for understanding the patterns of estimates from the estimators.
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1 Introduction

It is well known that in a variety of settings, Generalized Method of Moments (GMM) has

poor small sample properties. Even in large samples, if the number of instruments is too

large or weak, GMM can be inconsistent; two prime examples of this come from Angrist and

Krueger’s (1991) study of the returns to schooling, and estimates of the CAPM in finance.

Further, in nonlinear models in particular, GMM can have substantial small sample biases.1

Many solutions have been proposed, but almost all involve throwing information away from

the data. Empirical Likelihood has been proposed as an alternative method that uses all

available information and estimates exactly the same models that GMM does, but does not

share some of its flaws.2 It achieves the bias of optimally weighted, infeasible, GMM. That

is, EL has small sample properties similar to what we would obtain with GMM if we knew

the true optimal weighting matrix.

EL, however, has not caught on in empirical analysis. One goal of this article is to

show that EL can provide a substantial improvement to inference in a realistic setting. I

estimate a simple dynamic model for household wealth. The particular model exploits the

two prime weaknesses of GMM: weak instruments and a high degree of overidentification.

After estimating the model with both GMM and EL, I calibrate a simulation to match the

data as closely as possible. Histograms of the estimates from this simulation are plotted

in figure 1. GMM is biased down by more than one standard deviation and the GMM 95

percent confidence interval rejects the true value of the parameter as much as 30 percent of

the time. On the other hand, EL is unbiased and the simulated distribution closely matches

the asymptotic distribution.

Past studies of models similar to the one I work with, and studies comparing EL and

GMM, have tended to use Monte Carlo evidence to support one estimator or another. Re-

cently, though, Newey and Smith (2004) have provided analytic formulas for the small sample

1See Newey and Smith, 2004.
2See, for example, the work of Imbens, 1997; Kitamura and Stutzer, 1997; Owen, 1988; and Qin and

Lawless, 1994.
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bias of GMM and EL. If these formulas are accurate, then there is no need to run simula-

tions; rather, we can directly assess the bias to help understand differences between various

estimators. In section 4, I expand the simulations from figure 1 and section 3.3 and test how

well the Newey—Smith predictions match the simulated bias. I find them to be accurate.

Moreover, across a broad range of parameter sets and degrees of overidentification, the bias

of GMM remains far larger than that of EL. When scaled by the standard error, the smallest

bias I observe for GMM is larger than the largest bias I observe for EL.

A number of alternatives generalizations to EL have been proposed (generalized empirical

likelihood, GEL). I discuss one in particular, Hansen, Heaton, and Yaron’s (1996) contin-

uously updated GMM estimator (CUE, as distinct from 1 and 2-step GMM). While CUE

does not achieve the higher order effi ciency of EL, the two estimators (along with GMM)

are first order equivalent. Moreover, CUE captures much of the higher order effi ciency gain

of EL over GMM and has the advantage of being easier to implement than EL. In small

samples, as long as the moments are not very skewed (which is simple to test), CUE and

EL have similar higher order properties. In simulations with no skewness in the moments

by construction, I find EL and CUE estimates are over 98 percent correlated. While EL is

not at this point too computationally intensive for the average researcher to carry out, CUE

may be more convenient for quick analyses.

The findings presented in this article provide further support for using GEL rather than

GMM. The empirical analysis I report in section 3 would be simply unreportable if I used

GMM — the estimates from different moments are wildly inconsistent. While I focus on

one specific model, the problems with GMM are found in a variety of areas of research.

Two good examples are finance, where variants of the CAPM are routinely estimated with

25 moments for 4 parameters, and models with many weak instruments, e.g. Angrist and

Krueger (1991).3 The superiority of EL and CUE is by no means restricted to this model.

General theoretical results show that these estimators are preferable to GMM.

3While LIML and JIVE of Angrist, Krueger, and Imbens, 1999, both also work in the linear IV setting
with many instruments, EL has the advantage of applying to a more general class of problems.
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The remainder of the paper is organized as follows. In section 2 I describe the basic model

used in the rest of the paper, review the standard methods of identifying the parameter of

interest, and define the estimators. In section 3 I apply the dynamic panel model to household

wealth data from the Health and Retirement Survey. The analysis returns an estimate that

indicates wealth shocks are highly persistent, and that wealth and consumption can be

modeled as a random walk for this sample. Next, section 4 examines a large set of Monte

Carlo simulations to see whether the Newey—Smith predictions for the bias are accurate

in a sample calibrated to match the data used in section 3. I find that the Newey—Smith

predictions are effective for both EL and GMM. This means that the Newey—Smith analytic

results on the dominance of EL are relevant in real world samples, and that rather than

running endless Monte Carlo simulations, researchers can rely on these results in the future.

2 Identification and Estimators

2.1 The model and identification

The basic model I analyze is the widely studied panel AR model,4

yit = θyit−1 + αi + εit (1)

where t ∈ {1, 2, ..., T}, εit is assumed to have zero mean and be serially uncorrelated, and αi is

an unobserved individual-specific fixed effect. I use the model here as a compact framework

for describing wealth dynamics, with yit representing log asset wealth. θ measures how

persistent wealth shocks are. When a household’s wealth rises above its long run trend, θ

determines how quickly it comes back. θ is also related to the difference between the average

and marginal propensities to consume from wealth; an MPC higher than the APC leads to

θ < 1. Models in which wealth is the only state variable and which are scale-independent

4See, for example, Anderson and Hsiao, 1981, Holtz-Eakin et al., 1988, Arellano and Bond, 1991, and
Blundell and Bond, 1998.
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have θ = 1. The buffer stock model (e.g. Carroll, 1997) adds income as a state variable

and has θ < 1. The results below will show that to a first approximation, asset wealth of

older households can be modeled as following a random walk (meaning that consumption

also follows a random walk and is a constant share of asset wealth).

