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[1] A general theory for transitions between sub-Rayleigh and intersonic rupture speeds
is developed for faults governed by slip-weakening friction. The transition occurs when
stresses moving at intersonic speeds ahead of expanding or accelerating sub-Rayleigh
ruptures exceed the peak strength of the fault, initiating slip within a daughter crack.
Upon reaching a critical nucleation length, the daughter crack becomes dynamically
unstable, expanding into a self-sustaining intersonic rupture. This mechanism holds in
both two and three dimensions. On faults with uniform properties, the seismic S ratio
[S = (tp � t0)/(t0 � tr)], a measure of the initial loading stress, t0, relative to the peak and
residual strengths, tp and tr, respectively, must be smaller than some critical value for
the transition to occur. The maximum S value for unbounded faults in three dimensions
is 1.19, smaller than the value of 1.77 that Andrews (1985) has shown to govern the
transition in two dimensions. The supershear transition length (i.e., how far the rupture
propagates before reaching intersonic speeds) is proportional to a length scale arising
from the friction law governing the nucleation and stability of the daughter crack.
A sufficiently narrow fault width suppresses the transition; the critical width is
approximately 0.8 times the transition length on an unbounded fault. The transition
length is highly sensitive to the form of the slip-weakening law even when the
associated fracture energies are identical. Heterogeneous propagation, in the form of
abrupt accelerations or increases in stress-release rate, induces stress-wave radiation that
can trigger transient bursts of intersonic propagation.
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1. Introduction

[2] Recognition of the influence of rupture directivity on
strong ground motion has prompted a move to incorporate
the effect in seismic hazard analysis. Current efforts, how-
ever, have focused on parameterizing the effects of direc-
tivity only for subshear ruptures [Somerville et al., 1997;
Spudich et al., 2004]. At the same time, there is a growing
body of evidence that shows that ruptures can and often do
propagate at intersonic speeds [Archuleta, 1984; Spudich
and Cranswick, 1984; Bouchon et al., 2000, 2001, 2002;
Bouchon and Vallée, 2003; Ellsworth et al., 2004; Dunham
and Archuleta, 2004]. Since directivity results from the
interference of waves radiated from each point on a fault,
it is consequently determined by the timing, or propagation
velocity, of the rupture. A pronounced manifestation of this
is the difference between ground motions of sub-Rayleigh
and intersonic ruptures; in the latter, radiating S waves
constructively coalesce into a Mach front that transports
large velocities, accelerations, and stresses far from the fault
[Bernard and Baumont, 2005; Dunham and Archuleta,

2005; Bhat et al., 2007]. The resulting directivity pattern
is profoundly altered [Aagaard and Heaton, 2004].
[3] Given the essential need to understand if, when, and

where supershear earthquakes might strike, many have
turned to rupture dynamics in hopes of gaining an under-
standing of the conditions which give rise to supershear
earthquakes. This problem has a lengthy history, beginning
with both theoretical and numerical models [Burridge,
1973; Andrews, 1976; Das and Aki, 1977; Burridge et al.,
1979]. More recently, the supershear transition has been
explored numerically in three dimensions [Day, 1982b;
Madariaga and Olsen, 2000; Madariaga et al., 2000;
Fukuyama and Olsen, 2002; Dunham et al., 2003]. A
complementary approach has been taken in laboratory
fracture experiments. Initially, these involved crack growth
initiated by impact loading [Rosakis et al., 1999], and finite-
element analyses [Needleman, 1999] provided much insight
into the observed phenomena. A more recent set of experi-
ments was conducted under conditions bearing far more
similarity to ruptures on natural faults [Xia et al., 2004].
Despite the growing body of literature on the problem, no
consensus exists regarding the basic mechanics of the
supershear transition, and no single theory has been shown
to govern the observed phenomenology in both two and
three dimensions. This work aims to bridge these studies
and, by conducting a detailed examination of the physical
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processes occurring during the supershear transition, to
provide a unifying framework to describe the transition in
various geometries. This permits us to address such issues
as requisite stress levels needed to initiate supershear
propagation and the existence of minimum propagation
distances before the supershear transition is achieved.
[4] The early numerical experiments of Andrews [1976]

and Das and Aki [1977] on two-dimensional mode-II cracks
demonstrated that, for a given stress level, expanding
ruptures begin in the sub-Rayleigh regime and accelerate
toward the Rayleigh speed. If the initial stress exceeds a
critical level, a peak in shear stress traveling at the S wave
speed, first identified by Burridge [1973], initiates slip
ahead of the main rupture in what has been termed the
daughter crack. The daughter crack eventually becomes
unstable, and the rupture jumps to an intersonic speed.
The parameter determining whether or not a daughter crack
forms is the background level of initial loading, t0, relative
to the peak and residual strengths, tp and tr, respectively,
quantified in terms of the nondimensional seismic S ratio: S =
(tp � t0)/(t0 � tr) [Andrews, 1976; Das and Aki, 1977].
Their numerical results further quantified how far the main
rupture must propagate before the supershear transition
occurs, relative to another length scale in the problem: the
Griffith crack length for singular cracks in elastostatic
equilibrium. In a laboratory investigation of ruptures along
frictionally held interfaces, Xia et al. [2004] have qualita-
tively reproduced the behavior observed in the numerical
models. The dependence of the transition length on the
loading level differed from that obtained by Andrews
[1976]; they attributed this discrepancy to variation of one
of the frictional parameters (the slip-weakening distance)
with normal stress. Upon introducing such a dependence,
their results fell into much closer agreement with those of
Andrews.
[5] From a different perspective, this work identifies

several complications regarding the equations of motion
of a crack tip, i.e., predicting the trajectory of a rupture in
response to variations in fracture energy or stress drop.
Derivation of a crack-tip equation of motion was one of the
classic quests of dynamic fracture mechanics, reaching a
successful culmination in the work of Kostrov [1966, 1975],
Eshelby [1969], and Freund [1972a, 1972b]; the develop-
ment is well summarized by Freund [1998, chap. 7]. All of
these studies were limited to the sub-Rayleigh regime
although recently,Obrezanova andWillis [2003] and Antipov
et al. [2004] have developed approximate equations of
motion for the intersonic regime in the small-scale-yielding
limit, primarily to study the stability of steady intersonic
propagation.
[6] An important study of the supershear transition was

conducted by Gao et al. [2001] to explain the molecular
dynamics simulations of Abraham and Gao [2000]. In the
simulations, a block of material was loaded at its boundaries
with a constant strain rate, eventually leading to crack
nucleation from a preexisting slit along a weak interface.
The continuum analysis of Gao et al. [2001] is similar in
spirit to that taken in this work, in that a series of self-
similar solutions are derived to approximate the stress field
in front of a propagating sub-Rayleigh crack. For the
particular loading studied, there is a stress peak at the S
wave speed, but one which continuously grows in time

(even for constant rupture speeds). The authors then pro-
posed that as soon as the stress at this location exceeds a
failure criterion, chosen to mimic that used in the simula-
tions, then the rupture transitions to an intersonic speed.
One of the main points of the current work is that, in
addition to the formation of a daughter crack, the supershear
transition requires that the daughter crack becomes dynam-
ically unstable by reaching a critical length. Viewed from
this perspective, transitions between sub-Rayleigh and
intersonic speeds have much in common with rupture
nucleation processes.
[7] The development of a theory for the supershear

transition has two ingredients: a description of the rupture
history prior to the transition, from which stress conditions
on the fault ahead of sub-Rayleigh rupture are obtained, and
an application of a friction law, which governs the devel-
opment and stability of the intersonic daughter crack. The
primary focus of this work is on the first of these ingre-
dients, for which definitive conclusions and scaling laws
regarding the formation (but not stability) of an intersonic
daughter crack can be made without making any assump-
tions regarding the operative friction law. This is supple-
mented with a numerical demonstration of the sensitivity of
the stability of the daughter crack (and its implications for
predicting supershear transition lengths or durations of
transient supershear bursts) to the assumed friction law.

2. General Concepts

2.1. Importance of Nonsteady Rupture Processes

[8] Rupture speed is determined by how rapidly elastic
waves transmit stress changes from the slipping portion of
the fault to the unweakened region ahead of the propagating
rupture front. Mathematical solutions for steadily propagat-
ing ruptures exist at all speeds, but for mode-II ruptures,
only those in the sub-Rayleigh and intersonic regimes have
the necessary feature that energy is dissipated at the rupture
front. Steady state conditions have further been shown
[Freund, 1998, pp. 170–175] to asymptotically describe
the fields surrounding any nonsteady rupture, provided that
certain small-scale-yielding conditions are met. The ques-
tion arises as to how a mode-II rupture, initially traveling at
a sub-Rayleigh speed, can bypass the forbidden zone
between the Rayleigh and S wave speed. The wavefield
of ruptures propagating under steady state conditions is
composed entirely of waves having fault-parallel phase
velocities equal to the rupture speed; driving stresses are
transmitted along the fault at exactly this speed as well. For
the supershear transition to be initiated, stresses must be
transmitted ahead of the rupture front at speeds at or in
excess of the S wave speed. The generation of such waves
requires a nonsteady rupture process, i.e., one that is a
function not only of x � vt but also of both/either x and/or t
as well. Examples of these nonsteady rupture processes are
ruptures (either of crack or pulse form) that nucleate and
expand with time, initially steady ruptures that undergo
rapid acceleration or encounter regions of increased stress
drop, or any combination thereof. Many of these situations
can be idealized to self-similar models that permit quanti-
tative analysis; other situations require numerical solutions.
Note that even self-similar ruptures (for which the rupture
velocity is constant) are nonsteady in the context described
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above; their wavefields consist of waves propagating with a
spectrum of phase velocities.
[9] In this work, time and distance will be measured from