In the empirical analysis, it is important to account for measurement error. If we measure

y imperfectly as wit = yit + νit, where νit is measurement error mean independent of wealth

(though not necessarily homoskedastic), then the model becomes

wit = θwit−1 + αi + εit + νit − θνit−1. (2)

When the number of available time periods observed is finite, OLS is inconsistent for

this model. Anderson and Hsiao (1981), Holtz-Eakin et al. (1988), and Arellano and Bond

(1991) suggest differencing (2) and using lagged observations of wit as instruments for ∆wit.

This leads to the following (T − 3) (T − 2) /2 "difference" moments,

E [(∆wit − θ∆wit−1) · wit−j] = 0 for j ≥ 3. (3)

The validity of these moments relies only on the assumption that εit is not serially correlated;

it need not be homoskedastic or uncorrelated with αi. I will refer to models that use only

these moments as "DIF", following Blundell and Bond (1998).

Blundell and Bond (1998) show that in the case where εit and αi are uncorrelated, we

can take advantage of equation (2) without differencing, and use ∆wit−2 as an instrument

for wit−1.5 This gives us T − 3 more "levels" moments,

E [(wit − θwit−1) ∆wit−2] = 0. (4)

When I use the moments from both (3) and (4) I will refer to the models as "ALL".

5Note that by the assumption of no serial correlation in εit, all that this moment actually requires is that
εi0, the first observation of εi, is uncorrelated with αi.
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Blundell and Bond (1998) show that the moments in (4) are relatively more powerful

when θ approaches 1. One way to see this is to rewrite the two moments as

Differences: E [∆wit · wit−j]− θE [∆wit−1 · wit−j] = 0 (5)

Levels: E [wit ·∆wit−2]− θE [wit−1 ·∆wit−2] = 0.

In line (5), when the true value of θ approaches 1, both E [∆wit · wit−j] and E [∆wit−1 · wit−j]

approach zero (since ∆w becomes unpredictable), which means that for any value of θ, the

condition will hold. In the levels moment, the two expectation terms are different from zero,

so even with θ = 1 it is still identified.

2.2 Estimators

In general, this type of model is estimated with the GeneralizedMethod of Moments (GMM).6

Denote the moment function g (zi, θ), where zi is an observation of data and g maps z and

θ to an m× 1 vector of moments, and Eg (z, θ) = 0. 1-step GMM is

θ̂1GMM = arg min
θ
ḡ (z, θ)′ Imḡ (z, θ) ,

where Im is the m-dimensional identity matrix and ḡ (z, θ) = n−1
∑

i g (zi, θ) . Two-step

GMM is

θ̂2GMM = arg min
θ
ḡ (z, θ)′ Ω̂ (θ1GMM)−1 ḡ (z, θ)

Ω̂ (θ) = n−1
∑
i

g (zi, θ) g (zi, θ)
′ .

A variety of Monte Carlo and empirical analyses have shown GMM is likely to be biased

in samples encountered in the real world.7 An alternative estimator is Empirical Likelihood

6Though see Binder, Hsiao and Pesaran (2005) for a VAR with fixed effects estimated with Quasi-
Maximum Likelihood.

7Among others, see Blundell and Bond (1998) and Imbens (2002).
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(EL). EL begins by treating the observed data as the support for the true distribution.8 We

estimate that distribution: to each point, we assign some probability πi such that
∑

i πi = 1.

EL maximizes the log likelihood,
∑

i log πi such that the moment conditions hold, with the

expectations taken with respect to the πi’s. That is,

θ̂EL, {π̂i} = arg max
θ,{πi}

∑
i

log πi

such that
∑
i

πig (zi, θ) = 0 and
∑
i

πi = 1

In the exactly identified case, we can find a θ such that the moment conditions hold for any

set {πi}, so πi = 1/n, where n is the sample size. When the model is overidentified, the πi’s

will not necessarily all be equal. Intuitively, we are using information from the overidentifying

restrictions to tell us how to reweight the data and obtain more effi cient estimates. This is

analogous to using two-step GMM to select a weighting matrix that reweights the data more

effi ciently.

In fact, a simple modification to standard GMM captures most of the benefits of reweight-

ing in EL. Hansen, Heaton, and Yaron (1996) propose the continuously updated estimator

(CUE):

θCUE = arg min
θ
ḡ (z, θ)′

[∑
i

n−1g (zi, θ) g (zi, θ)
′

]−1

ḡ (z, θ)′ .

The only change from standard GMM is simply to simultaneously update the weighting

matrix, rather than updating it iteratively after obtaining an estimate of θ with a fixed

weighting matrix.

Newey and Smith (2004) show that this estimator fits into the family of Generalized

Empirical Likelihood (GEL) estimators. EL maximizes the log likelihood,
∑

i log πi, which

is the same as minimizing a particular distance between {πi} and a flat likelihood, 1/n. In

particular,
∑

i log πi and −
∑

i log
(

1/n
πi

)
differ only by a constant, so the distance metric for

8Unobserved points could be included in the support, but any estimator will give them zero probability,
so we can restrict our attention to the observed data.
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EL is the log. Following Corcoran (1998), GEL uses the Cressie-Read discrepancy statistic

to measure this same distance. GEL still involves choosing a set {πi} such that the moment

conditions hold, but the objective function becomes,

arg min
{πi}

1

λ (1 + λ)

∑
i

1

n

[(
1/n

πi

)λ
− 1

]

As λ → 0, this function approaches the EL objective function. As λ → −1, it approaches

the exponential tilting (ET) estimator of Kitamura and Stutzer (1997) and Imbens, Spady,

and Johnson (1998). Newey and Smith (2004) show λ = −2 corresponds to CUE. ET and

CUE are the two main GEL estimators analyzed in the literature because ET has convenient

information theoretic interpretations and may be computationally stable, and CUE has a

simple interpretation as an extension of GMM. In principle, however, any value of λ will

produce an estimator that is first order equivalent to GMM and EL. In section 4 I examine

further the differences between EL, CUE, and GMM.

There are two types of papers that have argued that EL is superior to GMM. The

first uses Monte Carlo simulations and shows that GMM tends to be biased and have a

sampling distribution that is not well approximated by the asymptotic distribution.9 The

second type of argument derives analytic results about the distribution of EL and GMM.

The prime theoretical result about EL is that when the data are discrete, EL is exactly equal

to maximum likelihood estimation. Therefore, with large samples drawn from a continuous

distribution, EL comes arbitrarily close to MLE, and hence inherits its higher order effi ciency

properties.

Newey and Smith (2004) provide the most extensive results in the second area. They

provide formulas for the bias of GEL and GMM. I discuss these expansions below. Fur-

thermore, I attempt to unify the two types of analysis, Monte Carlo and theoretical. In

section 4 I report simulation results that match the Newey—Smith predictions closely. In

other words, to analyze GMM and GEL, researchers can rely exclusively on formulas rather

9See, e.g. Imbens, 2002.
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than expending time and computer processing power on simulations.

3 Empirical Analysis

3.1 The data

For the empirical example, I draw wealth data from the RAND extract of the Health and

Retirement Survey (HRS). I measure wealth as total wealth excluding IRAs, which includes

home equity (excluding second homes), financial wealth, and the value of any private busi-

nesses, vehicles, and other savings (including, e.g., jewelry and collectibles) net of non-

housing debt. Observations of wealth occur at two-year intervals, running from 1994 to 2006

—seven total surveys.10 There are 1,315 households with 7 consecutive observations in the

dataset. Households are eliminated from the sample for three reasons. First, I only keep

households which begin the sample with at least $25,000 in wealth in order to limit the

effects of outside sources of wealth, such as social security, on behavior.11 This eliminates

205 households. Second, households can never have negative net wealth because the model is

estimated in logs, which eliminates 43 households. Last, I drop households with a recorded

wealth change greater than a factor of 10 to eliminate outliers. This leaves a total of 991

usable households in the preferred sample, with 7× 991 = 6937 observations.

Table 1 reports summary statistics for the sample. The median respondent is 63 years

old, with $209,000 of wealth, $47,000 in income, and a high school education. Almost exactly

half of the sample is currently employed, and nearly the entire sample is white. The people

in the sample have above average socioeconomic status, but the 75th percentile still has only

a college education and under a half million dollars in nonhousing assets.

10I drop the 1992 sample due to changes in the survey.
11If a household has substantial assets that we do not observe and that cannot be adjusted (e.g. social

security or a defined benefit contribution), then the estimate of θ will be biased down. Intuitively, when we
only observe the most responsive margin of adjustment, we will overestimate responsiveness. However, the
minimum level of initial assets does not have a substantial effect on point estimates of θ. IRAs are excluded
so that rather than capturing some pension wealth but not all of it, we just exclude pensions entirely. The
results are not sensitive to this decision. They are also not sensitive to the required level of initial wealth.
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3.2 Estimates of θ

To make the model suitable for estimation, I add six time dummies, µt, to equation (2),

leading to the full model,

wit = θwit−1 + αi + µt + εit + νit − θνit−1. (6)

We then also have a set of moments that identifies µt,

E [wit − θwit−1 − µt] = 0

Table 2 reports estimates of θ using EL and GMM.12 The first row reports results using only

the differences moments from line (3), while the second row also includes the levels moments

from line (4). Unsurprisingly, the estimates for DIF have much larger standard errors than

those for ALL, due to the relative weakness of the differences moments when θ approaches 1.

Notably, however, the point estimate of θ from EL in both rows is roughly the same, while

the GMM estimate is vastly different.

If we only had GMM, these results would be unreportable. One set of moments gives

a 99 percent confidence interval with an upper bound of 0.77, while the other moment set

returns the same confidence interval with a lower bound of 0.85. For GMM, a Hausman test

rejects the hypothesis that the true value of θ is the same in the two models with a p-value of

7× 10−4. One can imagine two responses a researcher might have to these results. The first

is that the levels moments are invalid and are causing bias. The researcher would then drop

the levels moments and end up with a point estimate of 0.18. A more cautious researcher

might go further and note that the p-value for the overidentifying test for GMM with DIF

is low, and therefore conclude that the model must simply be misspecified.13

Both of these outcomes would be disappointing. With EL, the results do not conflict.

12Estimation was carried out with John Zedlewski’s MatELike package for Matlab
(http://people.fas.harvard.edu/~jzedlewski).
13This is in fact exactly what I did when I first analyzed this dataset.
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The 95 percent confidence interval for DIF easily contains the point estimate from ALL,

and the Hausman test gives a p-value of 0.54. Moreover, a likelihood ratio test of either

model does not reject the null hypothesis of correct specification. A good estimator leads a

researcher to the correct estimate. GMM does not do that here.