the point of departure from steady conditions (either from
nucleation, before which the medium is at rest, or from the
perturbation of initially steady propagation). The process
will be centered on (x, t) = (0, 0), and the length of the sub-
Rayleigh main rupture, as measured from the origin, is
denoted as L. Throughout this work, the ruptures are taken
to occur within an infinite homogeneous elastic medium
split by a planar fault at y = 0. The medium is linear elastic
and is characterized by its shear modulus m and P and S
wave speeds cp and cs, respectively. The Rayleigh wave
speed is cR, and all results are for Poisson solids. Slip is
constrained to the x direction, such that a mode-II rupture
propagates along the x axis.
[10] As stated before, this work focuses on simple exam-

ples of nonsteady rupture processes. In developing quanti-
tative models of the supershear transition, the rupture
velocity after t = 0 but prior to the transition is taken to
be constant. The rate of stress release on the fault then
depends on the spatial distribution of the stress field that the
rupture encounters and negates, as well as any variations in
the residual strength of the fault. The change in stress may
either be constant, as is the case for expanding ruptures with
a constant stress drop, or may decay as some power of
distance from x = 0. Since ruptures ultimately redistribute
stress on the fault (releasing it within the rupture and
loading the surrounding locked regions), the rate of stress
release determines the time dependence of the amplitude of
any stress waves appearing ahead of the propagating rupture
(which might trigger supershear growth). If the rate of stress
release is constant, then the amplitude of the stress field

ahead of the rupture remains constant in time. If the rate of
stress release decreases, then the stress-wave loading is
transient and decays as some power of time.

2.2. Formation of Daughter Crack

[11] As a first example, consider the case of a mode-II
rupture expanding bilaterally from a point at a constant sub-
Rayleigh speed leaving behind it a constant stress drop, the
self-similar crack model of Burridge [1973]. Figure 1a
shows the stress field on the fault, t(x, t), with the initial
stress, t0, subtracted out, and the resulting change in stress
due to slip, t(x, t) � t0, appropriately nondimensionalized.
The nondimensionalization will be specific to each prob-
lem; for the example shown, it is simply the stress drop, t0
� tr. In a later case, in which the supershear transition is
initiated by stress waves induced by a jump in rupture speed
from steady state propagation with a constant dynamic
stress intensity factor K, stress will be nondimensionalized
by K/

ffiffiffiffiffiffiffiffiffiffiffi
2pcst

p
, a time-dependent factor. Despite these differ-

ences, the stress profile is rather universal, a consequence of
the transient response of an elastic medium to slip on a
planar fault. Stress on the fault begins to rise with the arrival
of the P wave and reaches a maximum just prior to the
arrival of the S wave. This feature will be referred to as the S
wave stress peak although this terminology is perhaps
misleading. At the arrival of the S wave, stress rapidly
decreases, then it rises again until the arrival of the rupture
front; the shear wavefront actually carries a rapid decrease
in stress.
[12] Figure 1b takes a closer view of the region surround-

ing the S wave stress peak. Realistic friction laws bound
stress to a peak strength, tp (in the expanding rupture
example, this is expressed nondimensionally as the seismic
S ratio). Stresses attempting to exceed this level are relaxed