But how do we know EL is giving the correct estimates and GMM is misleading? While

table 2 is certainly suggestive that the EL estimates with the full moment set is correct, it is

premature to conclude that GMM is biased based on the circumstantial evidence in table 2.

In the next section I calibrate simulated data sets to match the empirical sample. I find that

GMM is in fact substantially biased and leads to poor inference with both DIF and ALL.

3.3 Simulations

To calibrate the model in equation (6), we need to know the variances of α, ε, and ν. These

can be calculated from the residuals, uit,

uit = αi + εit + νit − θνit−1 = wit − θwit−1 − µt.

The variance of uit along with its autocovariances identify the variances of α, ε, and ν,

assuming independence and homoskedasticity in the shocks.14 I estimate these parameters

using the same sample as above. I then generate data sets with random draws from normal

distributions. The parameters I use for the simulation are,

θ = 0.96 σα/(1− θ) = 0.74

σε = 0.30 σν = 0.34

N = 991

14In reality, there is heteroskedasticity, which means that there are multiple ways to estimate the variances
which need not all give the same answer. I estimate the variances using just the first two autocovariances,
but the results are similar if alternative lags are used.
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The time dummies µt all set to zero, but I allow them to be estimated freely in the simula-

tions. These parameters have empirical value on their own. The magnitude of the innovations

to wealth is substantial: their standard deviation is 0.3 —a 30 percent shock to wealth in

two years (since the data is biennial). Moreover, measurement error is as important as ε,

meaning that year-to-year comparisons of household wealth, as are sometimes done with

data sets like the Survey of Consumer Finances, are probably not informative. Since shocks

are so persistent due to the high value of θ, the majority of the variation in wealth across

households is driven by past values of ε rather than by the fixed effect αi. That is, households

generally do not have low wealth simply due to preferences, i.e. a low target level of wealth.

The results from the simulations are summarized in table 3 and figure 1. Figure 1 plots

the distribution of the estimates of θ from two-step GMM and EL; estimates using DIF

are in the top panel, with ALL in the bottom. The difference between EL and GMM is

readily apparent: whether we use DIF or ALL, GMM is clearly biased downwards while

EL is median unbiased. Moreover, for ALL the GMM distribution is noticeably less peaked

than that of EL. In these simulations, EL and CUE give estimates that are over 98 percent

correlated. I do not replicate the result of Hansen, Heaton, and Yaron (1996) that CUE has

heavy tails.15

Table 3 reports a number of statistics that confirm the problems noted in figure 1. As

in the figure, the top panel reports results for DIF, and the bottom panel ALL. Results are

reported for GMM, EL, and CUE, and the expected results using the asymptotic distribution

are in the far right column.

GMM is biased down by 0.14 with DIF, and 0.06 with ALL. EL and CUE, on the other

hand, have no bias in their medians, and only minimal bias in their means. Looking at

the higher moments, the standard deviations of all three estimators are inflated slightly,

but more for GMM. For ALL, the GMM standard deviation is twice that of the analytic

distribution.
15They find that even the 10th and 90th percentiles are far from the asymptotic distribution, while I find

no problems at the 5th and 95th percentiles, and excess kurtosis of between 4 and 6.
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To gauge the quality of inference, the key statistics are the confidence interval coverage

rates. The EL and CUE 90 and 95 percent confidence intervals have nearly exactly correct

coverage rates. The GMM coverage rates are far below their nominal levels. For ALL, the

true value of θ is contained in the 95 percent confidence interval only 69 percent of the time.

The coverage rates are actually worse for ALL than for DIF. Moreover, even though the

absolute size of GMM’s bias is larger for DIF than ALL, it is larger relative to the standard

error for ALL. This is a troubling finding. Normally we think that by adding informative

moments we improve inference, but in this case inference actually becomes worse.

Figure 2 shows what happens as θ is allowed to vary. I estimate DIF while keeping the

parameters fixed at their levels in the above simulation (including scaling σα by (1− θ)),

and allowing θ to approach 1 geometrically. As noted above, when θ approaches 1, the

instruments in DIF become irrelevant, so each estimator should fail. The top panel plots 90

percent confidence interval coverage rates for 1 and 2-step GMM, while the bottom panel

shows the median bias of each estimator divided by the standard error.16 The GMM coverage

rates are never close to their nominal levels —1-step GMM performs particularly poorly, even

with θ = 0.68. The EL coverage rate, though, never falls below 0.75 even as θ rises above

0.9999.17 Looking at the bottom panel, it is clear that much of the poor inference with

GMM is due to bias —both 1 and 2-step GMM are biased substantially, whereas the bias of

EL only becomes problematic as rises past 0.9975. The results for CUE for both metrics in

figure 2 are identical to those of EL.

The findings in figure 2 help interpret the literature on weak identification in GMM

and GEL. Stock and Wright (2000) first showed that GMM is inconsistent under weak

identification. Guggenberger and Smith (2005) extend Stock and Wright’s (2000) results

to GEL and find that EL and CUE are asymptotically first order equivalent under weak

identification and inconsistent. The results reported in figure 2 show, however, that the

16I report results for 1-step GMM because it has been proposed as a more robust estimator than 2-step
GMM, by Altonji and Segal, 1996, among others.
17For the highest values of θ used in figure 2, I find estimated standard errors of approximately 0.6, which

is large considering the qualitative differences between |θ| ≥ 1, 0 < |θ| < 1, and θ = 0.
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inconsistency of GEL is substantially less problematic than that of GMM. 2-step GMM

delivers poor inference even with θ = 0.64, but then as θ rises above 0.96, the results are

disastrous. EL, on the other hand, does not decay until θ is above 0.9975, and even then the

90 percent confidence coverage rate is at worst 80 percent.