Figure 1. (a) Stress field surrounding a self-similarly expanding sub-Rayleigh rupture, with arrows
marking the arrival of the P, S, and Rayleigh waves. (b) Close-up of the region near the S wave stress
peak. Imposing a peak strength, tp, (nondimensionally a value of the seismic S ratio, appearing
graphically as a horizontal dashed line on this plot) forces the growth of a daughter crack. The length of
the daughter crack, Ldc, can be estimated as the extent of the region for which t(x, t) > tp. Formation of
the daughter crack occurs only when S < Smax; Smax is associated with the maximum value of t(x, t)
propagating at the S wave speed. Smin is similar value associated with the level of the local minimum
between the main rupture front and the daughter crack.
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by slip to form an intersonic daughter crack ahead of the
sub-Rayleigh rupture. The length of the daughter crack is
denoted as Ldc. Self-similarity implies that all lengths in the
problem, including Ldc, grow linearly in time. The daughter
crack deposits in its wake a trail of slipped and then
relocked (and likely weakened) fault material into which
the main rupture propagates. Furthermore, as originally
postulated by Burridge [1973] and subsequently confirmed
numerically by Andrews [1976], there exists a value of S,
denoted in this work by Smax, above which the supershear
transition does not occur; this is the local maximum of
[t(x, t) � t0]/[t0 � tr] at the S wave stress peak. Finally, a
consideration of the stress profile suggests the existence of
another critical stress level, here termed as Smin, that
identifies the minimum stress level (in this example prop-
agating at the Rayleigh speed although this is not a
universal feature of these solutions). For S < Smin, the peak
strength level falls below the local minimum between the
sub-Rayleigh rupture front and the local maximum at the S
wave stress peak. In this case, one might speculate that
instead of the actively slipping region being separated into a
sub-Rayleigh main rupture and an intersonic daughter crack,
there would be but a single slipping region with tips
propagating at an intersonic speed. This may not actually
be the case, however. Self-similar solutions for intersoni-
cally expanding ruptures [Burridge, 1973; Broberg, 1994,
1995] feature a logarithmic singularity in slip velocity (the
logarithm arising from principal value integration across the
Rayleigh pole in analytical expressions) associated with a
Rayleigh interface wave. This singularity is associated with
a region of negative slip velocity, which, for frictional cracks,
likely corresponds to a locked region. It seems possible that
such a weak singularity might be smeared out by hetero-
geneities in the rupture process, but numerical simulations
of intersonic ruptures do reveal a locked region propagating
between the Rayleigh and S wave speeds, at least for
relatively smooth rupture processes. A further issue is that,
by allowing slip within a daughter crack, the stress field ahead
of the main rupture would be partially relaxed, likely lowering
the stress level at the local minimum. Thus, using the
condition S < Smin to predict that rupture should take the form
of a purely intersonic crack instead of a sub-Rayleigh crack
and an intersonic daughter crack separated by a locked region
should, at best, be interpreted qualitatively.

2.3. Stability of Daughter Crack

[13] The growth and stability of the daughter crack
depends upon two factors: the stress ahead of the propagat-
ing rupture, which drives its expansion, and the friction law
that determines the evolution and development of slip
within the daughter crack. Several studies of rupture nucle-
ation shed light upon the type of instability occurring within
the daughter crack, but all have the limitation of being
directly applicable only to quasi-statically growing cracks.
Studies by Campillo and Ionescu [1997] and Favreau et al.
[1999], later generalized by Uenishi and Rice [2003],
examined the stability of cracks developing under slip-
weakening conditions. This class of laws, in addition to
having a finite peak strength, tp, is characterized by a
weakening rate that describes the decrease in strength tst
with increasing slip Du. Quasi-static crack growth becomes
unstable when the crack length exceeds a critical length that

is proportional to m/wsw, where the slip-weakening rate is
defined as wsw = [@tst(Du)/@u]Du = 0, and in the case of a
linear slip-weakening law is simply (tp � tr)/Dc, where Dc

is the slip-weakening distance. The main difference between
these studies, even if extended to the case of a load moving at
a constant speed, and the situation encountered here is that the
growth of the daughter crack occurs over a range of speeds
rather than at one particular speed (say, the S wave speed).
[14] Perhaps more relevant to earthquakes are other forms

of weakening. When interpreted within the framework of a
power law slip-weakening model, seismic data suggest a
continual weakening with slip, with the best-fitting power
law exponent being about 0.3 [Abercrombie and Rice, 2005].
Compared to the commonly used linear slip-weakening law,
this form exhibits much faster weakening at small slip. The
implications of such a rapid weakening rate is discussed in
sections 5 and 7.
[15] The purpose of this study is to demonstrate that the

simple condition of the daughter crack reaching a critical
length determines when ruptures become supershear. The
rupture history generates the stress conditions ahead of the
rupture front, driving the development of the daughter crack
in a manner that can be quantified in terms of the daughter
crack length. Coupled with a specific friction law that
determines the critical daughter crack length required for
nucleation, Lnuc, a supershear transition criterion can be
formulated.