The results of these simulations can be summarized as follows. When we create a data

sample similar to the empirical sample studied in section 3, GMM is biased down by about

one standard error for both DIF and ALL. Furthermore, the shape of its distribution is far

from the asymptotic distribution and its confidence interval coverage rates are well below

the nominal levels. EL and CUE are median unbiased and have confidence intervals with

nearly perfect coverage rates. When θ approaches 1 and the model becomes unidentified, the

performance of GMM degrades far sooner than that of EL. The distributions CUE and EL

are essentially identical, meaning that one can choose between them based on ease of use.

4 Predicting the bias

Newey and Smith (2004) provide second-order expansions that give the asymptotic bias for

GMM and GEL. As the analysis of this paper is about understanding the small sample

performance of various estimators, we wish to check whether the Newey—Smith predictions

for the bias are accurate in a small sample. I find that the bias terms in fact explain a

substantial amount of the variation in the simulations.

Newey and Smith divide the bias into four unobservable terms, which they call BI , BG,

BW , and BΩ. It is not easy to calculate these terms for arbitrary models. One can think of

them as four essentially random terms, which may be correlated, but for which we do not

know the correlation. In general, then, an estimator with more random terms defining its

bias will have a more uncertainty. This leads to the result that EL is higher order effi cient

compared to the other estimators considered here —its bias terms create less uncertainty.

Because definition of the terms involves a good deal of notation, I define the complete

14



formulas in the appendix. For all estimators considered here, the bias can be written in

terms of four components. Newey and Smith (2004) interpret the terms as follows: BI is the

asymptotic bias for GMM with the optimal weighting matrix. It is also the only term in the

bias of EL. BG is driven by error in estimating the derivatives of the moment conditions; BW

is an error due to the preliminary estimator in 2-step and iterated GMM, and is related to the

weighting matrix; and BΩ comes from estimation of the covariance matrix of the moments.

BI and BG are both driven by correlation between the moments and their derivatives, while

BΩ is driven by a cubic function of the moments.18

The biases of the estimators are,

biasEL = BIN
−1

biasGEL =

[
BI −

λ

2
BΩ

]
N−1

biasCUE = (BI +BΩ)N−1

biasGMM = (BI +BΩ +BG +BW )N−1

where λ is the Cressie-Read parameter (noted in section 2.2) defining the GEL estimator.

λ = 0 corresponds to EL and λ = −2 corresponds to CUE. The asymptotic bias of (infeasible)

optimal GMM, BI , is shared by all GEL estimators. GEL estimators with λ 6= 0, i.e.

estimators other than EL, also have a bias term due to estimation of the covariance matrix

of the moments, which determines the weights placed on the moments. In situations where

the moments have little skewness (which is true, for example, of a moment which is the

product of a normally distributed instrument and a normally distributed mean zero error

term), BΩ will tend to be small, meaning that there should be little difference between EL

and CUE. The reason that EL is in general more effi cient than other GEL estimators and

GMM is that it has the fewest of these random terms. Similarly, the bias of GMM includes

BG +BW , which does not affect GEL.

18Since the moments in the simulations all have zero skewness, many of the terms of the cubic function will
be zero, but the cross products need not be zero. Neverthelsss, BΩ tends to be very small in the simulations.
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To actually estimate these terms, I take the formulas from the appendix and estimate

them on a large sample (N = 1.6×106) of simulated data. Figure 3 shows the predicted bias

for ALL as simulated above, except with σ2
µ multiplied by 2/3 in order to make the graphs

easier to read.19 Figure 3 has four panels, plotting the four terms from Newey—Smith. In

each panel there are five lines, depending on the degree of overidentification. As θ approaches

1, four of the moments in ALL become irrelevant.20 So the five lines include zero to four of

those relatively uninformative moments. The y-axis gives the value of the bias term, and

the x-axis is the value of θ.

The top left panel plots BI , the bias of both EL and optimally weighted (infeasible)

GMM. BI is unaffected by the degree of overidentification, showing that EL is robust to

the addition of irrelevant moments. As θ rises, the bias of EL increases, tripling as θ moves

from 0.900 to 0.975. EL seems unaffected by the number of instruments, but it is negatively

affected by their weakness.

The top right panel of figure 3 plots BΩ, the term that drives the differences among GEL

estimators. The magnitude is comparable to the bias of EL —between -0.001 and -0.002.

The magnitude of BΩ is unrelated to the value of θ, which reflects the fact that θ has no

effect on the skewness of the moments. BΩ is affected somewhat by the number of irrelevant

moments, which could simply be due to the fact that they have a different distribution from

the other moments. For CUE, the values of BΩ imply a bias roughly double that of EL. An

estimator with λ = 2 would eliminate the bias of EL. Globally, EL that is not bias corrected

19When I use the estimated value of σ2
µ, the predicted bias of GMM is nearly zero — in the simulations

below, I show that the Newey—Smith formulas tend to underpredict the bias of GMM for this model.
20In preceding sections, I wrote the moments as,

E [(∆wit − θ∆wit−1) · wit−j ] = 0, for j ≥ 3

E [(wit − θwit−1) ∆wit−2] = 0,

following Blundell and Bond, 1998. But one can also write them as

E [(∆wik − θ∆wik−1) · wi0] = 0, for k ≥ 4

E [(wit − θwit−1) ∆wit−j ] = 0, for j ≥ 2.