2.4. Supershear Transition Criterion

[16] The specific application of this idea is demonstrated
for expanding ruptures. An estimate of the daughter crack
length, nondimensionalized by cst and denoted as Ldc(S), is
first obtained as a function of S:

Ldc=cst ¼ Ldc Sð Þ; ð1Þ

which holds for all L less than the transition length
(in general, S is to be replaced by the appropriately
nondimensionalized peak strength, which is time-depen-
dent in certain circumstances). The explicit scaling of the
daughter crack length with time implies that the rupture
process is strictly self-similar. In the event that the rupture
accelerates during its growth, rather than always propagat-
ing at a constant velocity, Ldc(S) will also depend on time.
This is only the case when an additional parameter
containing dimensions of length is introduced, as this is
required for a proper nondimensionalization of the problem.
An example would be the fracture energy controlling the
growth of the main, sub-Rayleigh rupture front (which, when
combined with a strength drop scale and the elastic moduli,
yields a length scale). This parameter controls the rate at
which ruptures accelerate [Kostrov, 1966].
[17] Application of a specific friction law yields an

estimate of the nucleation length, Lnuc, of the form

Lnuc=Lfric ¼ Lnuc Sð Þ; ð2Þ

where Lnuc(S) is a second nondimensional function, and
Lfric is a length scale that will depend only on friction law
parameters governing nucleation processes (in particular, it
must depend on some slip or timescale in the friction law)
and also on properties of the elastic medium. For linear slip-
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weakening friction laws, the critical nucleation length is
proportional to mDc/(tp � tr), which is remarkably
independent of the initial stress level. The choice of Lfric
is not necessarily unique. Instead, for example, the quantity
mDc/(t0 � tr) could also have been chosen, which in turn
introduces into Lnuc a dependence on the background
loading, i.e., on S.
[18] The length scale Lfric enters directly from the physics

of nucleation processes happening within the daughter crack
and should not necessarily be identified with the length
scale associated with the fracture energy at the main rupture
front. It is tempting to do so, however, since this situation
arises frequently in numerical modeling of ruptures under a
linear slip-weakening law, or indeed, any slip-weakening
law associated with a scale-independent fracture energy.
Perhaps a more relevant class of friction laws is the one
exhibiting continual weakening with slip, as suggested by
the seismic observation of fracture energy increasing with
earthquake magnitude [Abercrombie and Rice, 2005]. For
such class of laws, the length scale governing nucleation
(and for this problem, stability of the daughter crack) might
be quite small, while that associated with energy dissipation
processes at the main rupture front could be orders of
magnitude larger. The distinction has profound implications
for the extrapolation of supershear transition lengths across
multiple scales, an issue which is discussed in section 7.
[19] The criterion for instability of the daughter crack,

and hence the supershear transition, is simply

Ldc ¼ Lnuc: ð3Þ

Combining equations (1), (2), and (3) yields the equation

Lfric=cst ¼ Ldc Sð Þ=Lnuc Sð Þ: ð4Þ

For a particular value of S, since cst / L, this equation has
as its single unknown, the rupture length L. The value of L
satisfying equation (4) defines the supershear transition
length, Ltrans, which is the distance that the main rupture
must propagate before transitioning to supershear speeds.

3. Supershear Transition on Homogeneous Faults
in Two Dimensions

3.1. Expanding Ruptures

[20] A convenient problem upon which to apply this
analysis is that of expanding ruptures in two dimensions,
the subject of the first numerical experiments to reveal
supershear propagation [Andrews, 1976; Das and Aki,
1977]. The rupture properties, specifically the stress drop
and friction law parameters, are spatially uniform, and the
rupture expands outward from a finite nucleation zone. As
Andrews [1976] points out, the rupture in its later stages
(once it has propagated several times the extent of the finite
nucleation zone) is well approximated by a self-similarly
expanding crack. In the self-similar problem, stress drop
and rupture speed are everywhere constant, such that the
rate of stress release by the main crack is also constant. This
implies that stresses and particle velocities are homoge-
neous of degree 0 in (x, y, t); that is, their amplitudes remain
constant in time, but all associated length scales grow
linearly in time. The problem also features an energy release

rate at the crack tips that increases linearly in time, in
contrast to the constant fracture energy condition used
both by Andrews [1976] and in similar numerical models
later in this work. As a consequence, the main discrepancy
from the self-similar approximation is that ruptures in the
numerical model accelerate toward the Rayleigh speed,
while in the self-similar model, they expand uniformly at a
constant speed. Violation of the constant rupture speed
assumption will be discussed later (in section 3.3, where
the self-similar model is compared to spontaneous rupture
simulations).
[21] To proceed, the stress field of a self-similarly

expanding rupture takes the form

t x; tð Þ ¼ t0 þ t0 � trð Þ�t x=cstð Þ: ð5Þ

The nondimensional stress profile �t(x/cst) is shown in
Figure 1 (see Appendices A and B for solution details).
Stress increases when the P wave arrives, reaching a
maximum just prior to the S wave arrival. The S wave
carries with it an inverse square-root wavefront singularity
in particle acceleration and stress rate, which manifests in
the rapid decrease in stress down to a minimum at the
Rayleigh wave arrival. Stress then rises to a singular
concentration at the rupture front. Imposing a failure
criterion by setting the stress equal to the peak strength
implies that at failure,