In that case, the moments in the first line become irrelevant as θ approaches 1. The second line remains
relevant. The moments from the first line are the ones I drop, starting with the highest values of k.
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need not be optimal in every situation. That is clear from this case, where an estimator with

λ = 2 would have a smaller bias. However, in general cases where we do not know BI and

BΩ, EL has less higher order error associated with it.

The bottom left panel plots BG. This term is, like BI , driven by correlation between the

moments and their derivatives, but it is weighted differently. This is the term that drives

the bias of GMM, both in this setting and also in the simulations I report below. It is an

order of magnitude larger than BI and BΩ in figure 3. As expected, BG rises with the degree

of overidentification. Somewhat surprisingly, it actually shrinks as θ approaches 1. This

result is in conflict with the results form figure 2, which is explained by the fact that the

Newey-Smith expansions are not designed to model the effects of weak identification in the

sense of Stock and Wright (2000), which occurs as θ approaches 1.

The last panel of figure 3 plots BW , the term driven by the initial estimate for the

weighting matrix. Since 2-step GMM uses an effi cient estimate of the weighting matrix, we

in general would not expect this term to be important, and it clearly is not —it is smaller

than 5 ∗ 10−5 except for a few higher values of θ.

These plots are related to the literature on GMMwith large numbers of weak instruments,

e.g. Bekker (1994), Han and Phillips (2005), and Newey and Windmeijer (2005). I find

that GMM performs more poorly as more moments are added, but that EL is unaffected

by the number of moments. The studies of GMM with asymptotically large numbers of

instruments use fundamentally different methods from Newey and Smith (2004), studying

first order distributions, but the results are clearly informative for small samples

4.1 Simulations

To test the relevance of the asymptotic bias predictions in a small sample, I expand the

simulations above. If we have sets of estimates for a given model with a variety of Cressie-

Read parameters, then we can identify BI and BΩ from a simple regression of the estimated

bias of an estimator on its Cressie-Read parameter. This section reports results from a large
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set of simulations varying the models simulated by the number of time periods in the data,

the variances of the shocks, and the moments used for estimation. This allows us to see how

well variation in the bias is predicted by the asymptotic predictions.

I run three sets of simulations, with approximately 1000 replications in each. There are

numerous differences across the simulations in terms of parameters used, the number of time

periods in the data sets, and the sets of moments. This is by design —I want to see how well

the Newey—Smith predictions work in a wide variety of models.

Simulations 1a and 1b are differentiated by whether I include the levels moments or not.

I set θ to a lower value than in section 3.3 which will make the differences moments more

powerful. Within each simulation, I estimate 15 different models, varying the variances of

the shocks and the number of lags used as instruments in the differences moments, which

controls the degree of overidentification.21 The parameters are as follows,

θ = 0.81 σε ∈ {0.27, 0.54}

σα/ (1− θ) ∈ {0.51, 1.02, 2.04} σν ∈ {0.17, 0.34}

N = 991

I estimate each model using GMM and GEL, with the Cressie-Read parameter varying from

−3 to 1 in increments of 0.5. In both the simulations, µt is set to zero for all t, but I still

freely estimate the µt’s.

In the third set of simulations, rather than varying the parameters, I vary the number of

time periods in the model in order to allow for greater degrees of overidentification. The set

21There are 5 parameter sets: the original, ones with σα and σν individually divided by 2, and ones with
σα and σε individually multiplied by 2. For each of these five models, I use a maximum of between 2 and 4
lags of wealth as instruments in the differences moments.
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of parameters used is slightly different from above,

θ = 0.60 σα/ (1− θ) = 1.53

σε = 0.30 σν = 0.10

N = 761

As above, µt is set to zero, but here I do not estimate it freely —the estimators all assume

µt = 0. Since θ is smaller, the levels moments are not as crucial to identification, so I restrict

attention in these simulations to just the differences moments. This allows me to expend

processing time on varying the Cressie-Read parameter; I use 19 different estimators with λ

varying from −4 to 2, in addition to GMM. As in the first two sets of simulations, I vary

the maximum number of lags used as instruments from 2 to T − 3. The number of time

periods, T , varies from 7 to 11, meaning the number of available moments varies from 10 to

36. To summarize, the simulations vary the sample along every available dimension: θ, the

variances of all the shocks, the number of time periods, and the moments.22

Figure 4 gives a first look at the results of the simulations. The top panel plots the

estimates of BI , the EL bias. The x-axis is the predicted value and the y-axis is the actual

value. Nearly all of the estimates lie very close to the 45-degree line. For simulation 1a, the

R2 is 0.10, but it rises to 0.70 when the simulations with σα/ (1− θ) = 2.32 are dropped.

Similarly, for simulation 1b, the R2 is 0.82 when the one outlier is excluded. For simulation

2, the R2 is 0.98. Across a very broad range of parameters, the Newey—Smith predictions

perform well for EL. This has two implications: first, large scale Monte Carlo simulations

may be unnecessary for EL since analytic results describe the small sample behavior well;

second, estimates of BI may be informative in telling whether EL is biased.