�t x=cstð Þ ¼ tp � t0
� �

= t0 � trð Þ: ð6Þ

The right-hand side is the seismic S ratio. The transition
cannot occur when S > Smax, and it is possible that the
rupture will take the form of a single intersonic crack
(rather than a sub-Rayleigh crack with a daughter crack
ahead of it) when S < Smin. We again caution that using Smin

as determined from a singular crack solution is dubious for
reasons discussed before.
[22] The values of Smax and Smin depend upon the rupture

process, which, in this case, are specified only by the speeds
of the two crack tips. Figure 2 shows the dependence of
Smax on these parameters. Particularly notable is the fact that
Smax decreases rapidly with the speed of the nearest crack
tip, suggesting that in order for the supershear transition to
occur, either S must be quite low or the rupture speed must
approach cR. Propensity for the latter will be greatly
enhanced for spontaneous ruptures once the daughter crack
begins to develop: Formation of the daughter crack initiates
slip and reduces the fault strength that the sub-Rayleigh
main rupture encounters. Of course, in the context of the
self-similar model analyzed in this section, rupture velocity
is unaltered by the growth of the daughter crack.
[23] The displacement field in this model is homogeneous

of degree 1, so after imposing a peak strength to generate
the daughter crack, its length grows linearly in time. The
length of the daughter crack, estimated as the extent of the
region in the vicinity of the S wave stress peak satisfying
the failure condition, is shown in Figure 3.

3.2. Self-Similar Dugdale Model

[24] The validity of these ideas can be tested by compar-
ison of the previous predictions to numerically measured
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transition lengths for spontaneously expanding ruptures.
This requires specifying a friction law, ideally one for which
the critical daughter crack length can be calculated. A
suitable choice is the Dugdale model [Dugdale, 1960;
Barenblatt, 1962], in which fault strength is slip-dependent
and of the following form:

tst Duð Þ ¼ tp for Du < d0
tr for Du > d0;

�
ð7Þ

where Du is the slip, and d0 is the critical displacement.
[25] It is possible to analytically obtain an accurate

estimate of the daughter crack length by enforcing the
Dugdale friction law within the self-similar model. There
are several regions where stresses might exceed the peak
strength: at the tips of the main rupture and in the daughter
crack. In the context of the Dugdale friction law, the regions
over which stress equals tp should be interpreted as cohe-
sive zones. When the daughter crack forms, it can be
viewed as a spatially discontinuous extension of the cohe-
sive zone beyond the tip of the main rupture, and it permits
weakening to occur at intersonic speeds. If stress levels are
too low for a daughter crack to form, cohesive zones appear
only at the main rupture tips, and the rupture propagates at a
sub-Rayleigh speed. If stress levels permit the formation of
a daughter crack, it will be a passively driven extension of
sub-Rayleigh main rupture’s cohesive zone until the time at
which the sufficient slip (Du = d0) occurs within the
daughter crack for the entire weakening process to complete
at intersonic speeds. This precise moment marks the end of
the supershear transition: The intersonic daughter crack
assumes the role of the primary rupture front, and the
rupture propagates in a self-sustained manner at an inter-
sonic speed.
[26] In the context of this work, it is sufficient to enforce

the strength limit only within the region surrounding the S
wave stress peak ahead of the right-moving rupture front
and not within the analogous region on the other side of the
opposite tip and neither at the rupture fronts themselves (it

is straightforward to construct a solution that enforces these
additional constraints and bounds stress everywhere on the
fault, but such solution has only minor differences with the
simpler solution used here at the cost of introducing
additional parameters.) A particular choice of tp, or more
precisely of S, uniquely defines the extent of the slipping
region within a daughter crack ahead of the sub-Rayleigh
rupture. The speeds of the leading and trailing edges of the
daughter crack are denoted as b and a, respectively. In all
cases examined, cR < a < cs and cs < b < cp. Within the
daughter crack, shear stress is equated to tp, under the
assumption that at every point within the daughter crack,
slip is less than the critical value d0 (hence the model
applies only to times prior to the supershear transition).
The simplicity of this boundary condition is what renders
the Dugdale friction law so desirable. Outside of the sub-
Rayleigh rupture and the daughter crack, the fault is locked.
Note that while the fault is locked between the trailing edge
of the daughter crack and the right-moving sub-Rayleigh
rupture front, slip in this region will be nonzero. Mathe-
matically, the boundary conditions are written as

sxy x; 0; tð Þ ¼ tr for v� < x=t < vþ
tp for a < x=t < b

�
@ux
@t

x; 0; tð Þ ¼ 0 elsewhere:

ð8Þ

As in the previous section, v+ and v� are the speeds of the
right and left crack tips (or of the rupture front and healing
front for pulses), respectively.
[27] The solution is obtained by taking Laplace trans-

forms over t and x, setting up and solving a Hilbert problem,
and inverting the transforms with the Cagniard-de Hoop
method. Solution details are given in Appendices A and B,
and the main results are presented in Figure 4.
[28] The friction law (7) is enforced only within the

daughter crack, while stress at the main rupture front is
singular. This is likely justified for most values of S,
especially larger ones (for which the extent of the process

Figure 3. Estimated length of the daughter crack for
expanding ruptures in two dimensions, shown for various
speeds of the crack tips.

Figure 2. Smax for an expanding rupture, shown for
various speeds of the crack tips.
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zone at the main rupture front diminishes). Furthermore, as
the speed of the main rupture approaches the Rayleigh
speed, the process zone becomes vanishingly small and
the elastodynamic solution becomes quite independent of
the details at the main rupture front.
[29] The self-similar model satisfies the Dugdale friction

law within the daughter crack but only when slip at any
point within the daughter crack remains less than d0. The
point of maximum slip occurs at the innermost edge of the
daughter crack, which moves at speed a. A condition for
instability can consequently be formed by combining this
with an expression for slip in the self-similar solution

Du x; tð Þ ¼ t0 � tr
m

cstD x=cstð Þ; ð9Þ

where D(x/cst) is a nondimensional function that depends
on S and the speeds of the crack tips. Instability of the
daughter crack occurs when

t0 � tr
m

cstD a=csð Þ ¼ d0: ð10Þ

[30] The frictional length scale can be taken as Lfric = md0/
(tp � tr) although, as mentioned previously, this choice is
not unique. As the Dugdale instability condition depends
upon slip reaching a specified value, and as the amplitude of
slip depends on the stress drop, then the nucleation length in
this model will be sensitive to the initial stress level. An
alternative choice of Lfric that highlights the linearity of slip
and stress drop is md0/(t0 � tr); however, the previous
choice will be used henceforth.
[31] The daughter crack length is Ldc = (b � a)/cs, and the

nucleation length is

Lnuc Sð Þ ¼ b� a

cs

1þ S

D a=csð Þ : ð11Þ

Inserting these expressions into equation (4) yields an
expression for the supershear transition length:

Lfric

L
¼ cs

vþ

D a=csð Þ
1þ S

: ð12Þ

If instead the daughter crack length is estimated from the
self-similarly expanding crack solution without an imposed
peak strength, as in section 3.1 and Figure 3, then the
predicted transition length will differ. Using that estimate of
Ldc underestimates the length of the daughter crack but
never by more than a factor of 2. An underestimate is to be
expected since this alternative procedure neglects stress
transfer between the slipping region in the daughter crack
and the surrounding fault, which acts to drive further failure.

3.3. Numerical Validation

[32] The prediction (12) is compared to numerical calcu-
lations of spontaneously propagating ruptures under the
Dugdale friction law in the case that d0 and, consequently,
fracture energy are constant everywhere on the fault. Rup-
ture is nucleated by perturbing a preexisting crack in static
equilibrium. The displacement field associated with this
static solution, as well as details of the numerical solution,
is given in Appendix C. Comparison of the analytical and
numerical results is shown in Figure 5.
[33] Agreement with the predictions of the self-similar

model is quite good, particularly as S ! Smax. Deviations
from the predicted transition lengths are caused primarily by
departure from self-similarity. The self-similar solution has
the property that energy release rate grows linearly in time;
this allows the rupture to expand at a constant speed. In
comparison, these spontaneous ruptures grow under the
condition of a constant fracture energy G and, consequently,
must begin from a finite length and accelerate over some
timescale up to the Rayleigh speed. For the case of a

Figure 4. Solution to the self-similar Dugdale model, in
which the stress field adjacent the S wave stress peak is
limited to the peak strength, causing the formation of a
daughter crack. Slip velocity within the daughter crack is
also shown.

Figure 5. Supershear transition length as a function of
seismic S ratio. The line marks the transition length
predicted from the self-similar Dugdale model. The data
points are from spontaneous rupture calculations in which
the rupture is initiated by perturbing a preexisting crack in
static equilibrium.
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constant fracture energy, this timescale is 	mG/[(t0 �
tr)

2cs] [Kostrov, 1966; Aki and Richards, 2002, p. 574],
which translates to an acceleration distance 	(1 + S)2Lfric.
The numerical results in Figure 5 demonstrate that this
length becomes a small fraction of the transition length as S
increases.