The second panel of figure 4 plots results for BΩ. As noted above, we expect BΩ to be

small, and it clearly is. The scale in this plot is an order of magnitude smaller than the scale

22The results reported below are means of the biases. It is possible that the estimators do not have
moments in small samples. I therefore also looked at medians and trimmed means, and the results were
similar.
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for BI . For simulations 1a and 1b, there is little connection between the predictions and

the estimated values. The R2 ’s are both near zero. Since the estimates necessarily involve

simulation error, this is not surprising. What is surprising is that the predictions of BΩ for

simulation 2 are actually reasonably successful, with an R2 of 0.55.

The bottom panel of figure 4 plots results for the bias of GMM, BI +BG+BΩ +BW . The

predictions apparently work well for simulations 1a and 1b, with a strong positive relationship

between the actual and predicted values. However, there is no connection between the actual

and predicted bias for simulation 2. In all three simulations, the actual bias is larger than

the prediction. While the simulations do not allow us to identify BG and BW individually,

if we trust the Newey—Smith predictions for them, then we can see what drives the bias of

GMM. for these simulations, the bias is driven almost entirely by BG, which comes from

correlation between the moments and their derivatives.

The results of the simulations are summarized in table 4. The parameters are summa-

rized, and the R2’s from the plots are reported. I also report the median and range for the

bias terms divided by standard errors. These are the bias estimates from the simulations

divided by analytic standard errors. For all three sets of simulations, the maximum bias for

EL is smaller than the minimum for GMM. Even the median bias for GMM is worrisomely

large. It is 0.7 for simulations 1a and 1b, and 1.91 for simulation 2.

4.2 EL or CUE?

In all of the simulations I have reported here, EL and CUE have been essentially identical.

In the models I study, CUE does not have heavy tails, as in Hansen, Heaton, and Yaron

(1996). That does not necessarily mean that CUE is a perfect replacement for EL. Newey

and Smith’s (2004) formulas help give us an idea when it is safe to use CUE and when to
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use EL. First, it is instructive to write down the first order conditions for EL and CUE,23

EL :
∑
i

πiG (zi, θ)

(∑
i

πig (zi, θ) g (zi, θ)
′

)−1∑
i

n−1g (zi, θ)

CUE :
∑
i

πiG (zi, θ)

(∑
i

n−1g (zi, θ) g (zi, θ)
′

)−1∑
i

n−1g (zi, θ) .

Where G (zi, θ) = ∂g (zi, θ) /∂θ. The difference between EL and CUE is that EL uses an

effi cient estimate of the weighting matrix, whereas CUE, like GMM, uses an ineffi cient esti-

mate that places equal weight on each observation. In situations where the concern about

bias in GMM does not come from poor estimation of the weighting matrix, CUE will be

appropriate. On the other hand, if the weighting matrix is being poorly estimated, then EL

will be preferable to CUE.

To obtain a more concrete indicator of whether CUE is acceptable, we need only look at

Newey and Smith’s (2004) formulas for the bias of GEL (reproduced in the appendix of this

paper). The difference between EL and CUE is driven by skewness in the moments. The

larger the skewness (and the fewer the number of observations one has), the larger will be

the expected difference between CUE and EL. Cases where the skewness is relatively small

are precisely the situations when mismeasurement of the weighting matrix will not be an

issue. As the moments in most empirical applications tend not to be highly skewed (since

researchers often take the log of highly skewed datasets), CUE will often be an acceptable

alternative. In an analysis of, for example, raw income data, which will be highly skewed,

CUE might not be appropriate.

5 Conclusion

This article reports an empirical case in which GMM provides misleading inference and Em-

pirical Likelihood solves the problem. Furthermore, the problems with GMM are confirmed

23Newey and Smith (2004) report these first order conditions along with those for GEL and GMM.
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in simulations. When data is generated to match the empirical sample, GMM is biased both

with the full set of available moments and with a smaller set that requires fewer assump-

tions. While the full moment set provides better identification in the sense that standard

errors are smaller, inference from GMM becomes poorer as the confidence intervals have

coverage rates that are 18 to 30 percentage points too low. EL, on the other hand, suffers

from none of these drawbacks. It is median unbiased, and its confidence intervals have the

correct coverage rates. In large scale simulations, I find that analytic predictions of the bias

of GMM and GEL are effective, especially for EL. this indicates that researchers need not

rely on Monte Carlo analyses of the small sample bias of these estimators. As the number

of weak instruments becomes large, GMM performs more poorly, but EL still provides good

inference.

For practical work, CUE can be implemented with nearly identical computer code to

that of GMM. A simple switch from GMM to CUE would improve inference in countless

economic applications, including the dynamic panel setting studied above, linear instru-

mental variables estimation, estimation of financial models, and any other overidentified

moment-based estimation.
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A Appendix

A.1 Complete Characterization of the Bias

Following directly from Newey and Smith (2004), I here reproduce the second order bias terms.

As above, gi = g (zi, θ) is the m× 1 moment function, zi is one observation of data, and θ is

the p× 1 parameter. The identifying assumption is E [g (z, θ0)] = 0. The following terms will be

used,

Gi=
∂g (zi, θ)

∂θ
Ω = E

[
g (θ0) g (θ0)′

]
Σ = (G′Ω−1G)

−1
H = ΣG′Ω−1

P = Ω−1−Ω−1GΣG′Ω−1 HW= (G′WG)−1G′W−1

aj= tr
(
ΣE∂2gj (θ0) /∂θ2

)
Ω̄θj= E

[
∂
(
g (θ0) g (θ0)′

)
/∂θj

]
Where, in aj , gj (θ0) is the jth element of g (θ0).