4. Supershear Transition on Homogeneous Faults
in Three Dimensions

4.1. Expanding Ruptures on Unbounded Faults

[34] Three-dimensional ruptures involve a mixture of
mode-II and mode-III loading. As the supershear phenom-
enon is unique to mode II, it is expected to occur on
portions of the rupture front experiencing predominantly
mode-II conditions. The first three-dimensional rupture
process considered here is that of an expanding crack on
an unbounded fault with uniform stress drop and frictional
parameters. This model is likely applicable to the early
stages of rupture growth prior to the rupture saturating the
fault width. The initial growth of a three-dimensional
rupture may be approximated, then, as a self-similarly
expanding elliptical crack with a constant stress drop within
the slipping region of the fault. This problem has received
much attention [Burridge and Willis, 1969; Richards, 1973;
Willis, 1973; Richards, 1976]. As is the case in two
dimensions, the stress field is homogeneous of degree 0.
The results of Richards [1973], in particular his Figure 7,
indicate the presence of a peak in shear stress in the in-plane
direction ahead of a sub-Rayleigh rupture. This suggests
that the supershear transition should occur by the formation
of a daughter crack over some area of the fault ahead of the
main rupture, at least for sufficiently small values of S.
Stability of the daughter crack will depend upon its size and
shape, likely in a manner similar to that found in the studies
of Favreau et al. [2002] and Uenishi and Rice [2004] on
quasi-static nucleation under linear slip-weakening laws in
three dimensions.
[35] The self-similar elliptical crack provides a starting

point for a quantitative analysis of the supershear transition
in three dimensions. While Richards [1973] has presented a
method for calculating the fields surrounding such a crack
based on the Cagniard-de Hoop technique, an alternative
route to the solution, given by Willis [1973], is taken in this
work. Relevant details are summarized in Appendix D, and
the results (requiring numerical integration) match the cases
presented by Richards [1973].
[36] Calculations presented in Figure 6 confirm the exis-

tence of a stress peak moving at the S wave speed, similar to
that seen for two-dimensional mode-II cracks. Its amplitude
varies with position around the rupture front, attaining its
maximum value in the in-plane direction. Formation of a
daughter crack is expected if stresses within this region
exceed the peak strength; again, the relevant nondimension-
al parameter is the seismic S ratio. Provided that a similar
instability condition exists for the daughter crack, all of the
theoretical ideas for two-dimensional ruptures will carry
over directly to three dimensions.
[37] The nondimensional value of stress at the S wave

stress peak, Smax, increases with rupture speed as in two
dimensions; this variation, as well as the dependence on
position along the rupture front, is shown in Figure 7. The

largest value of Smax, beyond which the supershear transi-
tion cannot occur, is 1.19 (occurring in the in-plane direc-
tion when the in-plane and antiplane rupture speeds are cR
and cs, respectively). This is lower than the value of 1.77 for
two-dimensional mode-II cracks [Andrews, 1985]. A lower
value for the three-dimensional case is not unexpected,
given that convexity of the rupture front defocuses stress-
wave radiation from slip within the crack (the opposite
effect, focusing by a concave rupture front, underlies the
supershear transition mechanism described byDunham et al.
[2003]).

4.2. Expanding Ruptures on Finite-Width Faults

[38] An important extension of these ideas occurs when
ruptures saturate the width of the seismogenic zone. When a
rupture encounters the fault edges, arrest waves are trans-
mitted back across the slipping region of the rupture,
ultimately leading to the development of a slip pulse
[Day, 1982a]. Once this happens, the slipping region no
longer expands. As the rupture settles into steady state
conditions, the S wave stress peak moves off ahead of the
rupture and diminishes in amplitude due to geometrical
spreading. This phenomenon can be quantified for ruptures
on a fault of fixed width W in an unbounded medium. For a
given transition length on an unbounded fault, denoted as
Ltrans,0 when the context is not otherwise clear, there exists
some value of W below which arrest waves arrive at the
rupture front in time to inhibit the supershear transition. A
rough estimate of the critical value of W can be obtained in
the following manner. The daughter crack, traveling at cs, is
located at x = L0 = (cs/vII)Ltrans when the transition occurs,
where vII is the average rupture velocity along the x axis. It
takes a time L0/cs for the daughter crack to reach this point.
The arrest wave must arrive at the daughter crack prior to
the transition. The arrest wave is emitted from the top edge
of the fault when the rupture arrives there at time (W/2)/vIII,

Figure 6. Stress field surrounding an expanding ellip-
tical crack, with arrows marking the arrival of the P and
S waves. The rupture velocity is kcR in the in-plane
direction and kcs in the antiplane direction. The large value
of k = 0.95 shown here results in an extremely concentrated
stress singularity at the rupture front, as well as a large S
wave stress peak that is most pronounced in the in-plane
(f = 0) direction.
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