The bias terms are then defined as follows,

BI= H (−a+ E [GiHgi])

BG= −ΣE [G′iPgi]

BΩ= HE [gig
′
iPgi]

Bw= −H
∑p

j=1 Ω̄θj (HW −H)′ ej

where ej is the jth unit vector.

A.2 Computation

Computation of GEL and GMM was carried out using John Zedlewski’s MatELike, available

at

http://people.fas.harvard.edu/~jzedlews. MatELike also includes Siegfried M. Rump’s Int-

lab optimization package, available at http://www.ti3.tu-harburg.de/rump/intlab. Replica-

tion files for the main results are available at http://people.fas.harvard.edu/~idew.
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Table 1: Summary Statistics

Percentile Age Wealth ($k) Income ($k) Years Education

5 53 43 12 9

25 56 106 28 12

50 59 209 47 12

75 61 425 74 16

95 63 1,285 177 17

Mean 58 428 69 13

Working? Retired? Race

Yes 49.6 No 37.0 White 91.2

No 50.4 Partially 14.0 Black 6.9

Yes 48.9 Other 1.9

Summary statistics for the sample used in the empirical exercise. The data is drawn from the

health and retirement survey, and households are kept only if they have observations for all seven

biennial surveys from 1994 to 2006.

Table 2: Estimates of θ

Moments EL GMM

DIF 0.79 0.18

(0.28) (0.23)

[0.66] [0.16]

ALL 0.96 0.95

(0.03) (0.03)

[0.42] [0.48]

N 991

Standard errors are in parentheses. EL standard errors are calculated with the standard as-

ymptotic GMM estimator. Likelihood ratio test p-values are in brackets for EL, and J-statistic
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p-values for GMM. The Arellano-Bond and Blundell-Bond estimators are used for an AR(1) model

for household wealth, allowing for the existence of fixed effects and measurement error

Table 3. Simulation Summary Statistics

Moments: DIF ALL

Estimator: GMM EL CUE Analytic GMM EL CUE Analytic

Mean bias -0.14 0.02 0.02 0 -0.06 0.00 0.00 0

Median bias -0.12 0.00 0.00 0 -0.04 0.00 0.00 0

Std. Dev. 0.20 0.18 0.18 0.16 0.09 0.05 0.05 0.04

90% CI coverage 0.70 0.90 0.90 0.90 0.60 0.88 0.88 0.90

95% CI coverage 0.77 0.95 0.95 0.95 0.69 0.94 0.94 0.95

Summary statics from 20,000 simulations of the benchmark model. Each column gives results

from a different estimator. GMM is two-step GMM using the identity matrix for weights in the

first step. The confidence intervals for all estimators are estimated based on the standard GMM

standard errors. The column labeled "Analytic" reports values that would be obtained using the

standard first order asymptotic distributions of the estimators.
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Table 4: Simulation results

Simulation: 1a 1b 2

Moments Differences All Differences

Year Dummies? Yes Yes No

σα {0.11, 0.22, 0.44} {0.11, 0.22, 0.44} 0.61

σε {0.27, 0.54} {0.27, 0.54} 0.30

σν {0.17, 0.34} {0.17, 0.34} 0.10

θ 0.81 0.81 0.6

N 991 991 762

R2 :

EL 0.717 -0.085 0.982

GMM 0.861 -0.360 -60.694

|BI/SE|

Min 0.0174 0.0398 0.0022

Median 0.0423 0.0768 0.0261

Max 0.2352 0.2110 0.1401

|GMM Bias/SE|

Min 0.3225 0.2918 0.6510

Median 0.7283 0.7366 1.9104

Max 1.7348 2.6940 4.1851

Results of simulations varying the parameters in the underlying model. 1000 simulations were

run for each parameter set. The rows with greek lettes give the values of the parameters used in the

simulations for each column. N is the number of observations in each simulation. R2 is the fraction

of the variance of the Newey—Smith bias terms explained by the analytic formulas. |BI/SE| is the

absolute value of the simulated bias for EL divided by the standard error.
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Figure 1: Histograms of estimates from simulated data. The top frame is for DIF, the bottom
ALL. The true value of θ is 0.96.

90% Confidence Interval Coverage

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.6
80

00

0.8
40

00

0.9
20

00

0.9
60

00

0.9
80

00

0.9
90

00

0.9
95

00

0.9
97

50

0.9
98

75

0.9
99

38

0.9
99

69

0.9
99

84

0.9
99

92

0.9
99

96

0.9
99

98

EL
2­GMM

1­GMM

Median Bias/SE­2.5

­2

­1.5

­1

­0.5

0

0.5

EL

2­GMM

1­GMM

Figure 2: 90 percent confidence interval coverage rates and median bias scaled by the standard
error for 1 and 2-step GMM and EL. The x-axis is θ, where each successive point on the scale
represents reducing (1− θ) by a factor of 2. Similar results are obtained with the 95 percent
confidence interval or using CUE instead of EL.
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Figure 3: Plots of the four bias terms. Legends denote the number of extraneous (uninformative
as θ → 1) moments included. The x-axis is the value of θ, the autoregressive parameter, and the
y-axis is the magnitude of the bias term for N = 991. Each term is estimated from 1.6 × 106

simulations.
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Figure 4: Scatter plots of actual vs. predicted biases. The top frame is BI (the bias of EL), the
middle BΩ (the difference between EL and CUE), and the bottom the bias of GMM (BI + BG +
BΩ +BW ). The solid line is the 45-degree line.
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